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THE  PREFACE. 


"J^HE  principal  object  of  the  prefent  Collection  of 
Tracts  is  to  explain,  and  illuftrate  by  examples, 
Mr.  Raphfon's  and  Dr.  Halley's  Methods  of  Refolving 
Affected  Algebraiclc  Equations  by  Approximation,  and 
to  compare  thefe  two  methods  with  each  other,  in  order 
to  be  able  to  form  a  judgement  of  their  refpective  merits 
and  determine  to  which  of  them  we  ought  to  give  the 
preference.  With  this  view  I  have,  in  the  beginning  of 
the  Book,  reprinted  Dr«  Halley's  Difcourfe  on  this  fub- 
ject  from  the  Second  Volume  of  the  Collection  of  Tracts 
called  Mifcellanta  Curio/a,  which  was  publilhed  in  the 
year  1 708.  In  this  Difcourfe  (which  is  written  in  a  very 
concife  and  obfeure  ftyle,)  Dr.  Halley,  firft,  gives  an 
account  of  what  had  been  done  by  Mr.  Raphfon  and 
Monfieur  De  Lagny  of  Paris  with  refpect  to  this  bnfunefs 
of  refolving  equations  by  approximation,  and  particularly 
in  the  refolution  of  pure  equations,  or  the  extraction  of 
the  roots  of  numbers,  and  then  proceeds  to  defcribe  his 
own  method  of  refolving  offered  equations  of  all  degrees 
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♦ 

by  approximation,  which  he  confiders  as  a  great  improve* 
ment  of  the  method  that  had  been  given  by  Mr.  Raphfon 
for  the  fame  purpofe.  This  description  is  but  fliort, 
being  contained  in  only  two  pages,  to  wit,  pages  12  and 
1 3  of  the  prefent  publication ;  and  it  is,  in  my  opinion, 
very  obfcure  and  difficult  to  underftand  :  but  it  is  illuf- 
trated  in  the  following  p*ges  of  the  Tra£t,  (to  wit,  pages 

M»  15^  &c  21,)  by  being  applied  to  the  refolutibn 

of  three  numeral  equations,  to  wit,  the  cubicle  equation 
x*  —  i-jx*  ■+•  54-r  =  350,  the  incompleat  biquadratic!? 
equation  x4  *  —  3** +  754?=  10,000,  and  the  com- 
pleat  biquadratick  equation  14,937*  —  1998**  +^  8o*s 
—  x+  =  5000.  This  Difcourfe  of  Dr.  Halley  I  have 
endeavoured  to  explain  and  illuftrate  in  a  very  long 
Appendix  to  it,  which  extends  from  page  25  to  page  183, 
and  of  which  the  principal  contents  are  as  follows : 

The  firft  12  pages  of  this  Appendix,  to  wit,  pages  25, 
26,  &c,  -  -  -  -  37,  contain  a  very  full  description  of 
the  grounds  of  both  Dr.  Halley's  and  Mr.  Raphfon's 
methods  of  refolving  equations  by  approximation,  and, 
indeed,  of  all  other  methods  of  the  fame  kind  j  which 
ton  fill  of  the  four  following  operations ;  to  wit,  in  the 
firft  place,  to  find,  (by  a  few  eafy  conjectures  and  trials, 
with  fmall  numbers  confifting  of  one,  or  two,  figures, 
or  by  fome  other  method  fuggefted  by  the  conditions  of 
the  equation,  or  of  the  Problem  from  which  it  is  de- 
rived,) a  tolerably  near  value  of  xy  or  the  unknown  root 
of  the  propofed  equation  ;  and,  fecondly,  (calling  the 
faid  near  value  a,)  to  put  z  for  the  unknown  difference 
between  a  and  the  root  x  \  and,  if  a  is  lefs  than  x,  and 
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eonfcquently  x  is  equal  to  a  +  z,  to  fubftitutc  the  bino- 
mial quantity  a  +  %  inftead  of  x  in  the  terms  of  the 
original  equation  \  and,  if  a  is  greater  than  x,  and  con- 
fequently  x  is  equal  to  a  —  z,  to  fubftitute  a  —  z  inftead 
of  x  in  the  terms  of  the  original  equation ;  by  which 
fubftitution  the  original  equation,  of  which  the  un- 
known quantity  x  was  the  root,  will  be  transformed 
into  another  equation,  of  which  the  unknown  quantity  z 
(which  is  much  lefs  than  *,  and  ufually  lefs  than  a  tenth 
part,  and  often  lefs  than  a  hundredth  part,  of  it,)  will  be 
the  root  \  and,  thirdly,  to  omit,  or  reject  from  the  faid 
fecond,  or  transformed,  equation,  of  which  z  is  the  root, 
all  the  terms  that  involve  any  higher  powers  of  z  than 
k's  fquare  zz,  or  than  it's  fimple  power  z;  and  then,  in 
the  4th  and  la  ft  place,  to  refolve  the  remaining  equation 
(which  will  be  either  a  quadratick  equation  or  a  fimple 
equation,  according  as  the  terms  involving  zz  are  retained 
or  rejected,)  in  the  common  methods  given  for  that  pur- 
pofe.  For  by  thefe  operations  we  (hall  obtain  a  near 
value  of  the  fecond  unknown  quantity  z,  and  confe- 
quently  a  near  value  of  a  4*  »,  or  a  —  z,  or  of  the 
root  x  of  the  original  equation,  which  will  be  nearer  to 
it's  true  value  than  the  former  near  value  of  it,  a%  was. 
Thefe  operations  are  the  grounds  of  both  Dr.  Halley's 
and  Mr.  Raphfon's  methods  of  approximation  :  and  the 
difference  between  them  is  only  this ;  to  wit,  that  Dr. 
Halley  retains,  in  the  fecond,  or  transformed,  equation, 
of  which  z  is  the  root,  all  the  terms  that  involve  the 
fquare  of  z  as  well  as  thofe  that  involve  it's  fimple  power, 
and  is  thereby  under  the  neceflity  of  refolving  a  quadra- 
tick  equation  in  order  to  obtain  the  value  of  z  ;  whereas 
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Mr.  Raphfon  reje&s  all  the  terms  that  involve  the  fquare 
of  z  as  well  as  thofe  that  involve  z1,  **,       and  it's 
other  higher  powers,  and  retains  only  the  terms  that  in- 
volve the  Ample  power  of  z,  or  z  itfelf,  and  by  fo  doing 
is  enabled  to  find  the  value  of  z  by  refolving  only  a 
finiple  equation.    The  confequence  of  this  difference  is, 
that  the  value  of  z  obtained  by  a  fingle  procefs  of  Dr. 
Halley's  method  will  be  more  exacl:  than  the  value  of  it 
obtained  by  a  fingle  procefs  of  Mr.  Raphfon's  method  j 
but  the  difficulty  of  obtaining  it  is  confiderably  greater 
in  the  former  method  than  in  the  latter.    How  far  one 
of  thefe  advantages  counter-balances  the  other,  and  which 
of  the  two  methods,  upon  the  whole,  deferves  to  be  pre- 
ferred to  the  other,  can  only  be  determined  by  a  clofe 
and  carefull  comparison  of  the  two  methods  with  each 
other  in  the  application  of  them  to  the  refolution  of  the 
very  fame  numeral  equations,  and  by  carrying  the  invefti- 
gations  of  the  roots  of  thofe  equations  to  the  fame,  or 
nearly  the  fame,  degree  of  exattnefs,  or  to  the  fame,  or 
nearly  the  fame,  number  of  figures,  by  both  the  methods. 
This  therefore  is  what  I  have  endeavoured  to  do,  with 
refpeel  to  the  three  numeral  equations  above-mentioned, 
(which  have  been  refolved  by  Dr.  Halley  in  the  proceed- 
ing Traci,)  in  the  fubfequcnt  pages  of  this  Appendix. 

The  cubick  equation  a*  —  17.1*  +  54*  =  350  is  that 
which  is  firft  examined :  and  the  refolution  of  it  begins 
in  page  37,  and  ends  in  page  49,  talcing  up  12  pages. 
In  pages  38  and  39  I  (hew  how,  by  various  eafy  reafon* 
ings,  conjectures  and  trials,  we  may  conclude  that  the, 
true  value  of  x  is  fomewhat  lefs  than  the  number  15. 
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And  then,  putting  a  for  15,  and  e  (in  conformity  to 
Dr.  Halley's  notation,)  for  the  unknown  difference  of  a 
*nd  x,  I  fubftitute  a  —  e  inftead  of  x  in  the  equation 
*3  —  1 7*1  +  54*  =  350,  and  thereby  obtain  the 
transformed  equation 


f'3  —  +  3*<2 

—  17a*  +  340/  —  17** 


s=  350,  which,  (by  fubftituting  in  it,  inftead  of /», 
and  «%  their  feveral  numeral  values  15,  225,  and  3375, 
and  by  making  the  fubtraclions  and  additions  of  the  terms 
which  are  neceffary  to  bring  all  the  unknown  terms,  or 
terms  involving  e%  to  the  left-hand  fide  of  the  equation,) 
becomes  219*  —  28^  +  e%  =  10.  From  this  equation 
I  then  reject  e3,  as  being  very  fmall  in  comparifon  0/ 
219*  and  28**,  and  thereby  obtain  the  quadratick  equa- 
tion 219*  —  28**  =  to-,  which,  by  a  divifion  of  all  it's 

terms  by  28,  is  reduced  to  the  equation  —  e%  = 

10 

—  ;  And,  this  equation  being  refolved  by  the  proper 
methods  of  refolving  quadratick  equations,  we  find  that 
it's  two  roots  are  £J2  +  2l6^7;8»7  *c  2J2  _ 

316.4*7,817,  &c  . 

 ^  }  of  which,  ( by  proper  reafonings 

grounded  on  our  knowledge  of  the  limits  between  which 
the  original  unknown  quantity  x  muft  lie,)  we  conclude 

that  the  leffcr  root  i£  _  "^'7.  *cmuftbethe  ' 

value  of  e  that  is  wanted  for  our  purpofe*  And  therefore 
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we  conclude  that  e,  or  the  difference  between  15  and  *<, 

•••  ,          ,          219         ai6-427,8T7,  Sic 
wdl  be  nearly  =   -2-^   (  = 

2.572,183,  &c  x  ,      -         .  . 

— —  )  =  o»°4?>93*i  ant*  consequently  that  #, 

or  a  —  ey  or  15  —  will  be,  nearly,  =  J  c  — 
0.045,932  =  14.954,068.  q.  E.  I* 

■ 

Having  thus  gone  through  the  refolution  of  the  equa- 
tion x%  —  i7#*  +  54*  =  350  by  Dr.  Halley's  method! 
I  proceed  to  refolve  it  by  Mr.  Raphfon's  method,  begin- 
ning the  approximation  to  the  value  of  x  from  the  fame 
number  15,  which  was  taken  for  a,  or  it's  firft  near 
value,  in  the  foregoing  refolution  of  the  equation  by 
Dr.  Halley's  method* 

By  fubftituting  a  —  e  inftead  of  *  in  the  equation 
jr3  -P-  17**  «+•  54*  =  350  we  transform  it,  as  before, 
into  the  equation 

r  c?  -  3*V        laex  —  e*  -\ 

I     +  54"  —  54'  J 

=  350 ;  and,  by  rejecting  from  this  equation  the  three 
terms  ^ae*  —  17^  —  *5,  (which  involve  the  fquare  and 
cube  of  ey)  we  reduce  it  to  the  fimple  equation  a3  — 
17/1*  4-  54/T  —  y?a  4-  34^  —  54*  =  350,  which  (by 
fubflituting  in  it,  inftead  of  a,  a*t  and  a\  their  refpec- 
tive  values  15,  225,  and  3375,  and  by  making  the  proper 
fubtraclions  and  additions  of  the  terms,  to  bring  all  the 
unknown  terms,  or  terms  involving  e,  to  the  left-hand 
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fide  of  the  equation,)  becomes  219*  =  10.  And,  this 
eafy  Ample  equation  being  refolved  (by  dividing  both 
fides  of  it  by  219,  the  co-efficient  of  ey)  we  have  e  = 

~  =  0.0456,  and  confequently  x,or  a  —  c>  or  15  —  r, 

nearly  =15  —  0.0456  =  14.9544.  q.  e.  i. 

This  procefs  is  evidently  much  fhorter  and  fimpler 
than  the  foregoing  procefs  by  Dr.  Halley's  method,  and 
gives  us  the  value  of  or  the  root  of  the  original  equa- 
tion xs  —  17**  +  54*  =  350,  exact  to  five  places  of 
figures,  the  error  of  the  number  14.9544  beginning  only 
in  the  laft  figure  4,  which  in  the  more  accurate  value  of 
x  is  a  cypher.  This,  however,  is  a  very  confiderable 
degree  of  exa&nefs  obtained  by  a  fingle  procefs  of  Mr. 
Raphfon's  method,  which  Is  much  eafier  than  the  former, 
or  correfponding,  procefs  of  Dr.  Halley's  method. 

h 

f 

I  then  proceed,  in  pages  46,  47,  48,  and  49,  to  find  a 
more  exact  value  of  or  the  root  of  the  propofed  equa- 
tion .v3  —  ijx*  +  54*  =  350,  by  means  of  a  fecond 
procefs  of  Mr.  Raphfon's  method,  taking  14.954,  (or 
the  five  figures  that  are  exact  in  the  number  14.9544, 
which  was  obtained  by  means  of  the  former  procefs,)  for 
the  ground-work  of  the  new  procefs.  I  therefore  fub- 
ftitute  14-954  inilead  of  x  in  the  trinomial  quantity 
xl  — •  ijx*  -f.  54#,  and  finding  that  the  refult  of  this 
fubftitution  is  =  349.985,150,664,  which  is  lefs  than 
the  abfolute  term  350, 1  conclude  that  14.954  is  lefs  than 
the  true  value  of  x,  and,  putting  c  for  14.954,  and/ 
for  the  unknown  difference  by  which  this  number  falls 
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£hort  of  the  true  value  of  *,  I  fubftitute  the  binomial 
quantity  e  +  /  inftead  of  *  in  the  equation  x*  —  1 7** 
+  54*  =  35°  >  D7  which  it  is  transformed  into  the 
equation 

r  **  +  3'/  +  XT  +/1  1 

I    +  54*  +  54/"  J 

I  then  reject  from  this  equation  the  three  terms  yf*% 
—  17/ ,  and  +  /YagTeeably  to  Mr.  Raphfon's  direc- 
tions; and  the  remaining  terms  form  the  fim pie  equation 

*%  +  3^—  llc%  —  Z¥f  +  54*  +  S\f  nearly  =  350, 
which  (by  fubftituling  in  it's  terms,  inftead  of  c>  c\  and  • 
f3,  their  feveral  numeral  values,  and  by  making  fuch 
additions  and  fubtra&ions  of  the  feveral  terms  as  are 
neceflary  to  bring  all  the  terms  that  involve  the  unknown 
quantity  /  to  the  left-hand  fide  of  the  equation,)  pro- 
duces the  fimple  equation  216.430,348  X  /  ^  0.014, 
849,336.  And  the  refolution  of  this  laft  equation,  (by 
dividing  both  fides  of  it  by  216.430,348,  or  the  co-effi* 

dct  of/,)  give.  „/(-  agjggjf)  -  0.000068, 
610,2.    Therefore  .r,  or  c  +  f,  or  14.954  +  f%  will  be 

a 

nearly  (=  14-954  +  0.000,068,610,2)  =  14.954,068* 
6jo,i.  "  Q.  e.  l, 

This  number  14.954,068,610,2  is  probably  true  in  all 
it's  twelve  figures.  But  it  is  certainly  fo  in  the  firft  ten 
figures  14.954,068,61  *,  of  which  the  firft  eight  figures 
14.954,068,  are  the  fame  as  thofe  of  the  former  value 

of 
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of  *,  which  was  obtained  by  Dr.  Halley's  method  of 
approximation.  So  that  one  proccfs  of  Dr.  Halley's 
method  of  approximation  gives  us  the  value  of  x  in  the 
cubicle  equation  x*  —  17**  +  54*  =  350  exadfc  to 
eight  figures  by  the  refolution  of  the  quadratic!:  equation 
2lo#  — •  a&*  =  ro,  which  has  two  roots,  of  which  the 
lefler  is  the  value  of  e  wanted  for  our  purpofe  ;  and  two 
proceffes  of  Mr.  Raphfon's  method  of  approximation 
give  us  the  value  of  the  fame  quantity  exa&  to  at  leaft 
ten  places  of  figures  by  the  refolution  of  the  two  fimple 
equations  219*=  10,  and* 216.430,348  */  =  0.014, 
849,336.  The  reader  muft  now  judge  for  himfclf  to 
which  of  thefe  two  methods  he  will  give  the  preference. 
For  my  own  part,  I  give  it  to  Mr.  Raphfon's  method. 

The  next  equation  to  be  confidered  is  the  incompleat 
biquadratick  equation  x*  *  —  3*1  +  75*  =  10,000. 
This  I  therefore  proceed  next  to  refolve,  firft,  by  Dr. 
Halley's  method  and  afterwards  by  Mr.  Raphfon's,  in  a 

very  full  and  diftincfc  manner,  in  pages  49, 50,  5 1,  &c  -  .  65. 

« 

And,  in  the  firft  place,  in  pages  50  and  51  I  find,  by 
means  of  fome  eafy  conje&ures  and  trials,  that  the  value 
of  x  in  this  equation  will  be  greater  than  9,  but  lefs  than 
10,  and  nearer  to  10  than  to  9.  I  therefore  make  a  =  10, 
and,  putting  e  for  the  difference  between  a  and  *,  fubftU 
tute  a  —  e  inftead  of  x  in  the  propofed  equation  *4  *  — 

3**  +  75*  =  10,000;  which  is  thereby  transformed  into 
she  equation 


Digitized  by  Google 


XIV  THE  PREFACE. 

—  4a*e  +  60V  —  4<7*>  +  e* 


In*  ~  4/2^  +  6aV  — 


c=  10,000.  From  this  equation  I  then  rejec"l,  according 
to  Dr.  Halley's  directions,  the  two  terms  —  4/w3  +  e*, 
which  involve  in  them  the  cube  and  fourth  power  of  ey 
and  thereby  reduce  the  faid  equation  to  the  quadratick 
equation 


r         0+  — 

<  —  3a*  + 
I    +  75*  - 


6ae    -  >  =  10,000, 

75' 


which  (by  fubftituting  in  it,  inflead  of  ay  a\  a\  and  a\ 
their  feveral  values  10,  loo,  1000,  and  10,000,  and  mak- 
ing the  feveral  additions  and  fubtra&ions  of  the  terms 
which  are  neceffary  to  bring  all  the  terms  that  involve  the 
unknown  quantity  e  to  the  left-hand  fide  of  the  equa- 
tion,) becomes  changed  into  the  numeral  equation  4015* 
—  597*>a  =  450,  and  (by  dividing  all  the  terms  by  597, 
or  the  co-efTicient  of  into  the  equation  6.725,293 
X  /  —  e2  =  0.753,769,  which  is  a  quadratick  equation 
duely  prepared  for  rcfolution. 

This  quadratick  equation  1  then  proceed  to  refolve, 
and  find  that  it  has  two  roots,  to  wit,  3.362,646  -f 
3.248,633  and  3.362,646  -  3.248,633,  of  which  (by 
confidering  the  limits  of  the  magnitude  of  x>  or  a  — 
which  is  known  to  be  lefs  than  ic,  but  greater  than  9, 
which  makes  it  necefiary  for  e  to  be  lefs  than  j,)  I  find 

that 
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that  the  leffer  root  3.362,646  —  3.248,633  muft  be  that 
which  will  be  fuited  to  our  purpofe,  or  will  be  nearly 
equal  to  the  difference  between  a,  or  10,  and  x,  I 
therefore  conclude  that  e  will  be  nearly  =  3  362,646  — 
3.248,633  =  0.114,013,  and  therefore  that  x,  or  a  —  e% 
or  10  —  ey  will  be  nearly  =  10 — -  0.114,013  or  (ne- 
glecting the  three  laft  figures  013,  as  probably  not  exact) 
=  10  —  0.114  =  9.886.  q.  k.  1. 


This  number  9.886  appears,  upon  a  trial  of  it,  to  he 
very  nearly  equal  to,  but  fomewhat  lefs  than,  the  true 
value  of  x  in  the  propofed  equation  jr4  *  —  3**  +75* 
=  30,000.  In  order  therefore  to  find  a  more  accurate 
value  of  *,  I  put  c  (or  9.886,  and  /  for  it's  unknown 
difference  from  the  true  value  of  *,  and  fubftitute  the 
binomial  quantity  e  ■+•  f  inftead  of  x  in  the  equation 
*♦  *  —  3**  +  75*  =  10,000  *,  by  means  of  which  fub- 
ftitution  the  faid  equation  is  transformed  into  the  equation 

+  75'  +  75/  J 

=  10,000,  of  which  the  fmall  quantity  /is  the  root. 
I  then  reject  from  this  equation  the  two  terms  4*/* 
and  /*,  which  reduces  it  to  the  quadratick  equation 

m 

■ 

3fx         V  =  io^ooo  i  t 


r  c*  +  4*7  + 
<    —  yc  —  6cf  — 

I    +  75'  +  75/ 


and  (by  fubftituting  in  this  laft  equation,  infteaid  of  r, 
c\  c\  and  c+,  their  feveral  values  9.886  and  it's  fquare, 

cube, 
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cube,  and  fourth  power,  and  by  making  the  fcveral  acU 
ditions  and  fubtra&ions  of  the  terms  which  arc  ueceffary 
*o  bring  all  the  terms  that  involve  the  unknown  differ- 
ence f  to  the  left-hand  fide  of  the  equation,)  this  equa- 
tion is  converted  into  the  numeral  equation  3880.437, 
593,824  x/  +  533-397>976  x  ff  =  0  010,480,863,984-, 
and  this  equation  (by  dividing  all  it's  terms  by  583-397, 
976,  or  the  numeral  co-efficient  of  ff)  is  further  re- 
duced to  the  equation  6.651,441,646  X  f  +  ff  = 
0.000,017,965,204,569,033,  which  is  a  quadratick  equa- 
tion duely  prepared  for  resolution.  This  equation  (which 
has  only  on&  root,)  is  then  refolved,  but  not  without  a 
great  deal  of  laborious  calculation  j  and  it's  root  f  is 
found  to  be  =  0.000,002,700.  Therefore  #,  or  c  +/, 
or  9.886  +  /,  is  nearly  (=  9.886  +  0.000,002,700)  =* 
9.886,002,700  \  that  is,  the  root  of  the  propofed  biqua- 
dratick  equation  is  nearly  equal  to  9.886,002,700. 

Q.  e.  i. 

Dr.  Halley  makes  this  root  to  be  nearly  equal  to 
9.886,260,393,649,5.  But  I  believe  he  mull  have  made 
fome  miftake  in  his  calculation,  becaufe  the  other  value 
of  x  here  found,  to  wit,  9.886,002,700,  is  confirmed  by 
the  fecond  refolution  which  I  have  made  of  this  equation 
by  Mr.  Raphfon's  method.  This  fecond  refolution  is  as 
follows : 

Let  10  be  taken  for  0,  or  the  fiVU  near  value  of  x  in 
the  equation  x*  *  —  3**  4-  75.V  =  io,oco,  as  it  was 
in  the  foregoing  refolution  of  that  equation  by  Dr.  Hal- 
ley's  method  j  and  let  a  —  e  be  fubftituted  inftead  of  x 

in 
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in  the  three  terms  #*,  3**,  75**  Then  will  the 
transformed  equation  refalting  from  fuch  fubftttution  be 
(as  before)  • 

{a4  —  4^  +  6*V  —  4tff»  +  i* 
—  3Aa  +  bae  —  2/1 
+  75*  -  IS* 

* 

=r  1 0,000  f  which,  by  rejecting  the  four  terms  6*V  — 
—  40^  -f  e*  according  to  the  directions  of  Mr. 
RaphXbn,  will  be  reduced  to  the  Gmpie  equation 


+    *    •      *  *        .-    -  •  -       .      -        »    '    .  *  «>K  1. 

—  3a1  +  6** 
+  75*  —  75' 


IO,0CO. 


And  this  laft  equation  will  (by  fubftituting  in  it's  terms, 
iriftead  of  <?,  «*,  a*,  and  their  feveral  values  10,  100, 
1000,  and  10,000,  and  by  making  fuch  additions  and 
fubtrattions  of  the  terms  as  are  neceflary  in  order  to 
bring  all  the  terms  that  involve  th«  unknown  quantity  e 
to  the  left-hand  fide  of  the  equation,)  be  converted  into 
the  ftiort  numeral  equation  4015*  =  45a  And  the  re- 
solution of  this  laft  equation  (by  dividing  both  fides  of  it 
by  401 5,  the  co-efficient  of  the  unknown  quantity 

x  **  o 

gives  us  e  (=  — — )  =  0.112.    Therefore  at,  ora  —  e% 

or  10  —  e,  will  be  nearly  ~  10  —  0.112  =  9.8885  or 
the  fecond  near  value  of  x  in  the  propofed  equation 
x*  »  —  3**  +  75*  =  10,007,  obtained  by  this  firft 
procefs  of  Mr.  Raphfon's  method  uf  approximation,  will 
be  9  888.  e.  1.  * 

The, 
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The  operations  of  this  firft  proccfs  of  Mr.  Raphfon'tf 
method  of  approximation  are,  it  is  evident,  much  (horter 
and  eafier  than  thofe  of  the  firft  procefs  of  Dr.  Halley's 
method,  which  required  the  resolution  of  the  quadratick 
equation  6.725*293  X  e  — *  e%  =  0*753,769. 

I  then  proceed  to  find  a  third  near  value  6f  the  robt  of  . 
the  propofed  equation  x*  *  —  3**  +  75*  =  10,000 
by  means  of  a  fecond  procefs  of  Mr.  Raphfon's  method 
of  approximation.  And  for  this  pUrpofe  I,  in  the  firft 
place,  fubftitute  the  laft  near  value  of  x  juft  now  ob* 
tained,  to  wit,  the  number  9.888,  in  the  terms  of  the 
trinomial  quantity  x+  *  —  3**  +  75*,  in  order  to  dif- 
cover  whether  the  value  of  the  faid  trinomial  quantity 
thence  refulting  will  be  greater  or  lefs  than  10,000,  or 
the  abfolute  term  of  the  propofed  equation.  And  I  find, 
upon  making  this  fubftitution,  that  the  value  of  the  faid 
trinomial  quantity  theribe  refulting  is  10,007.752,728, 
231,936  ;  which  is  a  little  greater  than  10,000,  or  the 
abfolute  term  of  the  propofed  equation.  I  therefore 
.conclude  that  9.888  is  a  little  greater  than  the  true  value 
of  x  in  the  equation  xA  *  —  3**  +  75*  =  io,oco, 
and,  putting  f  for  the  unknown  difference  between 
9.888  and  x,  I  fubftitute  the  binomial  quantity  9.888—/ 
inftead  of  .r  in  the  propofed  equation  *♦  *  —  3-r*  + 
75*  =  io,coo,  by  which  (omitting  the  terms  that  in- 
volve either  f*9  f%%  or  f*9  and  ranging  the  terms  in  their 
proper  order,)  we  arrive  at  the  fimple  equation  3882. 
.771,660,288  X/=  7.752,728,231,936;  the  refolution 

of  which  gives  us  /  ( =  'T'^T'V*  y=  Q 

b  J  v      3882.771,660,288  '  yyy 

Therefore 
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Therefore  x9  or  9.888  — /,  will  be  nearly  =  9.888  — 
0.001,99  =  9.886,01 ;  or  the  third  near  value  of  x  in 
the  propofed  equation  *4  *  «—  3*1  •+■  75*  =  10,000, 
obtained  by  this  fecond  procefs  of  Mr-  Raphfon's  method 
of  approximation,  will  be  9.886,01.  Q.  .E.  1. 

Here  again  we  may  obferve  that  the  labour  of  refolving 
the  fimple  equation  3882.771,660,288  X  /  =  7.752, 
728,231,936  in  this  fecond  procefs  of  Mr.  Raphfon's 
method  is  much  lefs  than  the  labour  of  refolving  the 
quadratick  equation  6.651,441,646  X  /  +  ff  =  0.000, 
017,965,204,569,033  in  the  fecond  procefs  of  the  fore- 
going refolution  of  the  propofed  equation  by  Dr.  Halley's 
method. 

I  then  proceed  to  find  a  fourth  near  value  of  x  in  the 
propofed  equation  xA  *  —  3*1  «+•  75*  -=  io,cor,  by 
means  of  a  third  procefs  of  Mr.  Raphfon's  method  of 
approximation :  and,  for  that  purpofe,  I,  firft,  fubftitute 
the  laft  near  value  of  it,  to  wit,  9.886,01,  inftead  of  x, 
in  the  trinomial  quantity  x+  *  —  +  75*,  in  order 
to  difcover  whether  the  value  of  the  fald  trinomial  quan- 
tity refulting  from  fuch  fubftitution  is  greater,  or  lefs, 
than  io,coo,  or  the  abfolute  term  of  the  propofed  equa- 
tion. And  I  find,  upon  making  this  fubftitution,  that 
the  faid  refult  is  =  10,000.028,313,570,294,077,144,01; 
which  is  a  little  greater  than  the  faid  abfolute  term.  I 
therefore  conclude  that  9.886,01  is  a  little  greater  than 
the  true  value  of  x,  and,  putting  g  for  the  unknown 
difference  between  9.886,01  and  x9  I  fubftitute  the  bi- 
nomial quantity  9.886,01  —  g  inftead  of  x  in  the  pro- 
pofed 
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pofcd  equation  x*  *  —  3**  +  75*  ss  10,000,  but  with 
an  omiflion  of  the  terms  that  involve  citheT  £*,  £J,  or  g4, 
agreeably  to  Mr.  Raphfon's  directions ;  and  by  this  fub- 
ftitution  I  transform  the  faid  equation  into  a  fimple 
equation,  which,  when  the  terms  of  it  are  properljr 
ranged,  becomes  the  equation  3880.449,261,795,383,204 
X  g  =  0  028,313,570,294,077,144,01.  And,  this  laft 
equation  being  refolved  by  dividing  both  (ides  of  it  by 
the  co-efficient  of  g,  we  fhall  have  g  (  = 

o.028,3i3,S70>*94.077>U4,oi  v  =  O.ooo,oo*,lo6i467, 

and  confequently  x,  or  9.886,01  — g ,  ==  9.886,01  — 
0.000,007,296,467  =  9*886,002,703,533 ;  that  is,  the 
fourth  near  value  of  x  in  the  pTopofed  equation  x*  *  — 
3**  +  75*  —  10,000,  obtained  by  this  third  procefs  of 
Mr.  Raphfon's  method  of  approximation,  will  be  9.886, 
002,703, 533.  E-  i- 


Of  this  number  9*886,007,703,533  it  is  aimoft  certain 
that  (if  no  miftakes  have  been  made  in  the  calculation,) 
the  firft  ten  figures  9.886,002,703  are  exa&.  And,  as 
the  firft  nine  of  them,  10  wit*  9.886,002,70,  are  the  fame 
with  the  firft  nine  figures  of  the  laft  value  of  x  that  had 
fccen  found  by  the  fecond  procefs  of  Dr.  HalJey's  method 
of  approximation,  to  wit,  9.886,002,700,  I  think  we 
may  be  confident  that,  at  lead,  thefe  nine  figures  muft 
be  exa&,  and  therefore  that  Dr. -Halley's  number  9.886, 
260,393,649,5,  given  above  in  page  15  for  a  mod  accu- 
rate value  of  x  fcarce  exceeding  the  truth  by  2  in  the 
laft  figure,  muft  be  erroneous. 

It 
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It  fecms  to  me,  from  the  companion  of  the  two  me- 
thods of  approximation  in  this  example,  as  well  as  in 
the  laft,-  that  Mr.  Raphfon's  method  (which  proceeds  by 
the  refolution  of  only  fimple  equations)  is  fo  much 
Ampler  and  eafier,  both  to  underfland  and  to  pra&ife, 
than  Dr.  Halley's  method  (which  proceeds  by  the  refo- 
lution of  quadratick  equations,)  that,  notwithftanding 
the  advantage  of  the  latter  method  in  giving  us  more 
new  figures  of  the  root  fought  exactly,  in  every  fingle 
procefs  of  it,  than  are  given  by  a  fingle  procefs  of  the 
former  method,  it  very  much  deferves  to  be  preferred  to 
the  latter,  or  Dr.  Halley's,  method. 

I  next  proceed  to  Dr.  Halley's  third  example,  which  is 
the  biquadratick  equation  14,937*  1998*1  +  8c*' 
—  x*  —  5000.  This  equation  he  juftly  confiders  as  a 
very  difficult  one,  becaufe  it  is  of  that  form  which  ad- 
mits of  four  different  affirmative  roots,  and  becaufe  the 
co-efficients  of  x  and  ,r%  to  wit,  14,937  and  1998,  are 
very  great  numbers  in  comparifon  of  the  rcfolvend,  or 
abfolute  term,  50C0.  And  in  . truth  this  equation  has 
four  affirmative  roots,  to  wit,  the  decimal  fraction 
0.350,986,045,866,06  6*cc,  the  mixt  number  12.756,441, 
794,480,744,022,  &c,  the  mixt  number  32.060,290,  &c, 
and  the  mixt  number  34.832,280,  &c.  But  of  thefe 
roots  Dr.  Halley  finds  only  the  fecond,  or  Icaft  but  one, 
to  wit,  12.756,441,794,480,744,022,  £rc.  This  root 
therefore  I,  in  page  65,  proceed  to  inveftigate,  firft,  by 
Dr.  Halley's  method  of  approximation,  and  afterwards 
by  Mr.  Raphfon's. 

b  la 
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In  the  fatt  place  I  conjecture  that  jit  is  nearly  equal  to 
16,  and  I  fubftittrte  to  inftead  of  x  in  the  quadrinomial 
quantity  14,937*  1998**  4-  2ox*  —  a?*,  and  I  find  the 
value  of  the  faid  quantity  refulting  from  that  fubititution 
to  be  19,570,  which  is  aimoft  four  tiroes  as  great  as  5000, 
or  the  abfolute  term  of  the  propofed  equation.  I  then 
form  a  fecond  conjecture  about  it's  magnitude,  and  fup- 
pofe  it  to  be,  nearly,  =12,  and  fubftitute  12  in  flea d  of 
x  in  the  quadrinomial  quantity  14*937*  ~~  I99^t  + 
8orJ  —  *4,  and  find  the  refult  of  this  fubftitution  to  be 
9,036.  This  refult,  though  much  lefs  than  the  former 
refult  19,570,  is  yet  much  greater  than  the  abfolute 
term  $oco* 

•    *!  '  t 

.  I  *  -4  J        \J  »  .k.    "   1  '    J.  .       I  '  ■  .■  *.  '  •  r  *-  f  -  V 

By  thefe  two  conjectures  and  trials  1  find  that,  while 
x  incrcafes  from  10  to  12,  the  quadrinomial  quantity 
14,937*  —  J99&*1  +  Sox3  —  x*  decieafes  from  19,570 
to  9,036*  I  therefore  foppofe  that,  if  x  were  to  increafc 
further  from  xa  to  1 3,  the  faid  quadrinomial  quantity 
would  decreafe  further  from  9,036  to  tome  lefler  number. 
And  fo,  upon  trial,  I  find  it  to  do.  For,  if  x  is  =  13^ 
the  faid  quadrinomial  quantity  will  be  =  3,7x8,  which  * 
is  lefs  than  the  abfolute  term  5000.  I  therefore  now 
conclude  with  certainty  that  *  muft  be  greater  than  i2# 
but  WVthaa  13. 

.  •     • '  ■>■ .  *;  .  .  ..  . 

Further,  in  order  to  obtain  a  fl  ill  nearer  value  of  *,  I 
make  uie  of  the*  following  conjectural,  but  very  probable^ 
and  (as  appears  upon  trial,)  very  ufeful,  fuppofuion. 
Since,  when  x  is  =  \%>  the  quadTiaomiai.  quantity 
*4*937*  t^ip^8*'  '+  &>t'      *      ~  9*036,  and, 

infra  .  when 
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when  *  is  equal  to  the  root  of  the  pfopofed  equation 
14,937*  J998**  +  80**  ^ic*  s?  5000,  tlic  (aid 
qindrinomial  quantity  it  =?  5000,  and,  when  ,x  is  =s  13^ 
the  faid  quadrinomial  quantity  is  ss  3,7 18,  it  feerns  pro- 
bable that  the  difference  of  the  firft  and  third  of  the  firft 
three  quantities  12,  *,  and  13,  to  wit,  the  difference 
13  —  12,  or  i»  will  be  to  the  difference  of  the  firft  and 
fecond  of  thefe  quantities,  to  wit,  *  —  12,  in,  nearly, 
the  fame  proportion  as  the  difference  of  the  firft  and 
third  of  the  latter  three  quantities  9,036,  5000,  and 
3,718,  which  correfpond  to  the  firft  and  third  quantities, 
1 2  and  1 3,  of  the  firft  fet,  is  to  the  difference  of  the 
firft  and  fecond  of  the  latter  three  quantities  9,036, 
5000,  and  3,718,  which  correfpond  to  the  firft  and 
fecond  quantities,  12-  and  x9  of  the  firft  feti  that  is, 
that  1  will  be  to  x  —  12  in,  nearly,  the  fame  proportion 
as  9,036  —  3,718,  or  5,318,  is  to  9,036  —  5000,  or 
4,036,  and  consequently  that  x 12  will  be  nearly  =s 
.^036  =  4,036  _  ^  thercforC  ^  m 

5,3*8  5,ii8  ' 

will  be  nearly  =  X2.7. 

Having  thus  obtained  12.7  for  a  firft  near  value -of  x 
that  is  fufliciently  near  to  it  s  true  value  to  become  the 
bafis,  or  ground- work,  of  a  farther  approximation  to  k's 
true  value  by  either  Dr.  Halley's,  or  Mr.  Raphfon's  me- 
thod of  approximation,  I  proceed  to  make  ufe  of  it  for 
obtaining  a  more  exad  value  of  x  by  Dr.  Halley's  method 
of  approximation.  And  for  that  purpofe  I  begin  by  fub- 
ft it u ting  it  inftead  of  x  in  the  quadrinomial  quantity 
14^37*  —  1998**  +  80*1  —       in  order  to  difcover 

b  2  whether 
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whether  the  value  ef  the  faid  quadrinomial  quantity  re- 
fulting  from  fueh  fubflitution  will  be  greater  or  lefs  than 
5000,  or  the  ahfolute  term  of  the  propofed  equation 
14,937*  -  l99*xZ  +  8j*'  ~       =  5ooo. 


v  ■■  » 


Now  the  refult  of  this  fubflitution  is  529F.6559.  And 
therefore  it  appears  that,  while  x  increafes  from  12.7  to 
13,  the  quadrinomial  quantity  14,937.*-  —  1998a-2  + 
8c*'  —  .v*  will  decreafe  from  5298.6559  to  3, 71^- 
And  therefore,  when  x  is  of  fome  intermediate  value 
between  12.7  and  13,  the  faid  quadrinomial  quantity 
will  be  equal  to  the  abfolute  term  5000,  or,  in  other 
words,  the  true  value  of  x  in  the  propofed  equation 
14,937*  —  1998a-2  +  8o.vJ  —  .v4  =  50CO  will  be 
greater  than  12.7,  but  lefs  than  13.  We  mutt,  therefore 
now  make  12.7  =  ny  and  12.7  +  c,  or  a  +  ey  = 
and  fubilitute  a  +  f  inilead  of  in  the  propofed  equa- 
tion,  but  with  an  omiflion  of  the  terms  that  involve 
either  S  or  ***.  This  fubftitution  will  produce  the  tranf- 
formed  equation 

f  I4,Q37«  +  M.937'  ^ 
J     —  i993rt2  —  39QtW   —  199SV1  ^ 

\       -f-     So.:>    +  24CifV     +   2^0 /t-  f 
I      —      ,i+      —  4<rV        —  6dV  J 

=  ,  nearly,  500?.  And  (by  fubftituting  in  this  equa- 
tion, inftead  of  a,  <i\  a\  and  a\  their  feveral  values, 
to  wit,  12.7,  and  it's  fquare,  cube,  and  fourth  power, 
and  making  the  feveral  additions  and  fubtraaions  of  the 
terms  which  are  neccflary  to  bring  all  the  terms  that 

ir.volv 
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involve  the  unknown  quantity  e  to  the  left-hand  fide,  of 
the  equation,  with  only  a  known  numtxr  on  it's  right- 
hand  fide,)  we  further  reduce  it  to  the  equation  5296. 132 
X  e  —  82  26  X  e%  —  298.6559,  and  (by  dividing  all 
the  terms  by  82.26,  or  the  co  efficient  of  r,)  to  the 
equation  64.382,834,9  X  <  — -  ex  —  3*630,633, 357,646,48, 
which  is  a  quadratick  equation  properly  prepared  for  re- 
folutioo. 

This  quadratick  equation  (which  has  two  roots,)  is 
then  refolved,  but  not  without  a  great  deal  of  laborious 
calculation:  and  it's  two  roots  are  found  to  be  32.191, 

4*7>4  +  32134>976>5>  an<*  3*-,9,»4,7i4  —  32-I34> 
976,5,  of  which  it  is  evident  that  the  former  root  (which 

is  greater  than  64)  cannot  be  the  value  of  e  that  is  fuited 
to  the  prcfent  purpofe,  or  is  nearly  equal  to  the  differ- 
ence between  12.7  and  the  true  value  of  .r,  which  we 
know  to  be  lefs  than  13  •,  and  therefore  we  conclude  that 
the  fecond  root,  32.191,417,4  —  32.  34,976,5,  is  the 
root  that  is  to  be  adopted  on  this  occafion.  We  there- 
fore conclude  that  e,  or  the  difference  between  x  and 
12.7  will  be  nearly  =  32.191,417,4  —  32-»34>976>5> 
or  0.056,440,9,  and  consequently  that  x9  or  a  «f  e,  or 
12.7  4-  e,  will  be,  nearly,  (=  I2.>  4-  0.056,440,9)  = 
12.756,440,9.  0.  E.  It 

This  value  of  x  is  exact  in  the  firfl  feven  figures 
12.756,44,  it's  more  accurate  value,  as  computed  both 
by  Dr.  YVallis  and  Dr.  Halley,  being  12.756,441,794, 
480,744,02. 

b  3  Dr. 
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Dr.  Halley  on  this  occafion  points  out  a  correction  fa 
be  made  to  the  value  of  x  juft  now  obtained,  to  wit,  the 
number  12.756,4.40,9,  without  entering  upon  a  compleat 
fecond  pTOcefs  of  hb  method  of  approximation,  and  tells 
us  that  we  snay*  by  this  corrcclion,  find  the  value  of  x 
to  be  =5  12.756,441,794,48,  or  to  thirteen  places  of  fi- 
gures, all  exact.  This  correction  1  have  endeavoured  to 
explain  and  to  put  in  practice,  in  pages  73,  74,  and  75. 
But  I  am  not  fure  that  1  have  perfectly  underftood  it ; 
and  the  value  of  x  refulting  from  my  application  of  it 
d(Jemot  agree  with  the  value  afligned  by  Dr.  Hallcy,  to 
wit,  12.756,441,794,48,  but  differs  from  it  in  fome  of 
the  latter  figures,  being  12.756,441,794,387.  The 
reafon  of  this  difference  I  do  not  know.  But,  as  I  do 
not  approve  of  this  correction  for  the  reafons  alledgcd  in 
aTt»  34,  pages  76  and  77,  I  (hall  fay  no  more  of  it  in 
this  place,  but  (hall  proceed  to  give  an  account  of  the 
compleat  fecond  procefs  of  Dr.  H  alley's  method  of  ap- 
proximation which  I  have  gone  through  in  pages  77,  78, 
79,  -  -  -  82,  and  by  which  I  find  the  more  accurate 
value  of  x  to  be  12.756,441,794,480,744,022,60;  of 
which  I  believe  the  firft  20  figures,  to  wit,  12  756,441, 
794,480,744,022,  to  be  exact. 

In  order  to  begin  the  faid  fecond  procefs,  I  fubftirute 
14.756,44  inftead  of  x  in  the  quadrinomial  quantity 
l4,9J7*  -~  1998*1  +  80*3  —  >  and  I  find  the  value 
of  the.  (aid  quantity  refulting  from  fuch  fubilirution  to 
be  5000^09,486,644,489,476,503,04  \  which  is  a  very 
little  greater  than  5000,  or  the  abfolute  term  of  the  pro- 
posed equation  14,937*  —  J09K*1       8cu3  —  .v4  — 

50C0. 
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5000.  And  I  thence  conclutle,  for  the  reafons  given  in 
art.  29,  that  the  number  12.756,44,  is  fomewhat  lefa 
than  the  true  value  of  x. 


I  therefore  put  c  for  the  number  1x756,44*  and  /  for 
it's  unknown  difference  from  the  true  value  of  x>  and 
fubftitute  the  binomial  quantity  c  +  /  inilead  of  *  in 
the  propofed  equation  *4>937*  —  1998**  4»  Box1  — 
x+  =  5000;  by  which  fubftitution  the  faid  equation  is 
transformed  into  the  equation 

J"4>937^  +  «4i037/  '  -Y 

—  1998.*—  3996^—  i99*j£T  V 

I  -   *  -  vv -¥P-r  J 

=  10,000,  or  (omitting  the  three  terms  80/V  4^  and 
/*)  into  the  equation 

r         14,937*  +  14,937/ 
J       —  I99^a  —  399^/  -  1998// 


I  - 


80^  +  H&f-  +  2l\Ccff 


=  ,  nearly,  io,oco.  And,  if  we  fubftitute  in  this  laft 
equation,  inftead  of  r,  c *,  and  r4,  their  feveraf  values, 
to  wit,  ii.756,44,  and  it's  fquare,  cube,  and  fourth 
power,  and  make  the  feveral  addition?  and  fubtradions 
that  are  neceflary  to  bring  all  the  terms  that  involve  the 
unknown  quantity  f  to  the  left-hand  fide  of  the  equa- 
tion, this  laft  equation  will  be  converted  into  the  equa. 

b4  tlon 
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tioit  5286.568,162,865,159,936  X  /  —  87.184,431, 
158,4  X  ff  =  0:009,486, 644, 4^9, 476, 503, 04,  and 
finally  (by  dividing  all  the  terms  of  the  laft  equation  by 
87.184,431,158,4,  the  co-efficient  of  ff)  into  the  equa- 
tion 60.636,607,851,008,642,270,08  X  /  —  //  = 
0.00^, 108,81 1,221,951, 323,^:03,352, 097,689,829,824, 
386,0  &c,  which  is  a  quadratick  equation  duely  prepared 
for  resolution. 

This  equation  is  then  rcfolved  in  page  82,  but  not 
without  a  great  deal  of  laborious  calculation;  and  it  s 
.  ldfier  root  (which  is  that  which  is  equal  to  the  difference 
between  12.756,44  and  x)  is  found  to  be  0.000,001, 
794,480,744,022,60.  Therefore  xf  or  c  •+-  /,  or 
12.756,44  +  /,  will  be,  nearly,  (  =  12.756,44  + 
0.000,001,794,480,744,022,60)  =  12.756,441,794,480, 
744,022,60 ;  that  is,  the  value  of  x  in  the  propofed 
equation  14,937*  —  1998**  +  8o.r3  —  x*  =  5000 
will  be  very  nearly  equal  to  12.756,441,794,480,744, 
022,60.  <JL:  e.  1. 

I  then  proceed  in  pages  83,  84,  85,  &c  -  -  -  -  96,  to 
find  the  value  of  the  fame  root  of  the  propofed  equation 
14>937*  —  IV08.11  +  80 —  x*  =  5000  by  Mr. 
Raphfon's  method  of  approximation. 

In  making  this  approximation  I  begin  with  the  fame 
fitfk  near  value  of  .r  with  which  I  began  the  former  ap- 
proximation by  pr.  Halley's  method,  to  wit,  the  number 
12.7,  putting  a  =  12.7,  and  *  =  «  +         127  + 
and  fubftituting  the  binomial  quantity  12.7  +  <  inftead 

'  of 
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of  x  in  the  propoffd  equation  I4»937*r  —  199&?2  «f 
^ov1  —  x4  =  5000,  ,but  with  an  omiflion  of  ^all  the 
terms  :hat  involve  either  t\  or  This  fubftitutioa 
produces  the  fim pie  equation  I4>937*. —  19980*  + 
£q,;3  —  a4  -f  14,937 ?  —  3996/7^  +  24O0V  —  4o3e 
=  ,  nearly,  5c 00.  And  this  lad  equation,  being  fur- 
ther  reduced  (by  fubflituting  in  it's  terms  inftead  of 
c.y  a1,  /a3,  and  a*  their  feveral  numeral  values,  to  wit, 
1 2  7,  and  it's  fquare,  cube,  and  fourth  power,  and  by 
making  the  feveral  additions  and  fubtra&ions  which 
are  neceflary  to  bring  all  the  terms  involving  e  to  the 
left-hand  fide  of  the  equation,  and  to  confolidate'them 
into  one  term)  becomes  5296.132  X  /  =  298.6559; 

the  refolution  of  which  gives  e  (  —  g0^A^9  \  = 

0-056,39.  Therefore*,  or  0  +  s,  or  12.7  -f  e,  will  be 
(=  12.7  4-  0.056,39)  =  12.756,39;  that  is,  the  fecond 
near  value  of  *,  obtained  by  this  firft  procefs  of  Mr, 
Raphfon's  approximation,  will  be  12.756,39.  e.  i. 

Of  this  number  12.756,39  the  firft  five  figures  12.756 
are  exalt,  the  more  accurate  value  of  x  being  12.756, 
441,794,480,  &c. 

I  then  fubftitute  12.756,39  inftead  of  x  in  the  qoa- 
dri normal  quantity  14,937*  —  ipq&r*  +  %Cx*  —  x\ 
and  find  the  refult  of  the  faid  fubftitution  to  be  = 
5000.273,805,270,591,690,609,59;  which  is  fomewhat 
greater  than  5000,  or  the  abfolute  term  of  the  propofed 
equation.  Therefore,  for  the  reafons  before  given,  I 
conclude  that  12.756,39  muft  be  lefs  than  the  true  value 
of  x»  I  therefore  put  c  =  ,i-75°>39>  and  f  for  the 
unknown  quantity  by  which  12.756,39  falls  fnort  of  the 

true 
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true  value  of  *,  and  fubftitute  e  -H  /  inftead  of  x  in 
the  propofed  equation  14,937*  —  1998**  4-  8o.v3  »~ 
*♦  ss  5000,  bgt  with  an  omifiion  of  all  the  terms  that 
involve  either /%/4«  And  the  transformed  equation 
thence  arifing  is 


I 


M»937'    +  '4*937/ 

+       80  rJ  +  240  €%f 
-  -  4<V 


nearly,  =  5000  in  which  if  we  fubfthute  for  r,  c\  c\ 
and  c\  their  feveral  numeral  values,  to  wit,  12.756,39, 
and  it's  fquare,  cube,  and  fourth  power,  and  afterwards 
make  the  feveral  additions  and  fubtraftions  of  the  terms 

m 

which  are  neceflfary  to  confolidate  the  four  terms  invoiv* 
ing  the  unknown  quantity  f  into  one  term,  and  <»  cob-  1 
foKdate  all  the  known  quantities  in  the  equation  into  opt 
term,  and  bring  it  to  the  oppofrte  fide  of  the  equation, 
we  fhall  obtain  the  (imple  equation  5286.576^ 81,150, 
968,476  X  /  =  0.273,805,270,591,690,609,59,  by  the 
refolution  of  which  we -(nail  have  f  (= 

"  ^K^'^t^T  )  =  0.000,05,  ,792. 

fore  c  +  /,  or  12.756,39  +  /",  will  be  (=  1 275639  -f- 
0.000,051,792)  =  12.756,441,792;  that  is,  the  third 
near  value  of  a,  which  is  obtained  by  this  fecond  procefs 
of  Mr.  kaphfon  s  method  of  approximation,  will  be 
12.756,441,792.  <k  e.  1. 

■     ■>  >  »       *,       *       » • »  ■ 

Of  this  number  12.756,441,792  the  firft  ten  figure** 
12.756,441,79,  aie  cxai^,  the  wore  accurate  value  of  x 

6  being 
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being  12.756,441,794,480,744,02,  as  has  been  obfcrved 
before.  But  this  greater  degree  of  exa&nefs  may  be  at- 
tained by  carrying  this  approximation  by  Mr.  Raphfon's 
method  one  (tcp  further  j  which  may  be  done  as  fol- 
lows : 


If  the  number  12.756,441,792,  obtained  by  the  laft 
procefs,  be  fubftituted  inftcad  of  x  in  the  quadrinomial 
quantity  14,937*  —  1998**  +  80*3  —  the  value  of 
the  faid  quantity  refulting  from  fuch  fubftitution  will  be 
5000.000,013,114,621,596,455,067,255,345,516,642, 
304 ;  which  is  a  little  greater  than  50CO,  or  the  abfolutc 
term  of  the  propofed  equation  14,937*  —  + 
80*1  —  jtf4  ^  5030.  Therefore,  for  the  reafons  before 
given,  12.756,441,792  muft  be  fomcwhat  lefs  than  the 
true  value  of  x.  I  therefore  put  d  =  12.756,441,792, 
and  foppofe  *  to  be  equal  to  d  +  g*  or  to  12.756,441, 
792  +  i>  and  fubftitute  that  binomial  quantity,  in  (lead 
ot>»,  in  the  propofed  equation,  bat  with  an  omiOion  of 
aH  the  terms  that  involve  either  g\  g*9  or  g+.  And  the 
transformed  equation  thence  obtained,  after  it*$  terms 
are  properly  arranged,  becomes  the  fimple  equation 
5,286. 567,85o,393,729>I32>5^5>9oo,26o,352  x  g  = 
c  .000,0 1 3, 1 1 4,62 1 , 506, 455>°<*7» 2  5  $  >  345>  5 1 6,642,304, 
as  is  (hewn  in  pages  93,  94,  and  95.  Therefore  g  is  (as 

O,oco>oi^ii4>6fli>5<)6,4^)o67>ag9,34$      _    ^  ^ 
5286.567,850,393,729,132,515,900,362,351'' 

002,480,744,022,88;  and  confequently  *,  or  12.756, 
441,792  +  g,  will  be  =  12.756,441,792  +  0.000,000, 
002,480,744,022,88  =  12.756,441,794,480,744,022,885 
that  is,  the  fourth  near  value  of  <r,  which  is  obtained  by 

this 
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this  third  procefs  of  Mr.  Raphfon's  method  of  approxi- 
mation, will  be  12, 756,441, 794,480,744,022,88. 

.  E.  D. 

This  value  of  x  (which  has  been  obtained  by  means 
of  thefe  three  procefles  of  Mr.  Raphfon's  method  of  ap- 
proximation,) agrees  with  the  value  of  it  above-obtained 
by  means  of  two  procefles  of  Dr.  Halle/s  method  of 
approximation,  to  wit,  12.756,441,794,480,744,022,60, 
in  the  fir  ft  twenty  figures  12.756,441,794*480,744,022; 
and  therefore  thefe  twenty  figures  are  probably  exa£t, 
and  the  true  value  of  x  is  greater  than  12,756,441,794, 
480,744,022,  but  lefs  than  I2.756,44»,794>48o,744,o23. 

-  v 

Eoth  thefe  methods  of  attaining  the  value  of  x  in  this 
equation  to  this  great  degree  of  exactnefs  have  been  at- 
tended with  a  great  deal  of  labour ;  but  I  have  found 
the  labour  neceflary  to  the  three  procefles  of  Mr.  Raph- 
fon's method  confiderably  lefs  than  the  labour  neceflary 
to  the  two  procefles  of  Dr.  Halley's  method.  The 
readers,  who  (hall  have  gone  carefully  through  all  the 
operations  of  both  the  methods,  will  be  able  to  judge 
for  themfelves  which  of  the  two  methods  is  the  clearer 
and  eaficr,  and  deferves,  upon  the  whole,  to  be  preferred 
to  the  other. 

The  refolutions  of  the  three  foregoing  equations  x*  — 

*7**  +  54*  =  35°>  *4  *  —  3*1  +  75*  =  io.ooq, 
and  14,937*  —  1998.V"  -f  8oxs  —  x*  =  5000,  (which 
Dr.  Halley  had  produced  as  examples  of  his  method  of 
-approximation,*  having  been  compleatcd  in  page  96,  I 
proceed  in  page  97  to  mention,  and  explain  at  large, 

another 
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another  method  of  rcfolving  high  afre&ed  equations  hf 
approximation,  which  is  totally  different  from  both  the 
former  methods.  This  method,  I  think,  may  with 
propriety  be  called  The  Differential  Method  of  /pproximd- 
tion ;  becaufe  it  is  grounded  on  a  very  ufeful  property  of 
the  differences  of  the  root  x  of  any  propofed  equation 
and  any  two  rear  values  of  a*.  This  property  may  be 
thus  defcribed.  Let  the  capital  letter  A  be  put  for  the 
abfolute  term  of  the  equation,  which  is  the  value  of  the 
compound  quantity  which  forms  the  left-hand  fide  of 
the  equation,  when  the  true  value  of  x  is  fubftituted  in- 
ftead  of  .v  in  the  laid  compound  quantity.  Let  b  be  a- 
near  value  of  *,  (the  nearer  the  better,)  either  greater 
or  lefs  than  it's  near  value ;  and  let  c  be  another  near 
value  of  x,  either  greater  or  lefs  than  it's  true  value. 
And  let  the  capital  letter  B  denote  the  value  of  the  com- 
pound quantity  which  forms  the  left-hand  fide  of  the 
equation,  when  b  is  fubftituted  inftead  of  x  in  the  terms 
of  the  faid  compound  quantity  ;  and  let  the  capital  letter 
C  denote  the  value  of  the  faid  compound  quantity  when 
c  is  fubftituted  in  it's  terms  in  (lead  of  x ;  fo  that  the 
three  quantities  B,  A,  and  C  (hall  be  the  values  of  the 
faid  compound  quantity  correfponding  to  the  three 
quantities  h,  x,  and  r,  refpe&ively,  or  refulting  from 
the  fubftitution  of  b,  xt  and  c  in  the  faid  compound 
quantity,  refpeclively.  Thefe  things  being  fuppofed, 
the  property  of  the  differences  of  x  and  it's  two  near 
values  h  and  c  is  as  follows.  u  The  difference  of  b  and 
a  r,  the  firft  and  third  of  the  three  former  quantities 
"  by  xt  and  r,  will  be  to  the  difference  of  b  and  x,  the 

44  firft  and  fecond  of  the  faid  three  quantities,  in,  nearly, 

\  - 
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"  the  fame  proportion  as  the  difference  of  B  and  C,  the 
*'  firft  and  third  of  the  three  latter  quantities  B,  A,  and 
«  C,  is  to  the  difference  of  B  and  A,  (he  firft  and  fecond 
«  of  the  faid  three  latter  quantities/' 

By  means  of  this  proportion  the  value  of  x  may  be 
derived  to  a  con  fiderable  degree  of  txatlnefs  from  the 
quantities  by  r,  B,  A,  and  C.  which  are  all  known 
quantities. 

it 

It  was  by  means  of  this  proportion  that,  in  feeking  <z> 
the  nrit  near  value  of  *  in  the  laft-mentioned  biqua- 
dratick  equation  I4>937*  —  1998**  +  8o.rs  —  x*  = 
5006,  in  order  to  make  it  the  bafis  of  a  procefs  of  Dr. 
Halley's  method  of  approximation,  when  we  had  found 
that  12  was  fomething  Iefs,  and  that  13  was  fomething 
greater,  than  the  true  value  of  x  in  that  equation,  and 
that,  if  12  was  fubllituted  inftead  of  x  in  the  compound 
quantity  14,937*  —  1998**  +  Sox1  —  x4,  the  refult 
would  be  =  9,036,  and  that,  if  13  was  fubftituted  in- 
ftcad  of  x  in  the  fame  compound  quantity,  the  refult 
would  be  =  3,718,  we  difcovered  that  12.7  would  be 
much  nearer  to  the  true  value  of  x  than  either  12  or  13. 
For  in  that  cafe  the  three  firft  quantities  bt  x%  and  c 
were  12,  xy  and  13,  and  the  three  latter  quantities  B, 
A,  and  C,  correfpondtng  to  them,  were  9,036,  5000., 
and  3,718,  and  we  fuppofed  13  —  12  to  be  to  x  —  12 
in  nearly  the  fame  proportion  as  9,036  —  3,71?  is  to 
9,036  —  5000,  or  1  to  be  to  x  —  12  in  nearly  the 
fame  proportion  as  5,318  is  to  4,036  5  whence  it  followed 


Digitized  by  Go 


THE   PREFACE.  XXlV 
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that  *  —  12  would  be  nearly  =  =  0.7  &c,  and 

h  <*  5>3*8    ..  .« ?. 

consequently  that  *  would  be  nearly  equal  to  0.7  &c  + 

12,  or  12.7.  v..  <»- 

And,  if  we  had  carried  the  divifion  of  4,036  by  5*3 18 
to  two  figures  more  in  the  quotient,  we  mould  have 
found  x  —  12  to  be  nearly  t=  0.758,  and  confequcntly 
x  to  be  nearly  =  12.758,  of  which  the  four  fir  ft  figures 
1 2*7  5  are  exact,  and  the  fifth  figure  8  is  but  a  little  torn 
great,  the  more  accurate  value  being  12.756,441,  &c. 
So  that  we  might  by  this  means  hare  obtained  the  four 
figures  12.75,  which  are  all  exact,  for  the  value  of  *,  or 
of  the  firft  near  value  of  x,  which  was  to  be  made  the 
bafis,  or  ground-work,  of  a  further  approach  to  the  true 
value  of  *  by  a  procefs  of  Dr.  Halley's  method  of  ap- 
proximation. This  property  therefore  of  the  differences 
of  x  and  it's  two  near  values  £  and  c  appears  from  this 
example  to  be  highly  ufeful  in  obtaining  a  much  nearer 
value  of  the  root  x  than  either  of  it's  two  former  near 
values  b  and  <vor,  in  this  inftance,  12  and  13,  which  we 
had  obtained  befb^ 

This  property  of  the  differences  of  x  and  it's  two  near 
values  >  and  c  takes  place  with  refpccl  to  three  logarithms 
that  are  nearly  equal  to  each  other.  For  it  is  the  ground 
cf  the  rnethod  by  which,  when  three  numbers,  which 
are  nearly  equal  to  each  other,  are  given,  and  the  loga- 
rithms of  the  greateft  and  lead  of  them  are  known,  the 
logarithm  of  the  middle  number  is  derived  from  the 
known  logarithms  of  the  two  extreme  numbers,  and 
from  the  three  uumbers  themfelves.  For  in  that  cafe,  if 
'*"r  the 
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the  three  numbers  be  called  B,  A,  and  C,  and  the  loga- 
rithms of  B  and  C  arc  known,  but  that  of  A  is  unknown, 
it  is  cuftomary  to  make  the  following  proportion,  irt 
order  to  difcovcr  the  logarithm  of  A ;  to  wit,  tog.  B  — 
log.  C  is  to  log.  B  —  log.  A  ::  B  —  C  :  B  —  A  ; 
whence  it  follows  that  log.  13  —  log.  A  will  be  = 


B  -  A 


log.  B  —  log.  C  X  -rr — rr  >  and  (adding  log.  A  to 

both  fides  )  log.  B  will  be  =  log.  B  —  log.  C  x 
B  —  A 

+  log.  A,  and  confequently  log.  A  will  be  = 


B-A 


log.  B  r-    ^— <j   X  log.  B  —  log.  C.     Indeed  the 

fcnown  application  of  this  proportion  to  the  finding;  of 
the  logarithms  of  fuch  intermediate  numbers  between 
other  numbers  whofe  logarithms 'are  known,  was  the 
circumftancc  that  fir  ft  fuggefted  to  me  the  idea  of  ap- 
plying" it  to  the  rinding  of  a  nearer  value  of  the  root  .r 
of  any  propofed  equation  when  we  are  already  poiTefTed 
of  two  contiguous  near  values  of  it,  as  b  and^r,  and  of 
the  refults  of  the  fubftitution  of  the  faid  near  values  in 
the  compound  quantity  that  forms  the  left-hand  £de  of 
the  equation. 

This  Differential  Method  of  approximating  to  the  roots 
of  affected  equations  is  explained  pretty  fully,  and  illuf- 
trated  by  an  example,  in  the  Scholium  in  page*  97,  98, 

99,  &c  109.    And  it  is  there  (hewn  that  it  gives 

us  about  as  many  new  figures  *of  the  value  of  x  exa& 
as  arc  obtained  by  one  procefs  of  Mr.  Raphfon'a  method 

of 
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of  approximation.  However,  I  think,  Mr.  Raphfon's 
method  is,  upon  the  whole,  fomewhat  preferable  to  it, 
for  the  reafons  afiigned  in  art  50,  pages  105,  106,  and 
107  *  and  I  would  therefore  recommend  this  differential 
method  to  be  ufed  only  in  the  firft  part  of  the  inveftiga- 
tion  of  *,  or  the  root  of  any  propofed  equation,  while 
we  are  endeavouring  to  iind  0,  or  the  firft  near  value 
of  x,  (which  is  to  be  made  the  bafis  of  a  nearer  ap- 
proach to  the  true  value  of  it  by  Mr.  Raphfon's  method 
of  approximation,)  to  a  confiderable  degree  of  exa&nefs, 
as,  for  example,  to  three  or  four  places  of  figures.  For 
in  this  way,  I  believe,  this  differential  method  will  be 
found  extremely  ufeffll. 

After  the  Scholium  concerning  the  differential  method 
of  approximation  (which  ends  in  page  109,)  I  frave  in- 
ferred feme  obfervations  of  Mr.  Raphfon  on,  JMonGcur  de 
Lagny's  and  Dr.  Halley's  claims  to  the  merit  of  having 
invented  their  methods  of  refolving  equations  by  approxi- 
mation, which  (hew  them  to  be  only  branches,  or  modifi- 
cations, of  his  method,  which  he  had  confidered  with 
attention  and  deliberately  rejected,  as  being  lefs  fimple 
and  convenient  in  practice  than  his  own  method.  Thefe 
obfervations  arc  contained  in  pages  109  and  110. 

Jtt  page  in  1  enter  upon  an  inquiry,  whether  it  may 
not  fometimes,  in  extracting  the  fquare-root  of  a  number. 
to  many  places  of  figures,  (as  was  neceffary  is  revolving 
the  quadratics  equations  that  occurred  in  the  refolutioft 
of  the  three  foregoing  equations  by  Dr.  Halley's  method 
of  approximation,)  be  convenient .  to  .proceed  by  fome 

c  method 
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method  of  approximation  rather  than  by  the  common 
method  of  extracting  the  fquare  roof.  This  inquiry  ex* 
tends  to  page  132 ;  and  the  refult  is,  "  that,  from  ail 
44  the  trials  I  have  there  made  of  different  expremons  for 
"  approximating  to  the  value  of  the  fquare-root  of  a  given 
"  number  N,  or  aa  +  J,  I  am  inclined  to  conclude  that, 
n  in  performing  the  extractions  of  the  fquare-roots  of 
"  given  numbers  which  are  neceflary  in  Dr.  Halle/* 
*'  method  of  refolving  high  afrcc"ted  equations,  it  will 
u  almoil  always  be  found  eaficr  and  more  convenient  to 
"  proceed  by  the  common  method  of  extracting  them 
*  than  to  have  recourfe  to  either  of  the  three  expretfions 
"  found  for  that  purpofe  in  the  courfe  of  this  inquiry, 
<c  not  excepting  even  Mr,  Raphfon's  ftmple  expreffion 

—  ,  which  is  very  much  to  be  preferred  to  the, 

"  two  others.'* 

I  then  in  pages  133,  134,  8rc  refume  the  confederation 
of  the  three  foregoing  equations  which  Dr.  Halley  haa 
adduced  in  his  Tract  as  examples  of  his  method  of  re- 
folving equations  by  approximation,  and  I  inquire  whe- 
ther thefe  equations  may  not  have  fome  other  roots  befides 
thofe  that  have  been  inveftigated  by  Dr*  Halley  and  m 
the  Appendix  to  his  Difcourfe.  And  I  (hew,  firfty  that 
the  firil  oF  thefe  equations,  to  wit,  the  cubick  equation 

—  17**  +  54*  =  350,  cannot  have  any  other  root 
befides  that  above  inveftigated,  to  wit,  14.954,068,61. 
Tnis  is  (hewn  by 'two  different  methods,  in  pages  133,' 
X34,  i?5,  &c,  -  -  141.    And  I  then  (hew  that  the 
biquadratieic  equation  **  *  —  3**  +  75*  «  10,000 

cannot 
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cinrtbt  tiar^  any  other  root  betides  that  above  ihveft  le- 
gated, to  wit,  9.886,002,70.    This  is  ihewn  in  pages 
*42,  143,  and  144.    And  I  then  proceed  to  examine 
the  third  and  UA  of  the  faid  equation?,  to  wit,  the  bt- 
qnadratiek  equation  ! 4,937 r  —  1998*1  +  80*1  — 
t=4  5000,  and  to  inquire,  (irit,  whether  this  equation  cart 
have  any  other  root  greater  than  the  Toot  12.756,44^ 
794,  &c  which  we  have  already  found,  and  fecondly, 
whether  it  can  have  any  other  root  lefs  than  the  {aid  root 
already  found.    The  former  of  thefe  inquiries  begins  in 
page  144,  and  ends  in  page  152  ;  and  it  contains  a  deaf 
And  regular  proof  that  this  equation  will  have  two  root*; 
that  are  greater  than  the  root  12.756,441,794,  &c,  of 
which  the  Ieffcr  will  be  fomethirig  lefs,  and  the  greater 
will  be  fomcthing  greater,  than  the  number  33.42-  The 
fecond  inquiry  begins  in  page  152,  and  etuis  in  page  155 ; 
and  it  contains  a  proof  that  this  equation  will  alfo  have 
a  fourth  root,  that  will  be  lefs  than  the  root  12.756,441, 
794,  8cc  already  found.    And,  in  pages  156,  157,  158,' 
it  is  (hewn  that  this  fourth  root  will  be  nearly  =  to  the 
decimal  fraction  0.35;  and,  in  pages  158,  159  and  t6o, 
it  is  further  (hewn  by  means  of  only  one  procefs  of  Mr. 
Raphfon's  method  of  approximation,  that  the  firft  fa 
figures  of  the  value  of  this  fourth  roo^  will  be  o  350,987. 
A  fecond  procefs  Of  that  method  of  approximation  would 
have  given  us  the  decimal  fraction  O.35O,987,045,8:>6,o6 
for  it's  more  accurate  vaiuc.   1  then  in  pages  161,  16?, 
&c,  -  -  -  -  175,  inveftijrate  to  a  moderate  degree  of 
exaclnefe  the  %\vo  greatest  root$  of  this  equation,  which 
had  been  before  found  to  be  not  very  different  from  the 
number  33.42  ;  and  I  find  that  the  iefler  of  twofe  roots 

<  c  2  will 
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will  be  =  32.060,290,  &c,  and  that  the  greater  of  then* 
will  be  =  34.832,280,  Sec.  And  thus  the  refolution* 
of  all  the  three  equations  xi  —  17*  +  54  =  350^ 
x+  *  —  3**  +  75*  =  10,000,  and  $4*937*  —  ^998.1** 
4-  80*'  —  x*  =  5000,  which  Dr.  Halley  had  produced 
as  examples  of  his  method  of  refolving  affecled  equa- 
tions by  approximation,  are  rendered  quite  compleat  and, 
fatisfa&ory. 

The  remaining  eight  pages  176,  177,  178,  &c,-  -  1S3, 
of  the  Appendix  to  Dr.  Halley's  Tra&  above-mentioned^ 
contain  no  Algebraick  calculations,  but  are  employed, 
firft,  in  defcribing  the  circumftance  that  forms  the  dif- 
ference between  the  accurate  methods  of  refolving  Al- 
gebraick  equations  and  the  methods  of  refolving  them  by 
approximation,  and,  fecondly,  in  giving  an  account  of 
the  principal  methods  of  refolving  Algebraick  equations 
by  approximation  that  have  been  publiftied,  and  of  the 
times  of  their  publication.  The  former  of  thefe  points 
is  treated  of  in  pages  176,  177,  and  178,  and  the  latter 
in  pages  178,  179,  180^  &c  -  -  183. 

f 

1 

The  next  Tract  in  this  Collection,  after  this  long 
Appendix  to  Dr.  Halley's  Difcourfe,  contains  a  very  full 
exhibition  of  Dr.  Wallis's  Solution  of  a  very  difficult 
Arithmetical  Problem  that  had  been  propofed  to  him  by 
Colonel  Silas  Titus,  a  perfon  of  grea,t  note  in  the  reign, 
„  of  King  Charles  the  Second,  to  whom  he  had  at  one 
time  had  the  honour  of  being  a  gentleman  of  the  bed- 
chamber. And  Dr.  Wallis  further  tells  us  that  this 
Problem  had  been  originally  propofed  to  Colonel  Titus 

(as 
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(is  the  Colonel  informed  him,)  by  Dr.  John  PtI/9  the 
Famous  Algebraift  of  that  time.  So  that  it  is  a  queftion 
that  has  engaged  the  attention,  and  cxercifed  the  talefttsj 
of  very  eminent  Mathematicians.  But  my  reafon  fo^f 
introducing  it  into  this  Collection  of  Tracts  (which  re- 
lates to  the  refolution  of  equations,  and  not  to  the  fa* 

_ 

lution  of  problems,  or  the  reduction  of  them  to  equa-* 
tions,)  was  it's  connection  with  the  biquadratick  equation 
*4>937*  —  1998X*  +  8o:rJ  —  =  5000,  which  has 
been  the  object  of  our  attention  and  confidcration  through 
fo  great  a  part  of  the  foregoing  Appendix  to  Dr.  Halley** 
Tract :  for  this  circumftance,  I  fuppofed,  would  make  my 
readers  defirous  of  becoming  acquainted  with  the  Problem: 
from  which  it  had  been  derived,  and  of  understanding 
the  Solution  that  had  been  given  of  that  Problem  by 
Dr.  Wallis.  This,  however,  I  found  to  be  no  eafy 
matter :  for  I  attempted  feveral  times  to  undcrftand  Dr> 
Wallis's  Solution  of  this  Problem  without  being  able  to 
make  it  out,  though  I  had  each  time  employed  feveral 
hours  in  the  attempt,  and  had  filled  fotne  pages  of  large 
fheets  of  paper  with  the  long  Algebraick  operations  of 
multiplication,  addition,  and  fubtraStion,  which  were 
neceflary  for  that  purpofe.  But  thefe  operations  were  fo 
intricate  and  complicated  that  I  repeatedly  made  miftakes 
in  attempting  to  perform  them,  and,  after  much  tirefome 
labour,  was  obliged  to  begin  them  over  again.  At  lift, 
however,  I  performed  them  rightly,  and  obtained  ther 
equation  which  has  been  given  us  by  Dr.  Wallis,  as  the 
lefult  of  the  conditions  of  the  Problem,  and  as  being 
the  grand,  final*  equation  by  tjie  refolution  of  which 
the  unknown  quantities  winch  the  Problem  requires  us- 

c  3  -  to 
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to  find, 'may  be  discovered.  And  this  equation  is  nfl 
equation  of  the  12  th  order,  or  involves  the  12th  power 
of  the  unknown  quantity  which  is  it's  root.  And,  as  I 
fiiould  be  forry  that  my  readers  fhould  be  forced  to  wafte 
their  time  and  pains  in  making  the  fame  fruitlefs  endea- 
vours to  perform  thefe  operations  that  I  had  made,  £ 
have,  in  this  Tract,  fet  down,  at  full  length,  the  feverai 
compound  quantities  produced  by  every  new  operation  in. 
Pr.  Wallis's  Solution ;  fo  that  the  diligent  reader,  that 
(hall  chufe  to  go  through  the  Solution  with  care  and  ex* 
aclnefs,  and  to  perform  all  the  neccflary  operations  in  it» 
may  continually  compare  the  feverai  terms  of  his  own 
rcfults  with  thofe,  of  the  refults  here  fet  down,  and 
thereby  difcover  and  correct  any  miftakes  he  may  have 

^  9 

mnde  in  performing  the  operations,  as  foon  as  they  arife. 
The  conlideration  of  this  Problem  begins  in  page  187, 
and  Dr.  Wallis's  Solution  of  it  end*  in  page  217.  • 

This  Problem  is,  to  find  three  numbers,  denoted  by 
the  three  letters  a9  b>  and  c9  that  (hall  be  of  fuch  mag- 
nitudes that  an  +  be  (hall  be  ~  16,  and  bb  +  ac  (hall 
be  =  17,  and  <c  +  ab  (hall  be  =  18.  And,  if  /  be 
put  for  16,  m  for  J7,  and  n  for  18,  and  ee  be  put  =: 
2aa9  the  final  equation  involving  r,  refnlting  from  the 
conditions  of  the  Problem,  is  the  equation  of  the  12th 
order,  (or  involving  the  12th  power  of  the  unkuows 
quantity  e9)  thit  is  fet  down  in  page  217. 

But  this  equation  may  be  reduced  to  an  equation  of 
the  eighth  power,  or  order,  by  dividing  it  by  the  trino- 
mial quantity     —  /\fr  *f       or  the  fquarc  of  zl  —  er% 

which 
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%hich  «>ifion  is  fetdown  by  Dr.  Wallis  in  his  AJgebra, 
and  is  like  wife  fct  down  in  the  prelent  Volume  in  pages 
ai8,aoo\?i9.  And  the  cqua^c/u  refulting  from  this  di- 
rifioa  is  fct  down  in  page  22C3.  And,  in  pages  220  and 
i2i,  the  values  of  the  three  letters  /,  and  »,  to  wit, 
the  numbers  19,  17,  and  18,  are  fubilitu;ed  in  the  terms 
•f  the  faid  equation  inftead  of  the  faid  letters  thcmfclves, 
and^  faid  equation  is  thereby  converted  into  the  nu- 
meral equation  i%  —  8c*6  +  JC;?**4  l-  M»937^  + 
5000  =f  O}  and  this  equation,  by  propgr  additions  and 
fubtra&ions  of  it's  terms,  is  further  changed  into  the 

equation  14,937''  —  W8'4  +  8°<*  —  <$  =  5°op> 
and  this  .(aft  equation,  by  fubftituting  x  initead  of  et  in 
it's  terms,  becomes  the  equation  14*937*  —  1998**  4- 
?Q*3  —  .r4  =  5000,  which  w^s  fo  much  the  obje&  of 
our  attention  in  the  Appendix  to  Dr.  Halley's  Difcourfe. 

*  l  m 

In  the  equation  of  the  tath  order,  which  is  the  refult 
of  Dr.  Wallis's  Solution  of  the  foregoing  Problem,  and 
which  is  fct  down  in  page  217  of  the  prefent  Volume, 
all  the  terms  are  placed  on  the  left-hand  fide  of  the 
equation,  and  their  refult,  or  vajue,  is  declared  to  be 
equal  to  o ;  which  is  the  method  in  which  Dr.  Wallis 
and  motl  other  writers  of  Algebra,  fined  the  publication 
of  Harriot's  Treatife  of  Algebra  in  the  year  1631,  ufually 
range  the  terms  of  their  equations.  And  tjiis  equation 
is  afterwards  reduced  to  an  equation  of  the  eighth  order 
by  difiding  it  by  the  trinomial  quantity  e*  —  4/**  +  4/% 
which  is.  an  exalt  divifqr  of  it,  or  which  divides  it  fo  as 
to  produce  a  quotient  con  Qfting  of  a  certain  number  of 
terms,  without  any  remainder,  one  of  which  terms  is  e*  $ 
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and  tins  quotient  ,  is  alfo  equal  to  o.  Thmvwe  hare  M 
dividend  that  is  equal  to  o  divided  by:  the  trinomial  quan- 
tity —  +  4t\  and  producing  s  quotient 'that  is 
*lfo  equal  to  o.  All  this  feems  very  obfeure  and  nryf- 
terious,  and  bordering  upon  nonfenfe.  And  therefore,  to 
avoid  the  difficulties  arifing  from  this  method  of  reducing 
the  faid  equation  of  the  12  th  order  to  an  equation  of  the 
eighth  order,  I  have,  in  art.  15,  pages  222,  223,  224, 

Sec,  -  227,  given  another  method  of  doing  the 

fame  thing,  which  is  perfectly  clear  and  intelligible. 
For,  by  adding  fome  quantities  to  both  fides  of  Dr. 
Wallis's  final  equation,  fct  down  in  page  217,  of  which 
the  right-hand  fide  was  o,  I  obtain  two  finite  compound 
quantities  that  are  equal  to  each  other;  and  I  then  divide 
thefe  two  equal  quantities  by  the  trinomial  quantity  ** 
4/**  +  4/*,  and  thereby  obtain  two  feparate  quotients, 
winch  will  be  equal  to  each  other.  And  from  this  equa- 
tion between  thefe  two  quotients  we  may  afterwards 
derive  (by  a  proper  arrangement  of  it's  terms,  and  by 
ftibftituting  in  it,  inftead  of  the  letters  /,  and  /i,  the 
values  of  thofe  letters,  to  wit,  the  numbers  16,  17,  and 
j  8,)  firft,  the  equation  14,937**  —  1998**-  4-  8cv*  — - 
5000,  and,  afterwards,  (by  fubftituting  x  inftead, 
of  **  in  this  laft  equation)  the  equation  14,937*  — 
1998*1  +  ~  *4  =  5000,  which  was  refolved  in 
the  foregoing  Appendix  to  Dr.  Halley's  Difcourfe.  Thia 
article,  I  prcfurae,  wilt  be  thought  an  interefting  one  by 
all  fuch  readers  as  arc  defirous  of  preferring  clear  ideas 
in  all  the  operations  that  they  have  occafion  to  perform 
in  Algebra.  , 

♦ 
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In  pages  22*,' 229,  *3°^&k>  -  -  232,  J  tew  a^^d 
the  number  X2-756ji|4t,794y48o,744,  or  thefeeond  value 
of  *  in  the  equation  14,937*  —  1998**^  So**  — -  a* 
5000,  or  of    in  the  equation  14*937*  —  *99&*  +  80^ 
-  <*  =  5000,  to  the  Solution  of  Colonel  Titttfs  Problem, 

by  taking  as  =  —  (=  -  :  )  = 

6.378*220,897**40,372,  and  confoqucntly  «  Vo\37** 
220>897,24o,37.i)  «  2.525,513,986,  or,  nearly,  2.525, 
514;  which  is  therefore  the  value  of  the  firft  of  the 
three  numbers  that  were  required  to  be  found  by  that 
Problem.  This  firft  number  a  being  thus  found,  the 
fee o ml  number  b  may  be  derived  from  it  by«computing 

ma        Vbna*  -  1  zlna*  +  ****  + 
the  expreffion  —  +  =  — 

as  is  (hewn  in  the  courfe  of  Dr.  WalHs's  Solution  of  the 
Problem  -%.  and  the  third  number  c  may  be  derived  from, 
the  two  former  numbers  a  and  b  by  computing  the  ex- 

prefHon  ,  as  is  Hkewife  fhewn  in  Dr.  WaiUV* 

Solution.  '  Thefc  computations  are  made  in  pages  229 

fnct 

aud  230,  and  it  there  appears  that  the  expreffion  —  -r» 


....   1    ■      1   '  ■■'       ■  ■■"  is  =3  2.909,152,020,  or, 
2* 

neatly,  2.969,153*  and  that- the  expreffion  -r^ —  *  « 

3.540,580.  Therefore  the  three  numbers  fought  are, 
nearly',  the  three  mixt  numbers  2.525,514,  2  969,153, 
and  ^.  240,580.  e.  i. 

■  u  •  And 
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A*i  in  art.  17, and  1 8^  pages  230, 231,  and  232,  it  i* 
fliewn  that  thefc  three  numbers  will  anfwer  the  conditions 
of  the  Problem. 

fcut  t)r.  Wallis  nas  oblerved  that  the  firft,  or  leaf!, 
value  of  ee  In  the  equation  14,937**  —  1998^  +  80c6 

=  5000  will  alfo  enable  us  to  find  three  other  num- 
bers that  will  anfwer  the  conditions  of  the  Problem,  a? 
well  as  the  three  numbers  2  525,514,  2.969,153,  and 
3.240^580*  And  this  is  (hewn  in  art.  19  of  the  prcfent 
Tracl,  pages  232,  233,  &c,  -  -  256.  For  this  firft* 
or  leaft,  value  of  ee  is  «  0*350,987,045,866,  &c  as  has 
been  (hewn  in  tlie  foregoing  Appendix.    Andj  if  wc 

take  ee  =  0.350,987,045,866,  &c,  and  aa.  =         (  ■= 

0:350,087,04^,866,  &c.  0  . 

*       a—  —  )  =  0.175,493.5^*933*  *c,  and 

.  confequently  a  (=  Vo.  175,493,522,933,  &c)  =  0.418, 
919,470,701,  &c,  and  from  this  value  of  a  deduce  the 

values  of  b  and  c  by  computing  the  exprcfiions  — —  *H 

 — —  and  — : —  ,  we  mall 

.2//  £  ' 

■ 

find  the  former  of  thefe  expreffions,  or  the  value  of  the 
feeond  number  h,  to  be  =  3.912,226,866,  and  the  latter 
of  them,  or  the  value  of  the  third  number  c,  to  be  = 
4.044,884,670.  And  confequently  the  three  numbers, 
fought  will  be  the  decimal  fraction  0.418,9 1 9,470,  &c, 
and  the  two  mixt  numbers  3.912,226,866,  and  4.0441 
884,670.  This  is  fiiewn  in  art.  19,  pages  232, 233,  and 
234  j  and  in  art.  20,  pages  234,  235,  and*  256,  it  is 
;    v  fhewn 
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Ihewn  that  thefe  three  numbers  wlH  anfwer  die  conditions 
of  the  Problem. 

After  thus  difcovering  that  two  of  the  values  of  ee  in 
the  equation  14,937**  —  1998*4  +  8or6  —  er:  5000 
lerve  equally  well  to  enable  us  to  find  three  numbers 
that  will  anfwer  the  conditions  of  Colonel  Titus's  Pro-, 
biem,  it  may  be  fufpeded  that  the  other  two  values  of  ee 
in  the  fame  equation,  to  wit,  32.060,290,8  and  34.837, 
280,2,  would  likewife  enable  us  to  find  two  other  fcts  of 
numbers  that  would  alfo  anfwer  the  conditions  of  the 
Problem.  But  this  is  found,  upon  trial,  not  to  be  true. 
For,  if  ee  is  taken  =  32.060,290,8,  and  aa  is  taken  = 

ee    .     32.060,200,8  .         £  j  1 

—  (—  *  ..       v     )  as  16.030,145,4,  and  a  is  taken 


»  i/16.030, 145,4,  and  b  is  taken  =  — -  + 

—  Tn  -  '  mt0  IF"  + 

^■44*,-  l«V*  +J«d2*>  and  f  ;s  taken  =  >_ZJ? 

36  .  * 

x6  —  aa 

or  — — —  ,  it  will  be  found  that  the  values  of  aa  +  bc, 

bb  +  aci  and  cc  +  j*,  refulting  from  thefe  values  of  a, 
A,  and  r,  will  not  be  equal  to  the  numbers  16,  17,  and 
i3  rcipe&ively ;  but  that  aa  —  be  (inftead  of  aa  +  be) 
will  be  =  16,  and  that  bb  -f  ac  will  be  (as  before)  = 
17,  *nd  that  cc  —  ab  (inftead  of  +  ab)  will  be  =  18 ; 
and  confequently  that  the  three  values  of  rf,  by  and  r  fo 
obtained  wilTl>e  fitted  Co  anfwer  the  conditions  of  a  pro- 
blem fomewhat  diffia^ent  from  that  of  Colonel  Titus,  to 
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wit*  a  problem  in  which  k  (hould  be  requireo*  to  and  tfi8 
values  of  three  unknown  quantities  a,  by  and  r,  that 
Ihould  be  of  ftich  magnitudes  that  aa  —  be  (inftead  of 
04  +  {hould  be  equal  to  io\  and  that  bb  +  ac  {hould 
(as  before,)  be  equal  to  17*  and  that  cc*^-ab  (inftead 
of  cc  +  ab,)  ihould  be  equal  to  18.    And,  if  ee  is  taker! 

=  i?4»832>28o,2j  and  aa  is  taken  =  —  (  = 
12,280,2 


)  so  17.416,140,1,  and  b  Is  taken 


a 

5=5  """IT*  *  0T  > **  wiu  ^  found  that  the  values 

of  aa  «+■  +  flr,  and  cc  +       refulting  from  thefe 

values  of  a,  by  and  r,  will  not  be  equal  to  the  numbers 
16,  17,  and  18  refpeclively,  but  that  aa  —  be  (inftead 
of  aa  +  be)  will  be  =  16,  and  that  be  —  ac  (inftead  of 
be  +  ac,)  will  be  =  17,  and  that  cc  +  ab  will  be  (as 
before)  =  18  ;  and  confequentlv  that  the  three  values  of 
a,  b9  and  c  fo  obtained  will  be  fitted  to  anfwer  the  con* 
ditions  of  a  problem  fomewhat  different  both  from  Co- 
lonel Titus's  Problem  and  from  the  other  problem  juft 
now  mentioned,  to  wit,  a  problem  in  which  it  {hould  be 
required  to  find  the  values  of  three  unknown  quantities 
a,  b,  and  c,  that  ihould  be  of  fuch  magnitudes  that 
aa  —  bc  (inftead  of  en  +  be)  {hould  be  equal  to  16,  and 
that  be  —  ae  (inftead  of  be  +  ac)  {hould  be  equal  to  17, 
and  that  ec  +  ab  ihould  (as  before)  be  equal  to  18.  And 
thus  it  appears  that  the  equation  14,937^  —  igojfc4  + 
8o/*  — 1% 5000  is  related  to,  or  may  be  derived  from, 
three  different  problems  that  bear  a  refemblahce  to  each 
'  other 
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#thcT  by  agreeing  in  force  of  their  condition*  but  norm 
all,  and  that  two  of  the  values  of  ee  in  this  equation,  tq 
wit,  the  lead  and  the  lead,  but  one,  are  related  to  the 
firft  of  the  faid  three  problems,  to  wit,  that  propofed  bj 
Colonel  Titus,  and  will  enable  us  to  find  two  lets  j£ 
numbers  that  will  anfwer  the  conditions  of  that  problem* 
and  that  the  third  value  of  eet  in  this  equation,  to  witj 
32.060,290,8,  will  enable  us  to  find  three  numbers  that, 
will  anfwer  the  conditions  of  the  fecond  problem  j  and 
that  the  fourth,  or  greateft,  value  of  ce  in  the  fame  equa-» 
tion,  to  wit,  34.832,280,2,  will  enable  us  to  find  three 
numbers  that  will  anfwer  the  conditions  of  the  third 
problem*   This  is  a  remarkable  conclufion,  and  deterves 
to  be  attended  to.    Thefe  obfervatipns  are  briefly  men- 
tioned in  art.  21,  pages  236,  237,  and  238;  but,  fo* 
more  ample  fatisfaclion  concerning  thefe  two  greatelt 
values  of  te  in  the  faid  equation,  the  reader  is  referred 
to  Dr.  Wallis's  Algebra,  Chapter  LX11,  art.  63,  64,  65,  > 
66,  &c,  -  -  79^  where  he  will  find  the  fubject  full/ 
difcufTed,  but  not,  it  is  apprehended,  without  fame  dc-» 
gree  of  obfeurity  arifmg,  partly,  from  the  confidcration 
of  negative  quantities,  and,  partly,  from  the  doctrine  of 
the  generation  of  equations,  one  from  another,  by  multi- 
plication, or  by  bringing  all  the  terms  of  the  equation  to 
the  firft,  or  left  hand,  ftdp  of  the  equation,  fo  as  to  make 
them  equal  to  o,  and  then  multiplying  the  equations  (fo  . 
prepared  and  made  equal  to  nothing,)  one  into  another, 
and  from  the  eminently-falfe  poGtion  derived  from  that 
manner  of  generating  equations,  to  wit,  i(  that  every 
Algebraick  equation  has  as  many,  roots  as  there  are  units 
jo  itW  index  of,  ih^hifibeft. power  tf.ifetakaown  quart* 
9  titj 
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tity  contained  in  the  equation."  For  this  docVme  of  the 
generation  of  equations,  one  from  another,  by  nrnlriplw 
cation,  (which  was  invented  by  Harriot,  and  adopted  by 
Des  Cartes,  and  Dr.  Wallis,  and  almoft  all  the  fubfc- 
q*eut  writers  on  Algebra,)  inftead  of  being,  an  improve- 
ment in  that  fcience  (as  many  people  confider  it),  has, 
in  my  opinion,  been  of  great  detriment  to  it  by  de&roy- 
ing  it's  fimplicity  and  perfpicuity,  and  therefore  ought 
again' to  be  discarded  from  it. 

The  foregoing  Solution  of  Colonel  Titus's  Problem, 
given  us  by  Dr.  Wallis,  is  (as  we  have  already  obferved,) 
exceedingly  tedious  and  laborious  :  and  great  part  of  the 
labonr  required  in  the*faid  Solution  arifes  from  the  ne- 
ceflity  we  are  under,  of  raifing  the  equation  which  in- 
volves the  unknown  quantity  a  to  the  1 2th  degree,  or  to 
the  1 2th  power  of  a,  in  order  to  free  it's  terms  from 
radicality.  But  Mr*  William  Frend,  the  ingenious  author 
of  the  late  pcrfpicuous  Treatjfe  on  Algebra  in  one  vo- 
lume, o&avo,  intitled,  Principles  of  Algebra,  (in  whicji 
he  totally  rejects  the  abfurd  and  perplexing  doctrine  of 
negative  quantities^  or  quantities  lefs  than  nothing)  or  quan- 
tities obtained  by  the  fuitratlion  of  a  greater  quantity  from 
a  /ejir,)  has  lately  communicated  to  me  another  Solution 
of  this  Problem  which  produces  only  a  biquadratic^ 
equation,  to  wit,  the  equation      —  «+*  u.^bx1 ' 

—  1 1.24.V  =3  002.  And  this  equation  is  found  to  have 
three  roots,  or,  in  the  language  of  modern  Algebraifts, 
three  real  and  affirmative  roots  ;  of  which  the  middle  root 
will  enable  us  to  find  the  firft  fet  of  values  of  the  three 
unknown  numbers      bf  and  *,  that  will  anfwer  the 

conditions 
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conditions  of  Colonel  Titus's  Problem,  to  wit,  th*  thrco 
numbers  2*525,5  Sec,  2.969,15  ice,  and  3.240,5  &C|* 
and  the  greateft  root  will  enable  us  to  find  the  fecond  fet 
of  values  of  the  faid  three  unknown  numbers,  that  will 
anfwer  the  fame  conditions,  to  wit,  the  three  numbers 
0.418,919,47,  3.912,226,8  &c,  and  4.044,884,6  &c- 
This  Solution  of  this  Problem  I  have  therefore  inferted 
in  this  Collection,  immediately  after  the  foregoing  Sotaf 
tion  of  it  by  Dr.  "Wallis,  and  have  exhibited  and  ex- 
plained  it  very  fully.  It  begins  in  page  240,  and  ends 
in  page  275. 

1 

v 

In  this  Solution  Mr.  Frend  puts  b  =  xa$  and  e  —  ya% 
and  in  the  courfe  of  his  Solution  (hews  that  y  will  be  =a 

ed,  the  proportion  of  c,  or  ^<7,  to  a  will  be  tnown,  as 
well  as  the  proportion  of  b,  or  to  a.  His  object  in 
the  Solution  is  therefore  to  find  x.  This  Solution  of 
Mr.  Frend  is  contained  in  art.  23,  24,  25,  and  26,  and 
pages  240,  241,  242,  243,  and  244,  and  produces  the 

biquadratic*  equation  x4  —  \  x  x*  +  , 


-I 

*-  - 

X       —         ~    X  *  =   ir  .   And  in  art.  27, 

pages  244  2nd  245,  it  is  (hewn  that,  if  we  fubftitutc  in 
this  equation,  inftead  of  the  letters  /,  10,  and  ir,  the 
numbers  that  are  denoted  by  them,  to  wit,  i6f  17,  and 
18,  the  (aid  equation  will  be  converted  into  the  numeral 
equation  x*  -  11.54  x  *J  +  21.76  X  x%  —  11.24  X 
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x  =  o.C*.  This  equation  itiuft  therefore  he  refbfved* 
in  order  to  obtain  the  value  of  x  \  and  from  the  value  ok 
x  fo  obtained,  or,  if  the  equation  (hould  have  more  thai\ 
one  root,  (a6  is  the  cafe,)  from  that  value  of  x  which  ha* 
»  relation  to  the  prefent  Problem,  we  mutt  then  derive 

the  value  of  y  by  computing  the  fraction    mx^l  or 

 to  which  v  is  equal.    And,  when  this  is 

17V-16 

llone,  we  mull  multiply  the  value  of  xa9  or  J,  into  the 
value  of  ya,  or  which  will  give  us  the  value  of  be 
exprcfled  by  it's  relation  to  aa  :  and  then,  by  fubftituting 
this  value  of  be  inftead  of  be  in  the  equation  aa  +  be 
^  1 6,  we  ihalL  convert  the  faid  equation  into  a  quadra* 
tick  equation  involving  only  one  unknown  quantity, 
namely,  a,  and  which  may  therefore  be  eafily  refolved. 
And  the  refolution  of  this  quadratick  equation  will  give 
us  the  value  of  /?,  or  the  firft  of  the  three  unknown 
quantities  a,  by  and  cy  that  the  Problem  requires  us  to 
find.  And  from  the  value  of  ay  fo  found,  we  may  de- 
rive the  values  of  b  and  c  by  multiplying  a  into  *  to, 
obtain  the  number  b>  and  by  multiplying  it  into  y  to 
obtain  the  number  c.  Our  chief  buGnefs  therefore  is  to* 
find  the  roots  of  the  biquadratick  equation  *♦ —  u.54 
X  *5  +  ar.76  X  a.*  —  11.24  X  *'=  002,  which 
is  done  very  fully  in  pages  246,  247,  248,  &c,  -  -  273, 
by  the  application  of  Mr.  Raphfon's  method  of  approxi- 
mation and  the  firft,  or  lcaft,  root  of  this  equation  U 
found  (in  pages  246,  247,  248,  &c,  -  -  255,)  to  be, 
very  nearly  =  J. 027, 179,787,  which,  it  is  (hewn  in 
34>  pag*  *35>        not  enable  us  to  fohrt  Colone\ 
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IWe  Problem ;  and  the  fecond,  or  middle,  root  is 
found  ( in  art.  35,  36,  37,  &c,  -  -  -  40,  pages  256, 
257*  &C*  -  •  -  265)  to  be  nearly  2=  1*175,056,46$ 
and  thw  root  is  (in  art.  41  and  42,  pages  266  and  267,) 
applied  to  the  Solution  of  Colonel  Titus's  Problem,  and 
is  found  to  anfwer  the  purpofe,  by  enabling  us  to  find 
2.525,534  for  the  value  of  ay  or  the  firft  of  the  three 
unknown  numbers  a,  i>9  and  r,  which  we  were  required 
to  difcover,  and  2.969,159  for  the  value  of  (xtftoi)  b% 
or  the  fecond  of  the  faid  three  numbers,  and  3.240,537 
for  the  value  of  {yat  or)  cy  or  the  third,  or  latt,  of  the 
faid  numbers ;  which  three  values  of  0,  by  and  c  are 
nearly  the  fame  with  the  values  of  them  found  before  in 
the  firft  part  of  Dr.  Wallis's  Solution  of  this  Problem  \ 
and,  laftly,  the  third,  or  greateft,  root  is  found  (in 
art.  44,  45,  46,  pages  268,  269,  &c,  -  -  -  273)  to  be 
nearly  =  9*338,«5I,9  ;  and  this  root  is-  (in  art.  47  and 
48,  pages  273,  274,  and  275,)  applied  to  the  Solution 
of  Colonel  Titus's  Problem,-  and  is  found  to  anfwer  the 
purpofe,  by  enabling  us  to  find  0.418,919,47  for  the 
value  of  a,  and  3.912,226,888  for  the  value  of  (xa,  or) 
b9  and  4.044,884,650  for  the  value  of  (ya%  ox)  c\  which 
three  values  of  0,  bt  and  c  are  nearly  the  fame  with  the 
latter  three  values  of  the  fame  quantities  found  before  in 
the  fecond  part  of  Dr.'Wallis's  Solution  of  this  Pro- 
Diem. 

■ 

This  Problem  is  therefore  now  compleatly  folved  by 
Mr.  Frend's  method  of  proceeding,  as  it  had  been  before 
by  that  of  Dt.  Waliis.  And  Mr.  Frend's  Solution  has 
this  advantage  oyer  that  of  Dr.  Waliis,  that  it  faves  us 

d      .  the 
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the  trouble  of  thofe  very  tedious  and  perplexing  Alge- 
braical multiplications,  fubtractions,  and  divifions,  which 
were  neceflary  in  Dr.  Wallis's  Solution,  and  which  it  is 
vex.y  difficult  to  perform  without  making  fome  flip,  or 
error,  either  in  ferting  down  the  figns  +  and  — ,  that 
arc  to  be  prefixed  to  the  feveral  terms,  or  in  computing 
the  coefficients  of  the  terms,  or  the  indexes  of  die 
powers  of  the  quantities  involved  in  them. 

The  inveftigations  of  the  three  roots  of  the  biqua- 
dratick  equation  if4  —  11.54  X  *'  +  21.76*1  —  11.24 
X  *  as  0.0a  are  eminent  inftances  of  the  utility  of  Mr. 
Raphfon's  method  of  refolving  equations  by  approxima- 
tion, and  in  that  view,  as  welJ  as  on  account  of  their 
relation  to  Colonel  Titus's  Problem,  were  fit  to  receive 
a  place  in  the  prcfent  Volume,  which  is  intended  to 
illuftrate  and  recommend  that  method  of  refolving 
equations. 

The  next  Tract  in  the  prefent  Volume  is  re-printed 
from  my  Appendix  to  Mr.  Frcnd's  Principles  of  Algebra; 
and  it  had  been  publimed  for  the  firft  time  in  the  large 
octavo  volume  of  Tracts  containing  a  part  of  Mr.  James 
Bernoulli's  excellent  Treatife  De  Arte  Conjeblandiy  and 
other  mathematical  pieces,  in  the  year  1795.  It  is  in- 
titled,  Obftrvations  on  Mr.  Raphfon's  Method  of  refolving 
Affefit'd  Equations  of  all  Decreet  by  Approximation,  It 
begins  in  page  279,  and  ends  in  page  323,  and  it's  con- 
tents may  be  defcribed  as  follows.  The  firft  part  of  it, 
as  far  as  page  303,  is  intended,  partly,  to  remove  fome 
difficulties  that  occur  in  reading  Mr.  Raphfon's  excellent 
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Treatife.  on  the  Refolution  of  all  Equations,  (whether 
pure  or  aflfe&ed,)  by  Approximation,  intitled  Analyfts 
sEquationum  Univerfalis  ;  which  difficulties  are  not  inhe- 
rent in  the  fubjecl  itfelf,  or  neceffarily  belonging  tbhis 
method  of  refolvingf  equations,  but  have  arifen  merely 
from  his  having  unfortunately  adopted  the  doctrine  and 
language  of  negative  roots  of  equations,  by  which  the 
Science  of  Algebra,  or  Univerfal  Atithmetick,  has  been 
difgraced  and  rendered  obfeure  and  difficult,  and  difguft- 
ing  to  men  of  a  juft  tafte  for  accurate  reafoning,  ever 
fince  it  s  introduction  by  Harriot  and  Des  Cartes.  The 
firft  part  of  tins  Tra£fc  is,  I  fay,  intended,  partly,  to 
remove  fome  difficulties  of  this  kind  in  the  faid  Treatife 
of  Mr.  Raphfon,  and,  partly,  to  illuftrate  his  method 
of  rcfolving  high  equations  in  other  cafes,  or  where  no 
negative  roots  are  mentioned,  by  performing  the  refo- 
lution  of  one  of  the  equations  adduced  by  him  as  ex- 
amples of  his  method,  to  wit,  the  refolution  of  the 
equation  x5  +  7X4  -f*  20.v3  ■+•  I $$xx  =  10,000,  in  a 
very  full  and  di{lin£r  manner,  with  every  ftep  of  the  re- 
folution, and  the  reafonings  upon  which  it  is  grounded, 
fet  forth  at  length,  agreeably  to  the  principles  laid  down 
by  him  in  the  beginning  of  the  faid  Treatife,  inftead  of 
Tcforting  (as  he  has  done  in  his  refolution  of  the  fame 
equation,  and  in  thofe  of  all  the  other  equations  adduced, 
by  him  as  examples  of  his  method,)  to  the  repeated 
application  of,  a  general  theorem,  or  canon,  which  he 
has  deduced  from  the  faid  principles ;  becaufe  I  was  of 
opinion  that  the  latter  way  of  performing  the  faid  refo- 
lution, by  means  of  a  theorem,  or  canon,  affords  much 
lefs  fatisfaclion  to  the  mind  of  the  reader,  or  calculator, 
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in  the  ufc  of  it  than  he  would  receive  by  refolving  the 
equation  in  the  former  way,  or  by  the  immediate  applica- 
tion of  the  principles  themfelves,  as  is  done  in  the  refolu- 
tion  here  given  of  the  faid  equation.  And  the  following 
part  of  this  Tracl  (from  page  303  to  page  317,)  contains 
fome  obfervations  on  the  refemblance  between  Mr. 
Raphfon's  method  of  refolving  an  equation  by  approxi- 
mation  and  Sir  Ifaac  Newton's  method  of  doing  the  fame 
thing;  which  latter  method  jn  it's  firft  procefs,  (or  in 
finding  the  fecond  near  value  of  *,  or  the  root  of  the 
equation,  after  having  found  a9  or  it's  firft  near  value* 
by  conjecture,  or  othervvife,  to  a  moderate  degree  of 
exa&nefs,)  is  precifely  the  fame  with  Mr.  Raphfon's, 
but  in  the  following  procefles  differs  a  little  from  it. 
This  circumfiance  makes  it  neccfiary  to  compare  the  two 
methods  with  each  other,  by  applying  them  to  the  refo- 
lution  of  the  fame  equation;  as  we  before  compared 
Mr.  Raphfon's  method  with  Dr.  Halley's,  by  applying 
them  both  fucceflively  to  the  refolution  of  the  fame  three 
equations  in  the  foregoing  Appendix  to  Dr.  Halley's 
Difcourfe.  And  wkh  this  view  I  have  (in  pages  305, 
306,  307,  -  -  -  317)  refolvcd  the  cubick  equation 
a3  —  2x  =  5  (which  is  the  equation  adduced  by  Sir 
Ifaac  Newton  as  an  example  of  his  method,)  by  both 
Mr.  Raphfon's  method  and  Sir  Ifaac  Newton's  method, 
in  a  very  full  and  diflincl.  manner,  and  fo  as  to  fet  the 
refpettive  advantages  of  the  two  methods  jn  oppofition 
to  each  other,  to  the  end  that  the  reader  may  be  enabled 
to  compare  them  one  with  thq  other,  and  determine 
which  of  the  two  is,  upon  the  whole,  the  more  conve- 
nient.   And  here  I  muft  confefs  that  it  appears  to  me, 

npoo 


Digitized  by  Go 


THE    PREFACE.  lyii 

upon  making  this  companion,  that  Mr.  Raphfon's  me* 
thod  of  approximation  is,  in  fomc  degree,  preferable 

■ 

even  to  Sir  Ifaac  Newton's  method,  though  not  fo  much 

* 

as  to  that  of  Dr.  Halley. 

In  art.  22,  pages  317,  318,  and  319,  a  proof  is  given 
of  the  exa&nefs  of  the  number  2.094,551,48,  which 
has  been  found  by  both  Mr.  Raphfou's  and  Sir  lfaac 
Newton's  methods  of  approximation  to  be  the  root  of 
the  equation  x*  —  2x  =  5.  And,  in  art.  23,  pages  32  c, 
322,  and  323,  there  are  fome  obfervations  on  the  diffi- 
culty of  finding  a,  or  the  firft  near  value  of  an  affected 
equation,  in  certain  cafes,  to  wit,  in  thofe  cafes  in  which 
the  propofed  equation  either  has,  or  (from  the  changes 
of  the  figns  of  it's  terms  from  +  to  —  and  from  — 
to  +,)  fecms  to  have,  more  than  one  real  and  affirmative 
root.    And  with  thefe  obfervations  this  Trad"!  concludes. 

The  next  Tract  in  this  Collection  is  the  loth  Chapter 
of  the  2nd  Book  of  Mr.  John  Kcrfey's  Elements  of  At- 
gebray—z  molt  valuable  work  in  two  fmall  volumes,  folio, 
that  was  publifhed  in  the  year  1673.  This  book  is  now 
too  little  known,  and  deferves  to  be  ftrongly  recom- 
mended to  all  ftudents  of  Algebra  on  account  of  the 
great  fulnefs  and  perfpicuity  with  which  it  is  written  ; 
in  which  important  qualities  it  very  far  furpafles  moft  of 
the  Treatifes  of  Algebra  that  have  been  written  fiuce, 
excepting  Dr.  Saunderfon's  Elements  of  A'gebra^  in  two 
volumes,  quarto,  whicfi  was  publifhed  in  the  year  1740. 
And  in  fomc  refpects  it  is  even  preferable  to  Saunder- 
fon's Algebra ;  becaufe  it  gives  a  fuller  account  of  the 
piophantine  problems,  and  becaufe  it  deals  lefs  in  the 
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abfurd  myfleries  of  negative  roofs,  and  negative  qusxtlut* 
in  general,  and  the  doctrine  of  the  generation  of  higher 
aflTe^ed  equations  from  lower  equations  by  multiplica- 
tion, which  has  been  the  fource  of  great  obfeurity  and 
perplexity  to  all  the  (ludent3  of  Algebra  ever  fince  it's 
introduction  into  that  fciencc  by  the  publication  of  Har- 
riot's Aleebra  in  the  year  ibn  and  Des  Cartes' s  Geo- 
metry  in  the  year  1637.    Thefe  abfurd  doctrines  feem 
to  have  delighted  Dr.  Saunderfon,  who  frequently  infults 
and  rails  at  fuch  of  his  readers  as  (hall  find  a  difficulty 
in  under/landing  them,  as  being  perfonS/of  narrow 
minds  and  incorrigible  dullnefs  and  fluptdity :  but  Mr. 
Kerfcy,  though  he  did  not  venture  boldly  to  reject  them, 
as  cither  poGtively  abfurd  and  unintelligible  or,  at  leaft, 
leading  to  obfeurity,  yet  fays  but  little  about  them,  and 
feems  defirous,  as  much  as  poflible,  to  keep  clear  of 
them.    His  book  therefore  deferves  to  be  ftudied  by  all 
perfons  who  defire  to  become  fkilfull  in  Algebra  •,  and  to 
confirm  this  recommendation  of  it  I  will  add  the  follow- 
ing pafl'agc  from  the  Preface  of  the  learned  Dr.  Wallis 
to  the  Latin  Edition  of  his  Algebra,  in  the  fecond  vo- 
lume of  the  Collection  of  all  his  Works  publifhed  at 
Oxford  in  three  volumes,  folio,  in  the  year  1603,  where, 
after  mentioning  other  eminent  writers  on  this  fubject, 
he  has  thefe  words  :  Svnferim  ut  leihr  confulat  ex  txflris 
(prater  alios,)  Kcrfaum  mjlrum  ;  qui  dttohus  relutninilus 
integrant  sligebra  traclutioncm  exhibun,  fuse  quidem  et  per- 
fphu  •  trrdiinm  :  quo  nemo  fefi/tus  qiudiones  phpktintaas 
elua.iavit.    The  chapter  of  this  valuable  book  which  is 
'here  reprinted,  (and  which  I  had  reprinted  already  about 
a  year  ago  jn  the  Appendix  to  Mr.  Freud's  Principles 
9f  JgcbrGi)  relates  to  the  method  invented  by  Simon 
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Stcvinus,  die  FlemUh  Mathematician,  (who  flourifhed  in 
the  beginning  of  the  laft.  century,  and  died  in  the  year 
1033>)  for  finding  a,  or  the  firlt  near  value  of  x,  or  the 
root  of  any  propofed  Algcbraick  equation,  by  repeated 
conjectures  and  trials  with  eafy  numbers  of  one  or  two 
decimal  figures  :  after  having  found  which  we  may  pro- 
ceed to  determine  the  value  of  the  faid  root  to  a  greater 
degree  of  exa&nefs  by  one  or  more  applications  of  Mr. 
Raphfon's  method  of  approximation.  The  title  of  this 
10th  Chapter  of  Mr*  Kerfey's  Algebra  is  as  follows : 
An  Explication  of  Simon  Stevin's  General  Rule  to  extracl 
one  Root  out  of  any  pojfihle  Equation  in  Numbers,  either  ex- 
atlly  or  very  nearly  true. 

I  have  next  inferted  in  this  Collection  of  Tracts  a 
Remark,  (which,  as  well  as  the  two  preceeding  Tracts, 
I  had  printed  before  in  my  Appendix  to  Mr.  Frend's 
Principles  of  Jlgebra,)  on  a  grofs  error  in  the  reafoning 
of  the  late  celebrated  French  Mathematician,  Mon- 
fieur  Clairaut,  in  his  elegant  little  treatife,  intitled 
Elements  a"  Algebre,  where  he  endeavours  to  prove  that,  if 
two  negative  quantities,  called  —  b  and  —  d,  be  mul- 
tiplied together,  their  product  will  be  «+■  bd.  This  Pro- 
pofition  he  (hould  have,  firft,  made  intelligible,  by  telling 
'  us  what  he  meant  by  a  negative  quantity,  before  he  un- 
dertook to  demonftrate  it.  But  this  he  has  not  done. 
For,  in  the  beginning  of  his  book,  he  fpeaks  of  the 
fign  — or  minus ,  as  being  only  the  fign  of  the  Attrac- 
tion of  the  quantity  to  which  it  is  prefixed  from  another 
quantity  which  is  greater  than  it ;  according  to  which 
meaning  of  the  fign  — ,  (which  is  very  clear  and  juft  ) 
t|*c  compound  quantity  a  —  b  mufl  fignify  the  excefs  of 
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the  quantity  a  above  the  quantity  b9  which  is  fuppofed  to 
be  lefs  than  a.  He  then  proves  clearly  and  by  juft  rea- 
fonings  that,  if  the  compound  quantity  a  —  b  is  multi- 
plied into  the  compound  quantity  c  —  df  the  product  of 

the  faid  multiplication  will  be  the  quadrinomial  quantity 
ac  —  be  —  ad  -f  Id.  But  then  he  fuppofes  a  and  c  to 
become  equal  to  o,  while  b  and  d  retain  their  former 
magnitudes,  not  coufidering  that,  according  to  the  Only 
idea  which  he  had  before  given  us  of  the  fign  — ,  the 
quantity  a  mud  be  greater  than  by  and  the  quantity  c 
mud  be  greater  than  d,  in  order  to  make  it  poflible  for 
the  compound  quantities  a  —  b  and  c  —  d  to  exift ; 
and  then  he  concludes  that,  fince  a  and  c  are  become 
equal  to  o,  the  three  terms  ac,  —  be,  and  —  ad,  (which 
involve  them)  will  become  equal  to  o  lilcewife,  and  the 
,  whole  quadrinomial  quantity  ac  be  <  d  +  bd  will 
become  equal  to  it's  la  ft  term  +  bd,  and  confequently 

that  O  —  b]  X  o  —  d,  or  —  b  x  —  d,  will  be  equal 
to  •+•  ldt  This  is  very  weak  rcifoning  for  fo  great  a 
Mathematician  as  Monficur  Clairaut  :  and,  if  he,  who 
was  fo  jutlly  celebrated  for  the  clearneTs  of  his  ftyle  and 
the  accuracy  of  his  reafoning?  on  many  occafions,  could 
offer  nothing  better  than  this  fallacious  argument  in  fup- 
port  of  this  favourite  doctrine  of  negative  quantities,  or 
quantities  lefs  than  nothing,  or  quantities  ariling  from 
the  fubtra£tion  of  foinc  quantities  from  others  that  arc 
lefs  than  thcmfelves  (which  are  the  definitions  given  of 
thefc  quantities, by  Sir  Kaac  Newton,  Dr.  Saunderfon, 
and  Mr.  MacLaurin,  as  is  (hewn  in  the  Note  in  page  286 
of  the  prcfent  Voluir-?. ,)  1  think  uc  may  fairly  conclude  • 
that  this  doclrine  cannot  be  defended  : 
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Si  Pergama  dextrd 
Dcfendi  po£enty  etikm  hdc  dtfenfa  fuifjfent. 

■ 

This  Remark  begins  in  page  339,  and  ends  in  page  343. 

m 

The  next  Tra£  in  this  Collection  is  inti fleet,  A  General 
Method  of  invefligating  the  two,  or  three •,  fir  ft  Figures  of 
the  leaft  Root  of  an  Equation  that  has  more  th<in  ore  real 
and  affirmative  Root ;  and  is  reprinted  from  the  3d  Vo- 
lume of  the  Scriptores  hogarithmiciy  pages  725,  726,  &c, 
 761. 

The  foregoing  method  of  finding  a,  or  the  firft.  near 
value  of  the  root  of  a  propofed  equation,  by  means  of 
conjectures  and  trials  with  eafy  numbers  cT  only  one  or 
two  figures,  in  the  manner  recommended  by  Stevinus 
and  Kerfey,  (which  is  fet  forth  in  the  10th  chapter 
re-printed  from  Kerfey's  Algebra  in  pages  325,  326,  &c, 
-  -  -  330  of  this  Volume,)  will  be  found  perfectly  con- 
venient in  all  equations  that  have  but  one  root.  But, 
when  the  propofed  equation  has,  or  (from  the  changes 
of  the  figns  +  and  — ,  prefixed  to  it's  terms,  from  + 
to  —  and  from  —  to  +,)  leems  to  have,  two,  or  three, 
or  four,  or  more,  roots,  or  (in  the  language  of  modern* 
Algebraifts,)  real  and  affirmative  roots,  we  may  fome- 
times  be  at  a  lofs  to  know  which  of  the  faid  feveral  roots 
we  ought  to  go  firfl  in  purfuit  of.  In  thefe  cafes  there- 
fore I  am  inclined  to  think  that  it  will  be  moll  prudent, 
in  general,  to  begin  with  the  inveftigation  of  the  leaft 
root.  And  the  manner  of  doing  this  is  the  fubject  of 
this  Tract-    The  propofition  on  which  this  method  of 

proceeding 
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proceeding  is  founded,  is  as  follows;  to  wit,  *'  that,  if  all 
the  terms  of  the  propofed  equation  that  have  the  fign  — 
prefixed  to  them  are  expunged  from  it,  the  root  of  the 
equation  fo  curtailed  will  be  lefc  than  the  leaft  root  of  the 
original  equation;"  whence  it  follows  that,  if  this  root  is 
found  to  two  places  of  figures  by  Stevinus*s  method  of 

I  4 

conjecture  and  trial,  or  otherwife,  and  be  called  <?,  it 
will  fenre  for  the  ground-work  of  an  approximation  to 
the  value  of  the  lead  root  of  the  original  equation  in 
Mr*  Raphfon's  method  by  putting  the  faid  leaft  root  equal 
to  d  4-  *,  and  fubftituting  *  +  z  inftead  of  x  in  die 
terms  of  the  original  equation,  and  refolving  the  tranf- 
formed  equation  refulting  from  this  fubftiturion,  as  if  it 
were  a  mere  fimple  equation,  in  the  manner  recom- 
mended  by  Mr.  Raphfon.   The  principle,  or  propofiuon 
above-mentioned,  upon  which  this  method  is  grounded, 
is  defcribed  and  proved  in  the  Lemma  fet  forth  and  dc- 
mon  ft  rated  in  pages  36  f,  362,  363,  &c,  -  -  -  367  * 
arid  fome  examples  are  given  of  it  in  pages  368,  360,  &c, 
-  -  -  431,  which  are  refolved  at  great  length  and  wirh 
great  care  and  labour  :  and  methods  are  pointed-out  by 
which,  when  we  have  obtained  the  leaft,  or,  perhaps,  the . 
only,  root  of  the  propofed  equation,  we  may,  in  the  firft 
place,  difcover  whether  the  faid  equation  has,  or  hns  not, . 
any  othcr.root  bcfides  that  which  has  been  already  found, 
and,  fecondly,  if  the  faid  equation  has  any  other  root,  we. 
may  reduce  the  equation  to  another  equation  of  the  next . 
lower  order,  or  degree,  of  which  the  roots  will  be  the 
fame  with  the  remaining  roots  of  the  original  equation. 

After  having  dwelt  fo  long  upon  Dr.  Halley's,  Mr, 
Raphfon's,  and  Sir  Ifaac  Newton's,  methods  of  refolving 

equations. 
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equations  by  approximation,  I  conceived  that  it  would  be 
agreeable  to  the  readers  of  tHefe  Traces  to  be  made  ac- 
quainted with  Vieta's  method  of  refolving  them  alfo  by 
approximation,  which  was  invented  by  that  celebrated 
author  above  a  hundred  years  before  the  publication  of 
Mr.  Raphfon's  and  Dr.  Halley's  methods,  and  which  was 
generally  adopted  and  pra&ifed  by  the  ableft  Mathema- 
ticians of  thole  times,  and  particularly  by  Mr.  Oughtred, 
Dr.  Pel!,  and  Dr.  Wallis,  though  it  has  fmce  been  aban- 
doned on  account  of  the  greater  facility  and  expedition 
of  the  methods  of  Sir  Ifaac  Newton,  Mr.  Raphfbn,  and 
Dr.  Halley.    I  have  therefore  added  anotheT  Traft  to 
thofe  already  mentioned,  in  which  I  have  endeavoured 
to  explain  the  principles  upon  which  Vieta's  method  of 
fefolving  equations  by  approximation  is  grounded,  and 
the  manner  in  which  we  are  enabled  by  it  to  invefrigate 
the  value  of  the  root  of  any  equation  whatfoevcr.  i 
have,  however,  confined  myfelf,  in  this  attempt,  to  the 
refolution  of  only  one  affc&ed  equation  by  this  method, 
as  a  fpecimcn  of  it,  to  wit,  the  equation  x*  — •  5*1  + 
$cox  =  7i905>5°4j  which  is  the  higheft  and  mod  com-, 
plicated  of  all  the  affe£ted  equations  which  Vieta  has 
adduced  as  examples  of  his  method  of  refolution,  and 
which  is  refolvcd  in  the  15th  Problem  of  his  Dif. 
courfe  on  this  fubjecl,  which  he  intitles  Dc  NutnerofJ 
Poteflatutn  Adfeftarum  Refclutione.    But,  as  Vieta's  me- 
thod of  refolving  offered  equations  by  approximation 
is  fimilar  to,  and  derived  from,  his  method  of  re- 
folving pure  equations  of  the  fame  degree,  or  of  ex- 
tra cling  the  roots  of  numbers,  I  have  begun  my  ex- 
planation of  his  method  of  refolving  the  arrc&ed  equa- 
tion *s  —  5-r3  +  500*  =  71905,504  by,  firft,  (hewing 

how 
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how  he  would  rcfolve  the  pure  equation  ^  =  7,905,504, 
or  extract  the  fifth  root  of  the  number  7,905,504.  This 
is  done  very  fully  and  diftinclly  in  art.  4,  5,  6,  and  7, 

pages  441,  442,  &c,  451  •,  and  the  refuk  is, 

that  rhe  above  fifth  root  is  =  23.96  &c.  I  then  (in 
art.  9,  pages  452,  453)  compare  this  rcfuk  with  the  value 
of  the  fame  fifth  root  obtained  by  means  of  Monfieur  dc 
Lagny's  general  expreflion  for  the  mth  root  of  any  given 
number  N,  upon  a  fuppofition  that  a,  or  a  firft  near 
value  of  it,  is  already  known.  This  expreflion  has  been 
given  in  the  Note  in  page  9  of  this  Volume,  and  is 

a      2a  x   ~  v  or,  when  m  is  =  5, 

;«-l|  XN  +  ///+IX(J 

N  -  *5 

(as  it  is  in  the  prefent  cafe,)  a  •+■  2a  X  ■ .  t  /  ■  ■  ,  or 
%  1  4N  +  6ds 

N  —  «s 

a  +  a  X  -rr  ;  which,  if  a  is  =  23.9,  will  be 

2N  +  3u>„ 

(=  23.9  +  0.065,466,9,  or)  23.965,466,9  5  of  which 
number  the  firft.  eight  figures,  23.965,466,  are,  probably, 
exncl: :  So  that  no  lefs  than  five  new  figures,  to  wit,  the 
figures  0.065,466,  are  obtained  exactly  by  means  of  thi9 
expreflion  of  Monfieur  de  Lagny,  from  the  firft  three 
figures,  239,  that  were  already  known;  whereas  by 
Vieta's  method  of  proceeding  only  one  new  figure,  to 
wit,  the  figure  0.06,  was  obtained  by  the  correfponding 
procefs  from  the  fame  three  figures,  23.9,  that  were  al- 
ready known.  I  then  compare  the  fame  refult  of  Vieta's 
method  of  extraction,  to  wit,  the  number  23.96,  with 
the  value  of  the  fame  'fifth  root  of  the  fame  number 
7,905,504  obtained  by  means  of  Mr.  Raphfon's  fimplcr 
expreflion  for  the  mth  root  of  any  given  number  N,  upon 
a  foppofition  that  a,  or  a  firft  near  value  of  it,  is  already 

known, 
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N  -  am 


known,  to  wit,  the  expreflion  a   ,  or,  when 


N  -  a5 

m  is  =  5,  (as  it  is  in  the  prefent  cafe,)  a  +   - —  j 

and  I  find  that,  if  a  is  fuppofed  to  be  =  23.9,  this  ex- 
preflion will  be  =  (23.9  +  0.065,8,  or)  23.965,8, 
which  agrees  with  the  more  accurate  value  of  the  fame 
fifth  root  found  before  by  Monfieur  de  Lagny's  expreflion, 
to  wit,  23.965,466,9,  in  the  five  firft  figures  23.965, 
which  therefore  mud  be  exact  :  fo  that  even  this  fimple 
expreflion  of  Mr.  Raphfon  has  given  us.  two.  new  figures 
of  the  fifth  root  fought,  to  wit,  the  two  figures  0.065, 
exactly,  in  addition  to  the  firft  three  figures  23.9,  which 
were  already  known  ;  whereas  by  Vieta's  metnod  of 
proceeding  only  one  new  figure,  to  wit,  the  figure  o.o69 
was  obtained  by  the  correfponding  procefs  in  addition  to 
the  fame  three  figures  23  9,  that  were  already  known. 

By  thefe  comparifons  it  appears  that  both  Mr.  Raph- 
fon's  and  Monfieur  de  Lagny's  cxprefiions  for  the  value 
of  the  fifth  root  of  the  given  number  7,905,504  have* 
gTeatly  the  advantage  of  Vieta's  method  of  extracting 
the  fame  root  in.  point  of  expedition,  though  not  in 
point  of  accuracy  of  reafoning  and  certainty  of  the  con- 
clufions  obtained  by  them ;  in  which  refpccls  they  are 
all  equally  valuable. 

In  art.  11,  pages  454,  455,  and  456,  I  have  pointed- 
out  the  refemblance  between  Vieta's  method  of  extract- 
ing the  fifth  Toot  of  the  number  7,905,504,  and  Mr. 
Raphfon's  method  of  extracting  it,  and  (hewn  that  they 

are 
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are  almoft  the  fame.  For  they  both  proceed  by  a  divifioa 
of  the  fame  number,  or  dividend,  107,39 1.348,0,1,  by 
the  fame  divifor  1,63 1,404.3 20 5  ;  which  occurs  firft  in 
page  449,  in  extracting  the  fifth  root  of  7,905,504.  by 
Victa's  method,  and  afterwards  in  page  454  in  finding 
the  fame  fifth  root  by  computing  Mr.  Raphfon*s  e*- 

N  —  a* 

predion  a  H  :  and  the  only  difference  between 

171  —  I 

ma 

them  is  that  Mr.  Raphfon  continues  the  diviGon  to  three 
figures  in  the  quotient,  to  wit,  the  three  figures  0.0658* 
and  thereby  obtains  23.9  +  0.0658,  or  23.9658,  for  the 
next  near  value  of  the  fifth  root  fought,  of  which  num- 
ber all  the  figures,  except  the  lad  figure  8,  are  exact  j 
whereas  Vieta  carries  the  divifion  to  only  one  figure  in 
the  quotient,  to  wit,  the  figure  0.06,  and  thereby  ob- 
tains only  23.9  4-  0.06,  or  23  96,  for  the  next  near 
value  of  the  fifth  root  fought.  If  Vieta  had  happened 
to  obferve  that  the  two  firft  figures  of  the  quotient 
0.0658  would  have  been  exact,  and  that,  in  general,  if 
n  is  the  number  of  figures  that  are  exact  in  a,  or  the 
part  of  the  root  that  is  already  known,  the  firft  n  —  1 
figures  of  the  quotient  would  be  exact,  and  had  accord- 
ingly carried  his  divifion  to  that  number  of  figures  in 
the  quotient,  his  method  of  extracting  the  fifth,  or  the 
fwth,  root  of  any  given  number  N  would  have  been  ex- 
actly the  fame  with  Mr.  Raphfon's. 

Having  thus  gone  through  the  extraction  of  the  fifth 
root  of  the  number  7,905,504,  or  the  refolution  of  the 
pure  equation  x*  =s  7,905,504,  in  the  manneT  in  which 
Vieta  had  directed  fuch  resolutions  of  pure  equations  to 

be 
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be  performed;  I  proceed  (in  art.  12,  13,  14,  and  15, 
pages  456,  457?  458,  Spc,  -  -  -  463,)  to  exhibit  Vieta's 
method  of  refolving  the  affected  equation  xS  — *  cx1  -f- 
500*  =3  71905*504*  which  is  fimilar  to  the  foregoing 
method  of  refolving  the  pure  equation  xS  a  7,905,504. 
And  by  this  refolution  it  appears  that  the  root  *  of  that 
equation  is  exactly  =  24.  I  then  (in  art.  16,  page  463,) 
rcfolve  the  fame  equation  xS  —  5*'  +  50c*  =  7,905, 
50+  by  Mr.  Raphfon's  method  of  approximation,  in 
order  to  compare  the  procefles  of  this  refolution  with 
thofe  in  Vieta's  refolution  juft  before  exhibited.  And  I 
find  that  there  is  the  fame  refemblance  between  thefe 
two  methods  of  refolving  this  affected  equation  that  I 
had  before  obferved  to  take  place  between  the  fame  two 
methods  of  refolving  the  pure  equation  x5  =  7)905,504. 
For  here,  as  before,  both  methods  of  refolution  lead  us 
to  the  divifion  of  the  fame  dividend,  to  wit,  the  number 
4,735,504,  by  the  fame  divifor,  794*500.  But  Vieta 
carries  the  divifion  to  only  one  figure  in  the  quotient, 
which  in  the  prefent  example  is  fufficient  for  his  purpofe, 
becaufe  this  equation  has  the  whole  number  24,  confid- 
ing of  only  two  figures,  for  it's  ex  a  61  root,  but  which, 
if  the  root  were  an  irrational  quantity,  or  incommenfur- 
able  to  unity,  (as  it  moft  commonly  is,)  and  were  re- 
quired to  be  found  to  ten,  or  twelve,  places  of  figures, 
would  make  his  method  of  refolution  exceflively  tedious 
and  laborious ;  whereas  Mr.  Raphfon  continues  his  di- 
vifions  to  as  many  figures  in  the  quotients,  or  to  as  many 
wanting  one,  as  there  are  figures  that  arc  exact  in  a,  or 
the  part  of  the  root-*  that  is  already  known  ;  by  which 
means,  if  the  figures  $hat  3re  exact  in  a,  or  the  known 

part 
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part  of  the  root,  are  five,  or  fix,  or  feven,  he  will  obtain 
four,  or  five,  or  fix,  new  figures  in  tlje  quotient  to  be 
added  to  ff,  that  will  be  all  exact.  And  in  this  circum- 
ftance  alone  confifts  the  advantage  of  Mr  Raphfon'* 
method  of  approximation  over  that  of  Vieta.  If  Vieta 
had  happened  to  obferve  that  thefe  divifions  might  be 
fafely  continued  to  feveral  figures  in  the  quotients,  or 
that  feveral  figures  in  the  quotients,  (namely,  as  many, 
wanting  one,  as  there  are  figures  that  are  exact  in  a%  or 
the  part  of  tlie  value  of  x  that  is  already  known,)  would 
be  exact,  and  had  confequcntly  directed  his  readers  to 
continue  the  divifions  to  that  number  of  figures  in  the 
quotients,  his  method  would,  as  I  conceive,  have  been 
the  very  fame  with  Mr.  Raphfon's,  and  the  art  of  re- 
volving all  forts  of  equations  by  approximation  would 
not  only  have  been  invented  by  him  (as  it  has  been,)  but 
would  have  been  brought  by  him  at  once  to  the  higheft 
degree  of  perfection  of  which  it,  probably,  is  capable. 
He  therefore  ought  to  be  confidered  as  the  original 
founder  of  the  whole  doctrine  of  refolving  equations  by 
approximation,  though  Sir  Ifaac  Newton,  Mr.  Raphfon, 
Monfieur  do  Lagny,  and  Dr.  Halley,  and,  perhaps,  fome 
fubfequcnt  Mathematicians,  have  made  valuable  improve- 
ments on  his  method,  by  which  the  practice  of  it  hat 
been  very  much  facilitated. 

This  Specimen  of  Vieta's  Method  of  refolving  Equa- 
tions by  approximation  begins  in  page  435,  and  ends  in 

page  470. 
* 

The  lad  Tract  in  this  Collection  is  written  by  the 
learned  and  ingenious  Mr.  Frend,  the  author  of  a  valu- 
able 
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able  Treatife  of  Algebra  in  one  volume,  octavo,  intitlcd, 
'Principles  of  Afgebray  in  which  he  has  totally  discarded 
the  obfeure  and  myfterious  doctrines  of  negative  quan- 
tities, and  impoflible,  or  imaginary,  roots  of  equations, 
and  the  generation  of  higher  equations  from  lower  ones  by- 
bringing  all  the  terms  of  the  lower  equations  to  the  fame 
fide  of  the  equation,  fo  as  to  make  the  refults  of  them 
equal  to  nothing,  and  then  multiplying  them,  (when  thus 
made  equal  to  o,)  into  each  other,  and  thereby  producing 
equations  of  higher  orders  that  will  likewife  be  equal  to 
nothing.  His  prefent  Tract,  which  is  intitlcd  u  Remarks 
on  the  Number  of  Negative  and  Impcffible  Rests  in  Jlgebriiith 
Equations"  has  the  fame  laudable  tendency  to  free  Al- 
gebra from  obfeurity,  by  fliewing  more  clearly  than  is 
ufually  done  by  writers  on  this  fubjeel,  what  is  meant  by 
the  negative  roots  of  an  equation,  to  wit,  "  that  they  are 
in  truth  the  roots,  or  (in  the  language  of  modern  Algc- 
braifts,)  the  affirmative,  or  pfitive,  roots,  of  another 
equation  which  is  derived  from  the  firit  equation  by 
changing  the  figns  +  and  —  that  are  prefixed  to  fuch 
of  it's  terms  as  involve  any  odd  powers  of  the  unknown 
quantity  a-,  into  the  contrary  figns,"  and  by  obferving 
that  impoflible  roots  arc  mere  fictitious  quantities,  of  which 
/no  clear  idea  can  be  formed,  which  have  been  introduced 
Into  Algebra  to  make-up  the  number  of  roots  which 
Harriot  and  Des  Cartes  and  their  followers  have  thought 
proper  to  afcribe  to  every  equation  of  any  given  degree, 
or  dder,  denoted  by  any  whole  number  cillcd  m,  to 
wit,  m  roots  ;  though,  in  truth,  there  is  only  one  form 
in  every  degree,  or  order,  of  equations,  (as,  for  ex- 
ample, the  form  fx  —  x2  =  q  in  quadratick  equations, 

c  and 
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and  the  form  x*  —  p.v1  •+•  qx  =  r  in  cubicle  equations,  and 
the  form  rx  —  qx1  +  px*  —  x+  =  s  in  biquadratick 
equations,)  that  can  really  have  fo  many  roots.  When 
therefore  an  equation  occurs,  of  the  mth  order,  that  has 
fewer  than  m  roots,  the  modern  Algebraifts  firft  caJl-in 
the  negative  roots  of  the  equation,  (or  the  real  and  affirm- 
ative roots  of  the  fecond  equation  which  is  derived  from 
the  firft  equation  in  the  manner  above- defcribed,)  in  aid 
of  the  former,  or  real  and  affirmative,  roots  of  it ;  and, 
if  the  fum  of  both  the  affirmative  and  the  negative  roots 
of  the  equation,  (which  fum  we  will  fuppofe  to  be  de- 
noted by  the  letter  ny)  is  likewife  lefs  than  m,  (which  is 
often  the  cafe,)  they  then  declare  that,  befides  the  n  real 
roots,  both  affirmative  and  negative,  the  equation  has 
n:  —  irrprjp.ble,  or  imaginary,  roots,  which,  being  added 
to  the  former  n  roots,  makes  up  the  full  number  of  m 
roots,  wh'ch  they  had  before  declared  that  the  faid  equa- 
tion  ought  to  have.  Thefe  Remarks  begin  in  page  473, 
and  end  in  page  479.  And  with  thefe  Remarks  the 
prcfent  Volume  concludes. 
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A  Note  on  Page  242. 

IN  page  242,  &c,  Mr.  Frcnd's  Solution  of  Colonel 
Titus's  Problem  may  be  made  fnorter  and  eafier  by 
making  the  following  changes  in  it. 

In  art.  25,  lines  6  and  7,  we  have  myy  —  ny  =  nxx 
—  mx.  From  this  equation  let  the  Solution  be  as 
follows. 

But  it  has  been  fliewn  in  art.  24   that  y  is  = 
/x'  -  m 
tnx—l 


Therefore  yy  will  be  (=            ■  )  = 
and  myy  will  be  =  ;  •,  and  ny  will  be 


—  ■■^ —  ■  ^  ■  ■  ■ 


/wffrJ  —  l*nx*  —  *****  +  Imn 


;  arid  confequently  myj>  —  /jy 


will  be  =   ==:  : —  —  tne  fraction 

Imttx*  —  l1nx%  —  mz  n  x  +  /«« 


1 


« 

Eut  myy  —  rry  is  =  f/jrjr  — 

c  2  Therefore 
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Therefore  the  fraction  jufl  now  obtained,  to  wit, 
l*mx*  —  Imnx*  —  zlvrx-  4-  l*nxz  +  mrnx  -f        —  Imit 

mx  -  /; 1 

will  alfo  be  =  «aw  —  w.v  *,  and  (multiplying  both  fides 

into  mx  — ~?  :,)  the  fcptinomial  quantity  /^.r4  —  //wtf*5 

—  7.!m\xz  -f  /Vvl  +  m2/?v  4-  m%  —  Imn  will  be  (  = 

fixx  —  vTx t  X  —  1  =  w.v.v  —  ;a.v.  X  wr-2/ffli  +  /1) 
=  the  fcxtinomial  quantity  ;;;2/;.r4  —  llmnx*  +  /2//jr  — 
m\v3  -+-  iim  x~  —  /  'mx.  Therefore  (adding  Imnx1  + 
2/wi\r2  to  both  fides,)  we  fliall  have  /mr4  +  /W. 
w;>a-  +  //i3  —  //;;//  =  w;*/;a-4  —  /w/;.va  -f-  /2//a*2 —  m\rJ 
-f  4lm\xl  —  /r;;;r,  and  (fubtracting  /2/>;v4  -f  -f 
w*;;.v  from  both  (ides,)  /;;;  —         =  tn7nx*  —  /?/;/*4 

—  //«:/ a-3  —  w\v'  +  4//*i\r*  —  /:wr  —  wrw.r,  and 
(dividing  nil  the  terms  by  ;;/,)  m2  —  ///  =  mux4  —  l3x+ 

—  /nxi  —  trS.i*  «+■  4/w.v2  —  /:a*  —  mnx  n  «m  —  /  -j 

X  .v4  —  ftn  +  rA  X  x 5  +  4/;;;  Xr  -  |/J  +  w«]  X  *, 
and  (dividing  all  the  terms  by  mn  —  /*,  the  co-efficient 

of  at%  the  higher  term,)  .v4  —  X   a5  + 

m/J    /:  x  v  "7~ — T   X  a-  =   ;  which  is 

the  final  equation  obtained,  with  more  difficulty,  at  the 
end  of  art.  26,  page  244. 

This  improvement  of  Mr.  Frcnd's  Solution  was  fug- 
gefted  to  me  by  my  learned  friend,  the  Reverend  Mr. 
John  Ilellins,  J5.  D.  Vicar  of  Potter's  Fury  in  North- 
amptonfliirc. 

E  R- 
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IN"  page  7,  line  4,  inftead  of  6.358,  read  6.1358. 

In  page  8,  line  1 1,  after  the  word  hady  infert  been.  • 

In  page  10,  line  11,  under  the  radical  fign,  inftead  of 

— ^—  aa,  read  — l--aa. 
35  3& 

In  page  12,  line  18,  after  the  word  column  y  dele  to. 
In  page  )6,  line  6,  inftead  of  10.26,  read  —  10.26. 
In  page  66,  line  13,  inftead  of  conJequently^xQ-x^conftderably. 
In  page  114,  line  2  from  the  bottom,  inftead  of  zazy 
read  laz. 

In  page  130,  line  12,  inftead  of  \"]d,  read  I'd1. 

And  in  the  fame  page  1 39,  line  16,  inftead  of        read  ijd. 

In  page  J 6:, lines  7  and  9,  inftead  of  0.000,003,045,866,14, 
and  0.350,9^7,045,866,14,  re3d  0.000,000,045,866,06, 
and  0.350,987,045,866.06.  For,  upon  a  re-cxamina- 
tion  of  the  computation  in  page  431,  which  makes 
z  =  0.000,000,045,866,06,  and  not  =  0.000,000,045, 
866,14,  I  Lave  found  it  to  be  right. 

In  page  168,  line  7  from  the  bottom,  before  34. S,2,  infert 
the  mark  -- . 

In  page  204,  line  1 1  from  the  bottom,  inftead  of  i63//i4//as, 
read  i68///V/<A 

In  page  212,  line  5,  inftead  of  ^mna2,  read  4//W//V-. 

In  page  2 1 3,  line  9,  inftead  of      w«c8,  read  —  mne9. 

In  page  227,  line  14,  inftead  of        read  7/V2. 

And  in  the  fame  page  227,  line  4  from  the  bottom,  in- 
ftead of  7/^,  rend  7/V. 

e  3  In 
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In  page  247,  line  6,  inftead  of  11.24,  rea^  11.24a?. 
And  in  the  fame  page  247,  line  2  from  the  bottom,  in- 
ftead of  0.2,  read  0.02. 
In  page  249,  line  3,  inftead  of  1.112,453,441,  read 

1.112,453,263,441.  , 

In  page  297,  line  3  from  the  bottom,  inftead  of  xx,  read  x. 

In  page  353,  line  19,  inftead  of  the,  read  thofe. 

And  in  the  fame  page  353,  lines  2  and  4  from  the  bottom, 
after  the  number  14,93 7>  anc*  a^tcr  tnc  wor^  increafes, 
infert  a  comma. 

In  page  390,  line  3,  before  the  number  12,721.120,  in- 
fert the  mark  =  . 

In  page  393,  line  15,  under  the  vinculum,  inftead  of 
ba  -f-  bay  read  bla  +  ba\ 

In  page  404,  line  2  from  the  bottom,  after  the  word  equal, 
infert  to. 

In  page  430,  line  4  from  the  bottom,  inftead  of  — ,  read  + . 
In  page  4  49,  line  7,  inftead  of  5  X  23  X  0*9,  read 
5  X  23  X  0-6561. 

In  page  454,  line  12,  inftead  of  V5r7>9D5>5°4  read 

In  page  455,  line  15,  inftead  of  1,631,404,3205  read 
1,631,404.3205. 
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TH  E  principal  ufe  of  the  Analytick  Art,  is  to  bring 
Mathematical  Problems  to  Equations,  and  to  exhibit 
fchofe  Equations  in  the  mod  fimple  Terms  that  can  be. 
But  this  Art  would  juftly  feem  in  fome  degree  defe£Hre, 
•  and  not  fttfficitrftly  Analytical,  if  there  were  not  fome 
Methods,  by  the  help  of  which  the  Roots  (be  they  Lines 
trr  Numbers,)  might  be  gotten  from  the  Equations  that 
are  found,  and  fo  the  Problems  in  that  refpett  be  folved. 
The  Ancients  fcarce  knew  any  thing  in  thefe  Matters, 
beyond  Quadratic^  Equations.  And  what  they  writ  of 
the  Xjeotnetrick  Conjlruclion  of  folid  Problems,  by  the  help 
of  the  Parabola,  Cijfoid,  or  any  other  Curve,  were  only 
particular  things  defign'd  for  fome  particular  Cafes.  But 
as  to  Numerical  Extraclion,  there  is  every  where  a  pro- 
found Silence ;  fo  that  whatever  we  perform  now  in  this 
kind,  is  entirely  owing  to  the  Inventions  of  the  Mo- 
derns. 

And  firft  of  all,  that  great  Difcorercr  and  Reftorer  of 
the  Modern  Algebra,  Francis  Vieta%  about  100  years 

B  fmce, 
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fince,  fhew'd  a  general  Method  for  extracting  the  Roots  of 
any  Equation,  which  he  publifli'd  under  the  Title  o(yA  Ar</- 
mericalRefolution of  Powers,&ic.  And  the  fubfequent  writer* 

1  Harris  Ougbired,  and  others,  as  well  of  our  own  Country 
as  Foreigners,  ought  to  acknowledge  whatfoever  they  have 
written  upon  this  Subject,  as  taken  from  Vieta* .  But  what 
the  Sagacity  of  Mr.  Newtorfs*  Genius  has  perform 'd  in  this 

•tiufinefs,  we  may  rather  conjecture  (than  be'  fully  afliired  of  J 
from  that  (hort  Specimen  given  by  Dr.  Wallis  in  the  94th 
Chapter  of  his  Algebra*  And  we  mud  be  forced  to  ex- 
pect it,  till  his  great  Modefty  ihall  yield  to  the  Intreaties 

of  his  Friends,  and  fuffer  thofe  curious  Difcoveries  to 

fee  the  Light. 

•     .  - 

Not  long  fince  [viz.  A.  D.  1 690)  that  excellent  Perfon 
M.  Jofepb  Ropbfon,  F.R.St  publiflYd  his  Vmverfal  Analyfts 
§f  Equations^  and  illuftrated  his  Method  by  plenty  of  Ex- 
amples i  by  all  which  he  has  given  Indications  of  a  Ma- 
thematical Genius,  from  which  the  grcateft  things  may 
be  expected. 

By  his  Example,  M.  de  Lagny,  an  ingenious  Profeflbr 
of  Mathematicks  at  Paris,  was  encouraged  to  attempt  the 
fame  Argument ;  but  he,  being  almoft  altogether  taken  up 
in  extracting  the  Roots  of  pure  Powers  (especially  the 
Cubick)  adds  but  little  about  Affected  Equations,  and  that 
pretty  much  perplex'd  too,  and  not  Sufficiently  demon- 
ftrated.  Yet  he  gives  two  very  compendious  Expreflions 
for  the  Approximation  of  a  Cubical  Root  5  one  a  Rational, 
and  the  other  an  Irrational  one.  Ex.  gr.  that  the  fide  of 
the  cube  aaa  +  b  is  between 

*  Afterwards  Sir  Ifaac  Newton; 

•  + 
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ah  \     /  P 

a  +   and  *S\aa  +           +  \a. 

laaa  +  b  n  $a 

And  the  root  of  the  5th  Power  a1  +  b,  he  makes 

r  -    b : 

—  i*  +  J  \/i*4  +  i««  (where  Note,  that 

'tis  -Jflfl,  not  \aa%  as  'tis  enroncoufly  printed  in  the 
French  Book.)  Thcfe  Rules  were  communicated  to  me 
by  a  Friend,  I  having  not  feen  the  Book ;  but,  having  by 
tryal  found  the  goodnefs  of  them,  and  admiring  the 
Compendium,  I  was  willing  to  find  out  the  Demon  ft  ra- 
tion :  Which  having  clone,  I  prefently  found  that  the 
fame  Method  might  he  accommodated  to  the  Refolution 
of  all  forts  of  Equations.  And  I  was  the  rather  inclin'd 
to  improve  thefe  Rules,  becaufe  I  faw  that  the  whole 
thing  might  be  explain'd  in  a  Synods  ;  and  that  by  this 
means,  at  every  repeated  ftep  of  the  Calculus,  the  Figures 
already  found  in  the  Root  would  be  at  leaft  trebled; 

m 

which,  by  all  other  ways  *,  arc  encreafed  but  in  an  equal 
Number  with  the  given  ones.  Now,  the  fore-mention'd 
Rules  are  eafily  dernonftrated  from  the  Genefis  of  the 
Cube,  and  the  5th  Power.  For,  fuppofing  the  fide  of 
any  Cube  to  be  =  a  +  e,  the  Cube  arifing  from  thence 
will  be  aaa  4-  2aae  "t"  3aee  +  eee'  And  confequently, 
if  we  fuppofe  aaa  to  be  the  next  lefs  Cube  to  any  given 
Non-cubick  Number  denoted  by  aaa  +  by  and  a  -f*  e  to 
be  the  Cube-root  of  the  faid  Number,  it  is  evident  that 
e  will  be  lefs  than  1,  and  consequently  that  eee  will  alfo  be 
lefs  than  1,  or  Unity,  and  that  the  remainder  b,  or  the  dif* 
ference  of  the  Numbers  aaa  and  aaa  +  b9  will  be  = 
tlie  three  other  Members  of  the  Cube,  to  wit,  3  a  a  e  + 

»  This  alludes  to  Mr.  Raphfon's  and  Sir  Ifaac  Newton's 
Methods. 
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laee  4-  eee.  Whence,  rejecting  eee  upon  the  account 
of  its  frnallnefs,  \vc  have  b  =  ^aoe  +  Zaee*  And, 
(luce  aae  is  much  greater  than  aee%  the  quantity 

will  not  much  exceed  e\  fo  that,  putting  e  = 

then  the  quantity   —  (to  which  e  is  nearly  equal) 

will  be  found 

b                     b  ,      .  ab 

9  or   7-  5  that  is, 


3<j£  ,     b  -xaaa  +  b 

nearly  =  t.  And  fo  the  fide  of  the  Cube  aaa  +  b  will  be 

nearly  =  a  H  ^— r-  ,  or  a  +  — ,  which  is  the 

'  b  7  a  da  b 

Rational  Formula  of  <fc  Lagny.  But  now,  if  a  were 
the  next  greater  Cubicle  Number  to  that  given,  the  fide  of 
the  Cube  aaa  —  b,  will,  after  the  fame  manner,  be  found 

to  be  nearly  =  a  — -  ,  or  a  .  And 

a 

this  eafy  and  expeditious  Approximation  to  the  Cubick 
Root  is  (only  a  very  fmall  matter)  erroneous  in  point  of 
defed)  the  quantity  e>  the  remainder  of  the  Root  thus 
found,  coming  fomething  lefs  than  really  'tis  *. 

f 

♦ 

b  b 
*  I  bel'eve  the  exprellions  a  +   and  a  — 


b'  b 

will  be  found  eafier  to  compute  to  any  given  number  of  figures 
than  the  equivalent  and,  feemingly,  more  fimplc  expreffions 

a  +  — ~~~T~l  and  a  —~i »  and  morc  efpecially  when  a 

confifts  of  four,  or  more,  decimal  figures.    F.  M. 

As 
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Ag  for  the  Irrational  Formula ,  'tis  dcriv'd  from 
flic  fame  Principle,  viz.    b  —  $aae  +  2*ee,  or 

—  ~  at  +  ee,  and  fo  ^/j**  +  —  =      +  t9  and 
/  Y 

V  ia"  H  +  \&  —  o  +  e,  the  Root  fought.  Alfa 

the  fide  of  the  Cube  aaa  —  b,  after  the  fame  manner, 

will  be  found  to  be  v«  +  *Ji<**  •    And  this 

Formula  comes  fomcthing  nearer  to  the  Scope,  being 
erroneous  in  point  of  excefs,  as  the  other  was  in  defeft, 
and  is  wore  accommodated  to  the  ends  of  Practice,  fincc 
the  Reftitution  of  the  Calculus,  is  nothing  elfe  but  the 

continual  addition  or  fubtraction  of  the  Quantity  ^-t. 

according  as  the  quantity  e  can  be  known.    So  that  we 


\aa-\  +  \at  in  the  former 

3a 

cafe,  and,  in  the  latter,  la  +  */\aa  -H  - — — .  But  by 

either  of  the  two  Formula's^  the  Figures  already  known 
in  the  Root  to  be  extracted,  are  at  leaft  tripled ;  which  I 
conclude  will  be  very  grateful  to  all  the  Students  in 
Arithmetick ;  and  I  congratulate  the  Inventor  pppn  the 
account  of  his  Difcovery, 

Examples  of  the  Ufe  of  thefe  Rules  In  the  Extra&ion  of  the 

Cube- Roots  of  Numbers, 

But  that  the  ufe  of  thefe  Rules  may  be  the  better 
pcrceiv'd,  I  think  it  proper  to  fubjoin  an  Example  or  two. 
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Let  it  be  propos'd  to  find  the  fide  of  the  double  Cube,  or  let 
saa  +  b  be  «=  2.  Here  a  is  =  I,  and  confequently  d*  is  =  it 

tnd  b  is  =  I,  and  —  is  (=  4)  =  o-5°*  and  —  is  =  f, 

^  3 

andi*z+  —  is  (=  i  X  i  +  i  =  i  +  })  =  A)  and 
3* 


+  —  is  (=  ✓A  =  \/o-5833)  =  0.76,  and 

which  will  be  found  to  be  the  true  fide  nearly.  Now, 
the  Cube  of  1.26,  is  2.000,376,  and  fo  0.63  + 


aa  +  —  is  (  =  0.50  +  O.76)  =  I.26. 
3* 


V«3969  or  0.63  +  ^.396800,529100,5291 

=  I •259,921,049,895  ;  which  in  13  Figures,  gives  the 
fide  of  the  double  Cube,  with  very  little  trouble,  viz.  By 
only  one  divifion,  and  the  extraction  of  the  fquare  Root ; 
when-as  by  the  common  way  of  working,  how  much 
pains  it  would  have  cod,  the  Skilful  very  well  know. 
This  Calculus  a  Man  may  continue  as  far  as  he  pleafes, 
by  encrcafing  the  Square  by  the  addition  of  the  quantity 

 ;  which  Correction,  in  this  cafe,  will  give  only  the 

3  ^ 

encreafe  of  Unity  in  the  14th  Figure  of  the  Root. 

Examp.  id.  Let  it  be  propos'd  to  find  the  fide  of  a 
Cube  equal  to  that  EnglifiS  Meafure  commonly  call'd  a 
Gallon,  which  contains  231  folid  Ounces*.  The  next 
lefs  Cube  is  216,  whofe  fide  6  =  *,  and  the  remainder  is 
15  =  b\  and  fo,  for  the  fir  ft  Approximation,  we  have 


*  Or  Cubick  Inches. 


sr 
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m     .      Sua         b    .       .  (rb~  15 

\/  9  +  t  =  3  +  ^9  +  0*333)  =  3  +  V9-8333 
=  the  Root.    And  fince  ^9.8333...  is  3.1358..., 

'tis  plain  that  6.358  =  a  +  r.    Now,  let  6.1358 

=  a%  and  we  (hall  then  have  for  Its  Cube    -  - 

231.000,853,894,7 1 2,  and,  according  to  the  Rule,  3.0679 

/"  O.0OO,8  «s  7,8Q4,7I2  .  ~  , 

+  ^9.412,010,41  ,8,40^       w  moft  a«urately 

equal  to  the  Gde  of  the  given  Cube,  which  within  the 
fpace  of  an  Hour,  I  determin'd  by  Calculation  to  be 
6*I35»792*439>66",>958>97>  which  is  exact  in  the  17th 
gure, and  defective  in  the  18th.  And  this i^rmw/a  is  deferv- 
edlypreferable  to  the  Rational  Formulation  the  account  of 
the  great  Divifor  ^aaa  +  b,  or  iaaa—b>  in  the  Rational  For- 
mula, which  is  not  to  be  managed  without  a  great  deal  of 
Labour  5  whereas  the  extraction  of  the  fquare-root  proceeds 
much  more  cafily,  as  manifold  Experience  has  taught  me* 

Of  the  Extraction  of  the  Fifth  Root  of  a  Given  Numbers 

But  the  Rule  for  the  Root  of  a  pure  Surfolid,  or  the 
5th  Power,  is  of  fomething  a  higher  Enquiry,  and  does 
much  more  perfectly  yet,  do  the  bufinefs :  for  it  does  at 
lead  Quintuple  the  given  Figures  in  the  Root;  neither  is 
the  Calculus  very  large  or  operofe.  Tho'  the  Author 
no-where  fhews  his  method  of  Invention,  or  any  Demon- 
itration,  altho'  it  feems  to  be  very  much  wanting  %  efpe- 
cially  fince  all  things  are  not  right  in  the  printed  Book, 
which  may  eaGly  deceive  the  Unflcilful.  Now  the  5^1 
power  of  the  fide  a  +  e  is  compos'd  of  thefe  Members, 
§}  +  5*4'  +  lOflV  +  ioflV  +  sat*  +  o  =  *s  +  b\ 
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from  whence  h  is  =  $a4e  +  ioaV  +  ioa*e*  + 

jewing  e*  becaufe  of  its  fmalinefs.    Whence  —  =  a*e 

+  za3e%  +  »'  +  f*,  and  (adding  on  both  fide*  i«% 
and  then  extracting  the  fquare- roots  of  both  fides,)  we 

r  T  _  

(hall  have  Vi**  +  —  =         +  a*e  +■  2*  V  +  2ae*  + 

=  +  4-  Then  (fubtra&ing  -J <m  from  both 
fides,  and  extracting  the  fquare-roots  of  the  remain- 

ders,)  ia  +  e  will  be  =  y^o4  +  —  ^aa\  to 
which  if        be  added,  then  will  a  +  e  =  |*  -fc 


7^: 


i*4  +  —  —        =  the  6fth  root  of  the  Mum- 
s' 

ber  a5  -f-  3.  But,  if  it  had  a%  —  b  (the  quantity  *  being 
too  great)  the  Rule  would  have  been  thus,  0+*==  -fa  -f- 

V'ia4  J**.    And  this  Rule  approaches  won- 

5fl 


7 

derfujly,  fo  that  there  is  hardly  any  need  of  Reftitution. 

Of  the  Extraction  of  all  other  Roots  of  Given  Numbers 
by  Means  of  fmilar  Rules  to  thofe  above  given  for  the 
Extraction  of  the  Third  and  Fifth  Roots. 

But,  while  I  confidered  thefc  things  with  my  felf,  I 
lit  upon  a  General  Method  for  the  Formula**  of  all 
Powers  whatfoeyer,  and  ( which  being  handfome  and 
concife  enough)  I  thought  I  would  not  conceal  it  from 
the  Publick. 

Thefe  Formula's,  (as  well  the  Rational^  as  the  Irra- 

tUnal  ones)  aic  thus,   

v  aa  -r-  b 
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*fa*  -b  b      Vaq  +  b,  or  a  + 


.    .   /         ~  ah 


no 


And  fo  alfo  of  tjie  other  higher  Powers,  But  if  a  were 
affumed  bigger,  than  the  Root  fought  (which  is  done 

»     -•   ...  .  i 

*  The  general  expreflions  for  thefe  values  of  the  root  of 
any  given  number  are  as  follows.  Let  the  given  number  be 
called  N,  and  (m  being  any  whole  number  whatfoever,)  let 
a  near  value  of  it's  mth  root  that  is  lefs  than  the  truth  be 
called  a.  Then  will  the  «th  root  of  the  given  number  N 
be  very  nearly  equal  either  to  the  rational  expreflion  a  + 

n  *  w  , 

2,  a  X  N  —  am  lL    .  i  _/r- 

.  >    f  or  to  the  irrational  expremon 

m—  il  X  N  +       1]  X  <*m 

*  +  -/|-==r-  +   =-   -  -jasisfliewn 

at  large  in  my  Explanation  of  Monfieur  de  Lagny's  method  of 
extracting  the  Roots  of  Numbers,  publiflied  with  other  Mathe- 
v  matical  Tracts  in  a  large  octavo  volume,  in  the  year  1795, 
pas«  507,  5°*,  &c>  5>6-   F.  M.  ^ 
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with  fomc  advantage,  as  often  as  the  Power  to  be  re- 
folded, is  much  nearer  to  the  Power  of  the  next  greattr 
whole  Number,  than  to  that  of  the  next  Ufs)  in  this  cafe, 
Mutatis  Mutandis,  we  ftiall  hare  the  lame  IJxpreflions  of 
the  Roots,  v/z. 

*f  aa  —  t     V  aa  —     or  a  —  , . 


/ 


6t? — r    *        ^  ' 
^  =     +  ^t't"  -  7j^»  or  «  -  6tf6  _  {'h  • 

r.  V  ab 


•  The  general  expreffions  of  thefe  values  of  the  root  of 
any  given  number  are  as  follows.  Let  the  given  number  be 
called  N,  and  («  being  any  whole  number  whatfoever,)  let 
a  near  value  of  its  wth  root  that  is  greater  than  the  truth 
be  called  a.  Then  will  the  «th  root  of  the  given  number  N 
be  very  nearly  equal  either  to  the  rational  expreffion  a  — 

 2a  *      ~  ^  ,  or  to  the  irrational  expreffion 

m^Tl  X  N  +  iw+il  X  a* 


m  —  1 


m  —  i|»       m  X  m  —  I  X 
fliewn  in  the  (aid  large  oclavo  volume  of  Tracts,  in  pages  53$, 

557,  546,  where  the  fcbjefl  is  very  fully  jtrcatcd,  and 

illuftrated  by  examples.   F.  M. 
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And  within  thefe  two  Terms  the  true  Root  is  ever 
found,  being  fomething  nearer  to  the  Irrational  than  the 
Rational  Expreflion.  But  the  quantity  e  found  by  the 
Irrational  Formula  is  always  too  great,  as  the  quotient 
refulting  from  the  Rational  Formula  is  always  too  little. 
And  confequently,  if  we  have  +  the  Irrational  Formula 
gives  the  Root  fomething  greater  than  it  mould  be,  and 
the  Rational  fomething  lefs.  But  contrary-wife,  if  it 
be  -  *. 

And  thus  much  may  fuffice  to  be  faid  concerning  the 
extraction  of  the  Roots  of  pure  Powers ;  which  notwiths- 
tanding, for  common  Ufes,  may  be  had  much  more 
eafiJy  by  the  help  of  the  Logarithms.   But  when  a  Root 
is  to  be  determin'd  very  accurately,  and  the  Logarithmick 
Tables  will  not  reach  fo  far,  then  we  mud  neceflarily 
have  recourfe  to  thefe,  or  fuch  like  Methods.   Farther  ; 
the  Invention  and  Contemplation  of  thefe  Formulae, 
leading  me  to  a  certain  Univerfal  Rule  for  Adfecled 
Equations,  (which  I  hope  will  be  of  ufe  to  all  the  Stu- 
dents in  Algebra  and  Geometry,)  I  was  willing  here  to  give 
fome  account  of  this  Difcovery,  which  I  will  do  with  all 
the  perfpicuity  I  can.    I  had  given,  in  No.  188  of  the 
Tranfaflionj,  a  very  eafy  and  general  conftrutlion  of  all 
Adfecled  Equations,  not  exceeding  the  Biquadratic^ 
Power ;  from  which  time  I  had  a  very  gTeat  deGre  of 
doing  the  fame  in  Numbers.    But  quickly  after,  Mr. 
Raphfon  feem'd  in  great  meafure  to  have  fatisfy'd  this 
DeGre,  till  Mr.  de  Lagny,  by  what  he  had  perform'd  in  his 
Book,  intimated  that  the  thing  might  be  done  more 

compendioufly  yet.  Now,  my  Method  is  thus. 

> 

Of 
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Of  the  Refolutlon  of  Ajfefted  Equations. 

Let  z,  the  root  of  any  Equation,  be  imagin'd  to  be 
Compos'd  of  the  parts  a  +  or  —     of  which  let  a  be 
aifum'd  as  near  z  as  is  poffible  ;  which  is  notwithstanding 
not  nccejfarji  but  only  commodious.    Then  from  the  Quan- 
tity a  +  e  or  a  —  e>  let  there  be  form'd  all  the  Powers 
of  z,  found  in  the  Equation,  and  let  the  Numerical  Co- 
efficients of  the  faid  Powers  in  the  Terms  of  the  Equa- 
tion be  refpe&ively  affixed  to  them  ;  Then  let  the  Power 
to  be  refolved,  (in  the  new,  or  transformed,  Equation 
arifing  from  this  fubftitution  of  a  -f  e,  or  a  —  e>  inftead 
of  z,  in  the  Terms  of  the  original  Equation,)  be  fubtrac*t- 
cd  from  the  fum  of  the  known  Parts  (in  the  firft  Co- 
lumn of  Terms  in  the  faid  new  Equation,  am  org  ft 
which  the  unknown  Quantity  t  is  not  found)  which 
they  call  the  Homogeneum  Comparat'tonis%  and  let  the  dif- 
ference be  =fc  h.    In  the  next  place,  take  the  fum  of  al! 
the  Co  efficients  of  e  in  the  fecond  Column,  to  which 
put  33  /.   L^ftly,  in  the  third  Column  let  there  bo  put 
down  the  fum  of  all  the  Co-efficients  of  ee>  which  fum 
call  U    Then  will  the  Root  z  (land  thus  in  the  Rational 

formula,  viz*  z  =>  a  +  — ~ — r;  and  thus  in  the  Irra* 

i-  / v    /  is±^j77^rn   . . . 

txonal  Fcrmula,  viz.  z  =  a  j  which 

perhaps  it  may  be  worth  while  to  illuftrate  by  fbme  Ex- 
amples. And  inltead  of  an  bijlrument%  let  this  TabU 
ferve,  which  {hews  the  Genefis  of  the  fevcral  Powers  of 
A±<,  and  if  need  be,  may  eafily  be  continued  farther  ; 
which  for  its  ufe  I  may  rightly  call  A  General  Analytical 
Sfeculum.  The  foremcntioned  Powers  arifing  from  a 
continual  Multiplication  by  a  4-  e  (=  z)  come  out  thus 
with  their  adjoyncd  Co-efficients. 

TABELtA 
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TABELLA  POTEST ATUM, 
or  - 

A  GENERAL  ANALYTICAL  SPECULUM. 

>    |-  ,  *•      ~*  •  V  ■  •    j>         ■.  T  — 

#  r  *  «xu         *  7 

lxi=.la>  +  7/  a6*  +  2  i/«s*+ $        +  35/aV  +  at +7A«*+4r» 

fz*=fa>  +  3fa*c+  lfau+  ft* 

But  now,  if  it  be  *  -  *  =  z,  the  Table  is  compost  of 
the  fame  Members-,  only  the  odd  Powers  of  /,  as  **,  *5, 
are  Negative,  and  the  even  Powers,  as  ex$  r4,  are  Alfir- 
mative.  Alfo  Jet  the  fum  of  the  Co-efficients  of  the  fitfe  r 
be  =  / ;  the  fum  of  the  Co-efficients  of  the  Square  e e  be 
=  /,  the  fum  of  the  Coefficients  of  el  be  =  u  5  of 
z4  =  w  ;  of  e*  =  .r  ;  of  e6  =  v,  &c.  But  now,  fi  nee  e  is 
fuppbs'd  to  be  only  a  fmall  part  of  the  Root  that  is  to  be 
enquir'd,  all  the  Powers  of  e  will  be  much  lefs  than  the* 
correfpondent  Powers  of  a,  and  fo,  for  the  firft  Hypo* 
thefis,  all  the  fuperiour  ones  may  be  rejected  j  and  form- 
ing a  new  Equation,  by  fubftituting  a  ±  e  =  %%  we  (hall 
have  (as  was  faid)  ±  b  —  ±  se  ±  tee.  The  following 
Examples  will  make  this  more  clear. 

Example  I. 

Let  the  Equation  z4  —  3  z*  -f-  75  z  =  ic,ooo,  be 

propos'd.  For  the  firft  Hypothec's,  let  a  =  io,  and  fo 
we  have  this  Equation, 
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*♦  =  +  a4    4<?V  +  6a  V     4ae'  +  e+ 
-dz*=-  da%  idae  -  <fV* 

■ 

+  cz  =  +  «i  «• 

=  +  ioooo  4000*  +  booee  40*'  + 

,   —     3C0  boe  -  3^ 

+.     750  75' 

=  IOOOO 

+    450      4015*  +  $97  fe     40*'  +  e4  =  o 

i  t  u 

The  Signs  4*  and  —  with  refpeft  to  the  Quantities  * 
and      are  left  as  doubtful,  till  it  be  known  whether  # 
be  Negative  or  Affirmative ;  which  thing  creates  fome 
difficulty,  fince  it  fometimes  happens,  (to  wit,  in  Equa- 
tions that  have  feveral  Roots,)   that  the  Homogeneum 
Comparationis  (as  they  term  it)  is  encreafed  by  the  di- 
minution of  the  quantity  0,  and  on  the  contrary,  that, 
when  a  is  encreafed,  the  faid  Homogeneum  is  diminifhed. 
But  the  Sign  of  e  is  determined  from  the  Sign  of  the 
Quantity  b.    For,  taking  away  the  Refolvend  from  the 
Homogeneum  formed  of  a,  the  Sign  of  se  (and  confe- 
quently  of  the  prevailing  Parts  in  the  compofition  of  it) 
will  always  be  contrary  to  the  Sign  of  the  difference  b. 
Whence  'twill  be  plain,  whether  it  mud  be  +  e9  or 
—  e\  and  confequently  whether  a  be  taken  greater  or 
lefs  than  the  True  Root.    Now  the  quantity  e  is  = 


s 


—  V'l  ss  -  bt 


,  when  b  and  /  have  the  fame 

« 

Sign ;  but,  when  the  Signs  are  different,  e  is  =  -  - 

/*»+*'-*'  .  But  after  it  is  found  that  it  will 

be 
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be  -  f,  let  the  Powers  e,  e\  and  e\  &c.  In  the  Affirm- 
ative Members  of  the  Equation  be  made  Negative,  and 
in  the  Negative  be  made  Affirmative ;  that  is,  let  'them 
be  written  with  the  contrary  Signs.  On  the  other  hand, 
if  it  be  -f  e9  let  thofe  foremention'd  Powers  be  made 
Affirmative  in  the  Affirmative,  and  Negative  in  the  Ne- 
gative Members  of  the  Equation. 

Now  we  have  in  this  Example  of  ours,  10,450  inftead 
of  the  Refolvend  io,ooo,  or  b  =  +  450;  whence  it  is 
plain  that  a  is  taken  greater  than  the  Truth,  and  confe- 
quently,  that  'tis  -  e.  Hence  the  Equation  comes  to  be, 
10,450-4015,  +  597,,  -  40^  +  =  IO)QCa  That 
w>  450  -  40i$e  +  S91"  =  o;  and  fo  450  =  4015,  - 

597*,or£=//_/,,.wh0feRootMs=  *'  ~  V*ss  ~~  bt 

t  » 

2/  "  v  £T  "  T  5  that  IS*  in  A«  prefent  cafe, 

,  _  20071—  V3>76i,4o6x 

J^j  9  from  whence  we  have  the 

Root  fought,  9.886,  which  is  near  the  Truth.  But  then, 
fubftituting  this  for  a  fecond  Suppofition,  there  cornea' 
a  +  ,  =  z,  moft  accurately  9-886,260,393,649,5  .... 
fcarce  exceeding  the  Truth  by  2  in  the  Jaft  Figure,  viz. 

when  */^"  +  b'  ~i>    ■  ... 

*nen  -  1S  _      AnJ  ^  ^f  nced  ^ 

may  >>e  yet  much  farther  verified,  by  fubtraSing  (if  it 

be  +.,)  the  quantity  *£±£±t  from  the  Root  be- 

v$ss  +  tb 

fore  found  ;  or  (if  it  be  -  e)  by  adding  to 

that 
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that  Root.  Which  Compendium  is  fo  much  tie  rhofe? 
valuable,  in  that  fometimes  from  the  firft  Suppofition 
alone,  but  always  from  the  fecond,  a  Man  may  continue 
the  Calculus  (keeping  the  fame  Co-efficients)  as  far  as 
he  pleafes.  It  may  be  noted  that  the  fore-mentioned 
Equation  has  alfo  a  Negative  Root,  viz.  z  =  10.26 
which  any  one,  that  has  a  mind,  may  determine  more 
accurately. 

Example  II. 

■ 

Suppofe  z3  —  17 z1  +  54s  =  350,  and  let  a  ==  16. 
Then  according  to  the  prefcript  of  the  Rule, 

* 

*§.  z*  s=  a*  -f-  i<re  +  3***  +  e* 
-  dz*  =r  -  da*  -  2dae  -  de% 
-f  cz  =  ca  +  ce 

bit 
That  is,   4  1000  +  300*  +  30^  +  i* 
—  1700  —  340*  —  17** 
+  540    +  S4< 

=  35° 

Or,  —  510  +  14 r  +  i$ee  +  e1  =  o.  Now,  once  we" 
have  —  510,  it  is  plain  j  that  a  is  a  {fumed  lefs  than  the 
Truth,  and  consequently  that  e  is  Affirmative.  And 
from  the  Equation  510  =  14  e  -K13*1  comes  e  ±= 

Vttt  -+-  j  a  —  l s  _  V6679  -  7       81.7  -7  _  74'7  j 

r=  5.7.  Whencesfono  +  r,)  is(=  10-H5.7)  =  i5'7««-» 
which  is  too  much,  becaufe  of  a  taken  wide.  Therefore, 

Secondly,  let  a  =  15,  and  by  the  like  way  of  Rcafoning, 

wo 
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/  28  ' 

and  confeqtiehtly  2  =  14.954,068.  If  the  Operation 
were  to  be  repeated  the  third  time,  the  Root  will  be 
found  conformable  to  the  Truth  as  far  as  the  25  th 
Figure ;  but  he  that  is  contented  with  fewer,  by  writing 
tb  -±i  te1  inftead  of  /£,  or  fubtra&ing  or  adding 

T         to  the  Root  before  found,  will  prefentfy 

obtain  his  end: 

V  - 

Note,  the  Equation  propofed  is  riot  explicable  by  arty 
other  Root,  becaufe  the  Refohend  350  is  greater  than  the 

Cube  of         or  —  .  k& 

3      3  \  Zr~ 


Example  til. 


Let  us  take  the  Equation  z4  —  80  z*  +  1998  1*  -u 
'4937  z  +  SOoO  =  o,  which  Dr.  Wallis  ufes,  in  Cap.  62 
of  his  Algebra,  in  the  Refolution  of  a  very  difficult 
Arithmetical  Problem,  where  by  JWs  Method  he  has 
obtain'd  the  root  moft  accurately  and  Mr.  Raphfon 
brings  it  alfo  as  an  Example  of  his  Method,  in  Pages  25, 
%6.  Now  this  Equation  is  of  the  form  which  may  have 
feveral  Affirmative  Roots,  and  (which  increafes  the 
difficulty  of  refolving  it)  the  Co-efficients  are  very  great  in 
refpeft  of  the  Refohend  given.  .  /: 

*     i- ' 

But,  that  it  may  be  the  eaGet  managed,  let  it  be  di- 
vided, and,  according  to  the  known  Rules  of  Pointing, 

C  kt 
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let  —  z4  +  8  z3  —  20  z*  -f  15  z,  sr  0,5  (where  the 
quantity  a:  is of  z  in  the  Equation  propofed)  and  for 
the  firft  Suppofition,  let  a  =  1.  Then  will  +  2  —  5*  — 
2/*  +  4  *s  — •  ^  — •  o>t5  be  =  05  that  is,  1^  will  be  =  5* 
+  2ee.    Here  therefore  b  is  =  i  t  or  1.5,  and  /  is  =  5, 

and  /  is  =  2 ;  and  consequently  \  jt  is  =  —  ,  and  bt 

»  4 

-j     .  .. 

is  (=  1.5  X  2  =  3.0)  =  -i. ,  and  i  j/  +  is  = 
i^L  +  ii  =s  JL,  and  v'i"  +  bt  it  =  and 
✓  4,7+7*-4.  is  =  47~  -L.  =  ^2jZi  ,  and 

4  2  2  2  2 

+  0*  is  =  — - —  =?=   ;  and 


hence  ,  (  =   V*» +»'-*'  )  is  =  y 

/  6.08— <  I.08  v  .  r 

(=   =  — )  =  0.27,  and  fo  a  +  e%  or  z,  is 

4  4 

=  I  +  0.27,  or  1.27;  whence  'tis  manifeft  that  (10  X 
1.27,  or)  12.7  is  near  the  true  Root  of  the  Equation 
propofed.  Now,  Secondly,  let  us  fuppofc  z  =  12.7, 
and  then,  according  to  the  directions  of  the  Table  of 
Powers,  there  arifes 


b  .'/..,  #  u 

—  26,014.4641  —  8*193.532*  967.74**  —  50.8**  — *#* 
+  163,870.640  +  38,709.6c*  +  3048  e*  +  80  ** 

—  322>257«42    —  5°>749-2  e  —  x998  «* 
+  189,699.9      +  14,937.  e 

That 
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That  is,  +  298.6559  —  5296.132*  +  81.26**  + 
29.2  *3  —  *4  =  05  And  fo  —  298.6559  =s 
—  5296.132*  «+•  82.26**,  whofe  Root  t  (being,  ac- 


cording  to  the  Rule,  =   ^  )  comes  to 

ad48.o66-v/M87,686.,06>O2a=  .^^^^ 

=  * ;  which  is  lefs  than  the  Truth.  But,  that  it  may  be 
corrected,  'tis  to  be  conGder'd  that  *  -  ,  or 

.002)620,1  .....  .       ^    ^-   -  1         r  1 

 ■ —  is  .000,000,90,  and  conlequently  e  cor- 

^43.423  

reeled  is  =  0.056,441,794,48.  And,  if  you  defire  yet 
more  Figures  of  the  Root,  from  the  *  corrected  let  there 
be  made  tue1  —  tt+  =  0.431,056,024,23...,  and 

*  i  -  -  ,  or  (which  is  all  one,) 

2648.066—  ^6,987,68 5.674,965,07 5,77  .  .  .  . 

.056,441,794,480,744,02  =  *;  whence  a  ef  =  x 
the  Root,  is  mod  accurately  12.756,441,794,480,744,02... 
as  Dr.  Wallis  found  in  the  fore-mentioned  Place;  where 
it  may  be  obferv'd,  that  the  repetition  of  the  Calculus 
does  ever  triple  the  true  Figures  in  the  aflumed  <z, 

which  the  firft  correction,  or  T  ve*  ~  *** •  does  quin- 

it 

tuple  ;  which  is  alfo  commodioufly  done  by  the  Loga- 
rithms. But  the  other  Correction,  after  the  firft,  does 
alfo  double  the  number  of  Figures,  fo  that  it  renders 
the  ajfumed  altogether  Seven-fold;  yet  the  firft  Cor- 
rection is  abundantly  fufficient  for  Arithmetical  ufes, 
for  the  mud  part. 

C  2  But, 


(    »  ) 

But,  as  to  what  is  faid  concerning  the  number  of 
Figures  rightly  taken  in  the  Root,  I  would  have  it  under* 
flood  fo  that,  when  a  is  but  T'7  part  diftant  from  the 
true  Root,  then  the  firft  Figure  is  rightly  aflumed ; 
if  it  be  within  part,  then  the  two  firft  Figures  are 
rightly  aflumed  ;  and,  if  within  part,  then  the  three 
firft  are  fo  j  which  confequently,  managed  according  to 
our  Rule,  do  prefently  become  nine  Figures* 

It  remains  now  that  I  add  fomething  concerning  our 

Rational  Formula^  viz.  e  =  — ^— 7 ,  which  feems  ex- 

ss  :fc  tbJ 

peditious  enough,  and  is  not  much  inferiour  to  the  former, 
fmce  it  will  triple  the  given  Number  of  Figures.  Now, 
when  we  ftiall  have  formed  an  Equation  from  a  ±  e  =  2, 
as  before,  it  will  prefently  appear,  whether  a  be  taken 
greater  or  lefs  than  the  Truth ;  fince  s  e  ought  always 
to  have  a  Sign  contrary  to  the  Sign  of  the  difference  of 
the  Refolvend  and  its  Homogeneum  Comparationir,  produced 
from  a.  Then,  fuppofing  +  +  a  —  tee  =  ot 
the  Divifor  is     —  t    as  often  as  /  and  b  have  the  fame 

- 

Signs-,  but  it  is  //  ■+*  i>t,  when  they  have  different 
ones.    But  it  feems  moft  commodious  for  Pradice  to 

write  the  Theorem  thus,  e  =x   ~JJ  »  ^ncc«  m 

s 

way  the  thing  is  done  by  one  Multiplication  and  two 
Divifions,  which  other  wife  would  require  three  Multi- 
plications and  one  Divifion. 

Let  us  take  now  one  Example  of  this  Method,  from 
the  Root  (of  the  fore-mention'd  Equation)  12.7  ....  f 
where 

298.6559 
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298.6559  —  529<5-132'  +  82.26 ee  +  29.2^ 
+  b         —  /  +  /  +  « 

b 

—  t*  is  =  #,  and  10   7-  is  =  / ;  that  is,  let  us 

# 

make  the  following  Proportion,  to  wit,  as  /  is  to  /,  fo 

.    ,         /  b 

is  b  to  — ,  or  as  5296.132  is  to  82.26,  fo  is  298  65  59  to 

s 

—  •,  which  will  therefore  be  ( =  *2'2,6  *  298-6SS9  } 
'  5-9613* 

=  4-638,75 ;  and  confequently  the  Divifor  /  ^ 

will  be  (=  5296.132  —  4*63^75)  =  S29I-493>25>  and 

i-y-  will  be  (  =    298'6559     )   =  0.056,441 
tb  '      5291.493,25  '  3  w  1 


i  — 

1 


that  is,  e  will  be  =  0.056,441,  in  which  all  the  Figures 
are  true.  And  confequently  z,  or  a  +  e,  or  the  Root 
of  the  propofed  Equation  z*  —  80  z3  1998  s2  — 
1 4*937  a  +  5°o°  =  o,  will  be  (=  12.7  +  0.056,441) 
=  12.756,441  5  of  which  all  the  eight  Figures  are  true. 

s  b  h 

But  this  Rational  Formula  e  =   r,  or  

ss±ty  tb  * 

s  ±   

I 

cannot  be  corrected,  as  the  foregoing  Irrational  one  was; 
and  fo,  if  more  Figures  of  the  Root  are  defired,  'tis  the 
bed  to  make  a  new  Suppefition,  and  repeat  the  Calculus 
again :  And  then  a  new  Quotient,  tripling  the  known 
Figures  of  the  Root,  will  abundantly  fatisfie  even  the 
moft  fcrupulous. 
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DR.  EDMUND  HALLEY'S  TRACT  ON  THE 
RESOLUTION  OF  ALGEBRaICK  EQUA- 
TIONS OF  ALL  DEGREES  BY 
APPROXIMATION. 
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An  Appendix  to  the  foregoing  Trafi  of  Dr. 
Edmund  Halley,  intitled,  "  A  New, 
Exa&,  and  Eafy%  Method  of  finding  the 
Roots  of  Equations  Generally and  that  with* 
out  any  previous  Redu&ion." 


,:<;,  i\  l-  ■  !r-vi  •  "1 

Bv  FRANCIS  MASERES,  Esq. 

CURSITOH  BARON  OF  THE  COURT  OF  EXCHEQUER  IN  ENGLAND* 

I        '  .  .  .,.     .       •       i  • «         ■  »!•'*-,"  .1*  '"• 

:  ■  \ 

ufr//*-/p  I.  £)R.  HALLEY  confidered  his  method  of 

rcfolving  afie&ed  equations  by  ap- 
proximation (which  is  defcribed  in  the  foregoing  tracl,) 
as  an  improvement  upon  that  which  had  been  given  by 
Mr.  Jofeph  Raphfon  in  his  valuable  treatife,  intitlcd, 
Atialyfis  JEqtmthmtm  Urtiverfaiisy  which  had  been  pub- 
lifhed  in  the  year  1690  ;  becaufe  the  new  figures  in  the 
value  of  the  root  fought  that  are  difcovercd  by  every 
procefs  of  his  approximation,  were  twice  as  many  as  the 
new  figures  in  the  faid  value  difcovcred  by  the  corrc- 
fponding  procefs  of  Mr.  Raphfon's  approximation.  But 
this  circumftance  of  quicker  difpatch,  or  rather  of  the 
appearance  of  it,  (fince  the  reality  of  it  depends  upon  the 
facility  and  number  of  the  operations  to  be  performed  in 

each 
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each  procefs  of  the  approximation  as  well  as  on  the 
number  of  the  faid  procefles,)  is  not  the  only  thing  to 
be  taken' into  confidetatlon  ii*  Order  lo  determine  which 
of  the  two  methods  i6  themoft  convenient :  but  the  fim- 
piicity  and  perfpicuity  of  the  reafonings  employed  in 
tlNirh-,— and  the  greater  or  4efe  danger  of  falling  Into 
mistakes,  or  difficulties*  arifmg  from  having  more  Alge- 
braick  quantities  to  arrange  and  manage  in  Dr.  Halley's 
method  than  in  Mr.  Ra^hfon's and  rbmetimes  having 
two  roots,  or,  in  the  language  of  modern  Algebraifls, 
two  real  and  affirmative  roots,  to  examine  and  reafon 
upon  in  the  procefles  o£  the  former  methody  and  never 
more  than  one  fucli  root  in  thofe  of  the  latter     are,  all 
of  therrf,?citttimftarices  of  gTeat  htipfcrtance  in  forming  a 
judgement  on  this  queftion.    And  Mr.  Raphfon  always 
continued  to  prefer  "hislbxvn^metnoJ'  of  approximation, 
(which  proceeded  by  the  repeated  refolutions  of  mere 
fimp'le  e^wations,}'  to  tha"t  of  Dr.  HaHey^  (which  pro- 
cceded<-by  the  refolution  of  quadratick  equations,)  after 
the  publication  of  tne  foregoing  trad  of  E)rl  H alley  a* 
wdll'as  befoTe  it.  For  he  informs  ufrhi  the1  fecond  edition 
of  his  Andlyfts  JEquat'tonum  Uttiverfalis^  (which  was  pub- 
limed  nvthe  year  1607)  that  he  himfelf  had  had,  at  the 
time  of  preparing  that  treatife  for  it's  firft  publication  in 
the  year  1690,  the  very  fame  thought  as  Dr.  Halley,  of 
retaining  the  terms  of  the  fecond,  or  transformed,  equa- 
rion  that  involve  the  fqaare  of  the  unknown  root  of  the 
feid  equation  as  well  as  the  terms  that  involve  the  Ample 
power  of  the  faid  root,  and  fo  refolving  a  quadratick 
equation  inftead  of  a  Ample  one;  but  that,  after  full 
conGderation  of  the  matter,  he  had  rejected  that  method 

of 
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«f  proceeding  as  liable  to  more  perplexity  than  the  other, 
and  had  refolved  to  proceed  only  by  the  refolution  of  fimple 
equations.  And  Sir  Ifaac  Newton,  in  his  method  of 
refolving  equations  by  approximation,  (which  differs  a 
little  from  Mr.  Raphfon's,)  proceeds  only  by  the  refo- 
lution of  fimple  equations,  except  in  a  few  particular 
cafes,  in  which  it  may  foraetimes  be  convenient  to  pn*» 
ceed  by  the  refolution  of  a  quadratick  equation,  as,  for 
example,  in  performing  the  firft  pTocefs  of  approximation 
to  the  true  value  of  when  the  firft  near  value  of  it, 
obtained  :by  conjecture,  or  other  wife,  and  which  is  taken 
for  the  bafis  of  the  approximation,  is  not  fufficiently  near 
the  truth.  And,  as  far  as  my  experience  in  thefe  calcu- 
lations has  enabled  me  to  form  a  judgement  on  the  fub- 
jecl,  I  am  inclined  to  join  with  Mr.  Raphfon  in  preferring 
bis  method  of  proceeding  by  the  refolution"  of  only  fimple 
equations,  to  this  of  Dr.  Halley  by  the  refolution  of  qua- 
draticks.  But*  that  the  reader  may  be  the  better  able  to 
form  a  judgement  for  himfelf  upon  this  fubje£t,  I  (hall 
now  proceed  to  give  a  (hort  view  of  thefe  two  different 
methods  of  approximating  to  the  values  of  the  roots  of 
equations,  and  to  point  out,  firft,  the  circumftances  in 
which  they  agree,  and  fecondly,  thofe  in  which  they 
differ ;  and  afterwards  I  (hall  proceed  to  con  fid  er  the 
three  equations  ar4  —  3  x*  +  75  x  =  10,000,  and 
x*  —  17  *a  +  54*  =  350,  and  14,937*  —  1998  ** 

=  5000,  (which  Dr.  Halley  has  chofen 
in  the  foregoing  tra£t  for  the  examples  of  his  method  of 
approximation,)  and  {hall  refolve  them,  firft,  by  Dr. 
Halle^s,  and  afterwards  by  Mr.  Raphfon's  method  of 
approximation. 

An.  a. 
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Art.  2.  In  both  thcfc  methods  of  rcfolving  equation! 
by  approximation  we  muft  begin  by  finding  by  conjecture, 
or  other  wife,  in  the  bed  manner  we  can,  a  fir  ft  near  value 
of  x9  or  the  root  fought,  which  firft  near  value  Dr.  Halley 
denotes  by  the  letter  a*  We  muft  then  fubftitute  fuch 
near  value  inftead  of  x  in  the  compound  quantity  which 
forms  the  left-hand  fide  of  the  propofed  equation,  and 
which  contains  all  the  terms  that  involve  the  unknown 
quantity  x.  Thus,  if  the  propofed  equation  is  the  cu- 
bicle equation  x*  +  p  x*  ■+•  q  x  =  r,  and  a  is  found, 
by  conjecture  or  otherwife,  to  be  nearly  equal  to  x9  we 
mult  fubftitute  a  inftead  of  x.  in  the  compound  quantity 
x1  +  p  xl  +  qx9  which  will  thereby  be  converted  into 
the  compound  quantity  a3  -f-  pa3,  qa9  which  con- 
fifts  intirely  of  known  terms.  We  muft  then  compare 
this  known  quantity  a*  +  paz  «+■  qa9  refulting  from 
this  fubftitution,  with  r,  the  abfolute  term,  or  known 
quantity,  of  the  propofed  equation  x3  -4-  p  x1  -f-  q  x 
?=  r :  and,  if  the  faid  relult  is  lefs  thannhc  faid  abfolute 
term,  we  may  conclude  that  the  faid  near  value,  a9  of 
the  root  .r  of  the  fair!  equation  is  lefs  than  it's  true  value; 
and,  if  the  fal  !  u-.iv\:  k  greater  than  the  faid  abfolute 
term,  we  may  concliul;  ihac  the  faid  near  value  is  greater 
than  the  true  value  of  .v.  It  muft,  however,  be  ohferved 
that  this  conclusion  will  not  always  be  juft,  becaufe  in 
fome  equations  that  have  more  than  one  root,  or  in  the 
language  of  modern  Algcbraifts,  more  than  one  real  and 
affirmative  root,  it  fometimes  happens  that,  while  the 
unknown  quantity  .r  increafes,  the  compound  quantity 
that  forms  the  left-hand  fide  of  the  propofed  equation 
will  decreafe.   Thus,  if  the  propofed  equation  had  been 
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**  — -  px*  +  qx  =  r,  inftead  of  x*  +  px*  + 
=  r,  and  the  magnitudes  of  the  two  co-efficients  p  and 
q  and  the  abfolute  term  r  had  been  fuch  that  the  equation 
admitted  of  three  real  and  affirmative  roots,  and  a  had 
been  a  near  value  of  the  middlemoft  of  the  faid  three 
roots,  the  compound  quantity  x*  —  p  x*  qx  would 
have  been  greater  than  the  abfolute  term  r,  if  a  was  lefs 
than  the  true  value  of  the  middle  root  of  the  equation  \ 
and,  if  a  was  greater  than  the  faid  true  value,  the  faid 
compound  quantity  would  have  been  lefs  than  r.  But 
thefe  cafes  happen  but  rarely :  and,  when  they  do  happen, 
we  muft  make  ufe  of  fome  further  reafonings  concerning 
the  roots  of  the  equation  and  the  limits  of  their  magni- 
tudes, in  order  to  determine  whether  a ,  or  the  near  value 
of  x  which  we  have  chofen  for  the  bafis  of  our  approxi- 
mation, is  greater,  or  lefs,  than  it's  true  value. 

Art.  3.  When  it  is  determined  in  the  foregoing  man- 
ner, or  by  fome  further  reafonings  fuited  to  the  nature 
of  the  inquiry,  that  a  is  lefs  than  the  true  value  of  x>  or 
the  root  fought,  we  mull  then  begin  our  further  approxi- 
mation to  it's  true  value  by  fuppofing  the  unknown  excefs 
of  x  above  0,  it's  firft  near  value,  to  be  denoted  by  fome 
other  letter  of  the  alphabet  and  to  be  added  to  a. 
Dr.  Halley  on  this  occafion  makes  ufe  of  the  letter  t : 
and  we  will  therefore  employ  the  fame  letter.  And 
then  we  (hall  have  *  +  *  =  We  muft  next  fubfti- 
tute  this  binomial  quantity  a  +  e  inftead  of  x  in  the 
propofed  equation.  And,  if  this  equation  be  the  cubicle 
equation  which  was  juft  now  taken  as  an  example  of 
thefe  methods  of  approximation,  to  wit,  the  equation 
a*  +  px*  -f*  q  x  =  r,  we  (hall,  by  means  of  this 

fubftitution, 
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fubftitution,  convert,  or  transform,  the  faid  equation  into 
the  following  equation,  to  wit,  a  +~*)3  +  p  X 
4-  q  X  a  +  e  =  r,  or  a5  +  3a1  *  +  3*<r*  +  <z  + 
X  *tf  4-  2ae  +  ee  +  q  X  a  +  e  =z  r,  ov 

{a*  •+■  3  fll  '  +  3  a  el  +  e>  -\ 
4-  />a*  +  2pae  +     pe*  >  «  r, 

+  $a  +  J 

in  which  the  unknown  quantity  that  remains  to  be  difco- 
vered  is  ey  or  the  difference  between  x  and  tf,  inftead  of 
the  original  unknown  quantity  x  itfelf.  Now  this  quan- 
tity e  is  lefs  than  a  +  e ,  or  .r,  and  ufually  much  lefs  than 
it,  namely,  only  a  tenth  part  of  it,  or  fome  lefs  part. 
And  confequently,  as  a  is  nearly  equal  to  xy  e  will  be  alfo 
much  lefs  than  ay  and,  h  fortiori,  lefs  than  3  and,  ftill 
more,  lefs  than  3  a  +  p.    Therefore  e*  (which  is  equal 

to  e  X  e7)  will  be  much  lefs  than  30  +  p\  X  e\  or  than 

2ae1  /  and,  h  fortiori,  lefs  than  3  a*  +  2pa  -h  q) 
X  *,  or  than  301*  +  2pae  +  qe.  And  confequently, 
if  e*  be  taken  away  from  the  left-hand  fide  of  the  equa- 
tion, the  remaining  terms  of  the  faid  left-hand  fide  of 
the  equation,  to  wit,  the  terms 


a}  +  3  a1  e  -f  2ae% 
+  pax  +  7.pac  +  pex 
+  (fa  +  qe 


will  ftill  be  very  nearly  equal  to  the  abfolute  term  r  of 
the  firft  equation.  But  this  curtailed  equation  is  only  a 
quadratick  equation,  and  may  therefore  be  refolved  by 

the 
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the  known  methods  of  refolving  fuch  equations  ;  which 
methods  arc  eafy  and  accurate.    Therefore  Dr.  Hallcy 

advifes  that,  in  order  to  determine  the  value  of  e,  or  the 
difference  between  a  and  x$  we  fhould  reject  only  the 
little  quantity  e\  or  the  cube  of  from  the  foregoing 
transformed  equation,  and  fhould  refolve  the  remaining 
quadratick  equation  by  the  common  method  of  refolving 
fucli  equations.  And  for  this  purpofe  he  directs  us  to 
put  s  for  the  compound  quantity  3  <r  -f  1  p  a  -f-  q% 
which  is  the  co-efficient  of  the  unknown  quantity  e  in 
the  faid  quadratick  equation,  and  /  for  the  compound 
quantity  3  a  -f  />,  which  is  the  co-efheient  of  e  s>  or  of 
the  fquare  of  the  unknown  quantity  v  in  the  fame  equa- 
tion ;  after  which  abbreviations  of  the  notation,  the 
equation  will  be  as  follows,  to  wit,  a>  4-  p  u%  ■+■  q  a  + 
/  e  +  /  e2  =  r.  Therefore,  (fubtracling  a3  p  ax 
4-  q  a  from  both  fides,)  we  ftiall  have  se  4-  /r1  =  r 
—  a1  —  paz  —  qa,  and  (dividing  both  fides  by  /,) 

_                se           ,          r  —  «3  —  a      —  y  a 
we  {hall  have    4-  e~  =  ,  or 

se  b 
(putting  h  for  r  —  a3  —  pa"  —  qa)  —  +  er  =  — . 

rn,       r         ,          s  e            s  s       .    .               3            J  / 
lherefore      ■+■  —   -f  — -  will  be  (  =  —  +  

=  J77  +  —  >  =  -777-  '  and  '  +  — 
wiU  be  =  and  t  win  bc  =  ^L+Zzi  . 

2  t  Tit 

4 

»  > 

O^.  E.  I. 

'  4 

Therefore 


(  p  •) 

Therefore  a  +  -*'b<  +, "  ~-  will  be  a  near  value 

of  a  +  e,  or  or  a  fecond  near  value  of  x,  which  will 
approach  much  nearer  to  it's  true  value  than  a,  it's  firft 
near  value,  did.  And,  in  general,  it  will  be  found  that 
the  number  of  decimal  figures  in  this  fecond  near  value 
of  x  that  are  exaa,  or  agree  with  the  figures  of  it  s  true 
value,  is  nearly  three  times  the  number  of  the  figuret 
that  are  exacl  in  a,  or  it's  firft  near  value :  or,  to  exprefj 
this  matter  more  precifely,  it  will  be  found  that,  if  a%  the 
firft  near  value  of  x,  agrees  with  it's  true  value  in  three, 
or  four,  or  five  figures,  or,  in  general,  in  n  figures,  the 

fecond  near  value  of  x,  to  wit,  a  +   —  » 

will,  accordingly,  agree  with  the  faid  true  value  in  3  X 
3  —  1,  or  9  —  *j  or  8>  figures,  or  in  4  X  3  —  h 
or  12  —  I,  or  1 1,  figures,  or  in  5  X  3  —  i»  or  15  —  i» 
or  14,  figures,  or,  in  general,  in  3»  —  1  figures,  and  in 
the  moft  unfavourable  cafes  in  3//  2  figures.  This  is 
certainly  a  great  degree  of  exadnefs  to  be  attained  by  a 
fingle  procefs  of  approximation  from  a,  the  firft  near 
value  of  x,  (obtained  by  conjecture,  or  othcrwife,)  to- 
wards it's  true  value  ;  and  it  conftitutes  the  great  merit 
of  this  method  of  approximation  by  refolving  a  quadra- 
tick  equation,  which  Dr.  Halley  has  recommended. 


Art.  4.  But  Mr.  Raphfon  ha*  thought  proper  to  rejeft 
this  method  of  approximation,  notwithftanding  this  ad- 
vantage, and  to  carry  on  his  approximation,  from  a>  the 
firft  near  value  of  it,  towards  a  -f     or  it's  true  value, 
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oy  tcfolf  ing  only  a  fimple  equation.  His  method  of  ptoV 
Seeding  is  as  follows.  When  he  has  fubftituted  a  +  e 
inftead  of  x  in  the  propofed  equation  rfs  +  p  x*  +  q  # 
=  r,  and  thereby  transformed  the  faid  equation  into  the 
equation 

{a*  -f  30^  +  2*e*  +  **  V 
4-  paz  +  2pae  +     pez  V  =  r, 

he  reje&s  the  two  terms  3  aex  and  pe\  which  involve 
the  fquare  of  the  unknown  quantity  e9  as  well  as  the 
term  or  the  cube  of  the  faid  Unknown  quantity,  bd- 
caufe  they  are,  all  of  them,  much  fmaller  than  the  term's 
$a2e  +  2pae  +  q  e,  which  involve  the  fimple  power 
of  e  \  and  he  thereby  reduces  the  faid  transformed  equa- 
tion from  a  cubicle  equation  to  a  mere  fimple  equation, 
to  wit,  the  equation 

■ 

a*  -f-  3  ar e 
+   qa  qt 

or  a1  +  />  a*  +  7  «  +  3  a*  +  2  />  d  +  X  ;  =  rj 
tlie  refolution  of  which  is  A  ill  more  fimple  and  eafy  than 
that  of  a  quadratick  equation.  For  we  need  only  fub- 
<33  +  pa2  +  q  a  from  both  fides  of  the  equation, 


by  which  it  becomes  3  a1  +  2^fl  +  y|  X  f  =  r  - *•  a* 
p  a1  —  £  <7 ;  or,  if  (agreeably  to  Dr.  Halley'g  nota- 
tion,) we  put  /  for  the  compound  quantity  $a%  +  2pa 
+  q  (which  is  the  co-elHcient  of  e>)  and  b  for  the  ab- 

D  folut* 
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folute  term  r  —  a*     par  — -  qaf  it  wiU'become'j*  = 

and  confequently  *  will  be  =   .  Q.  E.  1. 

1 

,    .  *       •        .     .  . 

Therefore  a  +  —  will  be  a  near  value  of  a  + 

or  a  fecond  near  value  of  at,  which  wi|l  approach  much 
nearer  to  it's  true  value  than  a  it's  firft  near  value 
did,  but  not  fo  near  as  the  former  expreffion  a  + 

y*bt  +  iJ  i  ,  which  was  obtained,  in  the  foregoing 

method  recommended  by  Dr.  Halley,  by  refoiving  a  qua- 
dratick  equation.    For  the  number  of  figures  in  this 

fecond  near  value,  a  +  — ,  of  the  unknown  quantity 

• 

x,  that  are  exact,  or  agTee  with  the  figures  of  itrs  true 
value,  will  be  not  nearly  triple,  but  only  nearly  double, 
of  the  number  of  figures  that  are  exact  in  0,  or  it's  firft 
near  value  ;  oj,  to  exprefs  this  degree  of  approximation 
more  precifcly^  if  the  number  of  figures  that  are  exact 
in  a,  or  the  firft  near  value  of  *,  is  three,  or  four,  or 
five,  or,  in  general,  »,  figures,  the  number  of  figures 

b 

that  will  be  exact  in  a  +  — ,  or  the  fecond  near  value 

*of  *,  will,  accordingly,  be  3  X  2  —  1,  or  6  —  1,  or 
5  figures*  or  4  X  2  —  1,  or  8  —  1,  or  7,  figures,  or 
5X2  —  1,  or  10 —  1,  or  9,  figures,  or,  in  general, 

-aw  —'I  figures,  and  in  the  mod  unfavourable  cafes 
will  be  2  4  -—2  figures.  This  is  a  very  confiderable 
degree  of  exactnefs  to  be  attained  by  a  fingle  procefs  of 

*-    ^.  '*  approximation 
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approximation  performed  by  the  refolution  of  a  mere 
fimple  equation,  though  it  is  not  fo  great  as  the  degree 
of  exa&nefs  attained  by  means  of  the  former  expreffion 

a  +    ^4*'         ~~  J„  ^  which  is  derived  from  the 

■ 

more  difficult  operation  of  refolving  a  quadratick  equa- 
tion. 

Art.  5.  And,  if  the  approximation  to  the  value  of  x 

by  Mr.  Raphfon's  method  be  carried  one  ftep  further, 

_     .  b 
by  putting  c  for  the  quantity  a  +  —  ,  or  the  fecond 

i 

near  value  of  x,  and  /  for  the  unknown  difference  be- 
tween c  and  x,  and  fubftituting  c  —  f  (which  will  be 
equal  to  *,)  inftead  of  x  in  the  propofed  equation  x*  + 
p  x%  +  qx  =  r,  and  refolving  the  transformed  equation, 
arifing  from  fuch  fubftitution,  as  if  it  were  a  mere  fimple 
equation,  or  expunging  from  it  the  term  /3,  and  alfo 
the  two  terms  that  will  involve  the  fquare  of  f9  the  value 
of  the  refidual  quantity  c  —  /  that  will  be  thereby  ob- 
tained, or  the  3d  near  value  of  x,  will  agree  with  it's 
true  value  in  nearly  twice  as  many  figures  as  were  exadfc 

b 

in  the  2nd  near  value  r,  or  a  «+■  -j—  ;  or,  if  we  put  m 

for  the  number  of  figures  that  were  exa£r  in  that  fecond 
near  value,  (which  was  2  n  —  1,)  the  number  of  figures 
that  will  be  cxac~l  in  the  value  of  c  —  /,  or  the  3d  near 

value  6f  x'f  will  be  2  m  —  1,  (or  2  X  2tt  —  1]  —  r, 
^or  4/1      2  —  1,)  or  4/1  — *  3,  which,  if  n  is  any  num- 

D  2  ber 
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ber  greater  than  a,  will  be  greater  than  3  ft  —  1,  or  the 
number  of  figures  that  are  exalt  in  the  expreffion  a  -+* 


s/^bt  +  ss  —  s   ^  ^c  fecond  near  value  of  *  obtained 
2/ 

by  Dr.  H alley's  method  of  proceeding.  So  that,  when  n% 
or  the  number  of  figures  in  af  or  the  firft  near  value 
of  x,  that  are  exact,  or  agree  with  the  figures  of  it's 
true  value,  is  greater  than  2,  the  degree  of  exa&nef* 
that  will  be  attained  by  two  fteps,  or  procefles,  of  Mr* 
Raphfon's  method  of  approximation  will  be  greater  than 
that  which  is  attained  by  one  Hep,  or  procefs,  of  Dr. 
Halley's  method. 


Art.  6.  Having  now  defcribed  thefe  two  methods  of 
refolving  high  equations  by  approximation  which  are  re- 
commended by  thefe  two  celebrated  mathematicians,  and 
having  (hewn  how  far  they  co-incide  with  each  other, 
and  in  what  circumftances  they  differ,  I  (hall  now  pro- 
ceed to  illuftrate  the  fubjeel  further  in  a  practical  way, 
by  refolving  the  three  equations  which  Dr.  Halley  has 
chofen  in  the  foregoing  Tract  as  examples  of  his  method 
of  refolution,  to  wit,  the  cubicle  equation  x*  — >  1 7  x* 
+  54*  =  350,  and  the  two  biquadratick  equations 
x*  —  3.V1  +  75*  =  ro,oco  and  14,937* —  1998** 
«+■  80  x1  —  a*  ~  5000,  by  both  thefe  methods,  be- 
ginning, in  each  of  thefe  examples,  with  the  method  of 
Dr.  Halley.  And,  to  the  end  that  the  reader  may  be 
the  better  able  to  compare  the  two  methods  with  each 
other,  and  form  a  judgement  of  the  feveral  advantages 
•r  inconveniencies  that  belong  to  each  of  them,  I  (hall, 

in 
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,  in  refolving  each  of  thefc  equations  by  both  methods, 
begin  the  approximations  to  the  fecond  near  values  of 
them  (which  have  been  above  denoted  by  a  +  *,)  from  the 
fame  firft  near  value  a,  and  (hall  carry  the  approxima- 
tions by  both  methods  to  nearly  the  fame  degree  of  ex- 
aelnefs :  and  I  (hall  alfo  fet  forth  the  grounds  and  reafons 
of  the  conjectures  which  I  (hall  make  concerning  the 
faid  firft  near  values  denoted  by  a ;  which  has  not  been 
done  by  Dr.  Halley  in  the  foregoing  Tra£ :  and  I  (hall 
fometimes  make  choice  of  a  different  firft  near  value  a 
from  that  which  Dr.  Halley  has  adopted,  if  I  (ball  find 
that  I  am  able  to  obtain  one  that  will  be  nearer  to  the 
truth  than  that  which  he  has  chofen,  and  to  fupport  the 
conjecture  to  which  I  give  the  preference  by  good  and 
obvious  reafons. 


 .  -   ■ 

EXAMPLES  OF  THE  RESOLUTIONS  OF  HIGH  EQUA- 
TIONS BY  BOTH  DR.  HALLEY'S  AND  MR.  RAPH- 
SON'S  METHODS  OF  A  PPROXIMATION. 


EXAMPLE  I.— A  CUBICK  EQUATION. 

jfrt.  7.  Let  it  be  required  to  refolve  the  cubick  equation 
**  —  ijxx  +  54*  =  350  by  Dr.  Halley's  method 
•f  approximation, 

D  3  We 

- 

\ 
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We  muft  firft  endeavour  to  find  a  tolerably  near  value 
cf  which  (hall  he  true  to  at  lead  one  place  of  figures, 
by  a  conjecture  grounded  on  the  obvious  properties  of 
this  equation.  Now  fuch  a  near  value  may  be  found  in 
the  manner  following. 

In  this  equation  x*  —  17  .rx  +  54*  =  350  let  usf 
firft,  fuppofe  x*  to  be  equal  to  17  xxy  and  confequently 
x  to  be  =  17.  Then  will  the  compound  quantity  x*  — 
\*]xx  4-  54*  be  =  54*  =  54  X  17  =  918;  which 
is  much  greater  than  the  abfolute  term,  350,  of  the 
equation.  Therefore  the  true  value  of  x  in  this  equation 
muft  be  lcfs  than  17. 

We  will  therefore  fuppofe,  in  the  fecond  place,  that  y 
(which  now  appears  to  be  confiderably  lefs  than  17,)  is 
=  14,  and  fubftitute  14  inftead  of  it  in  the  compound 
quantity  xl  —  17  x  x  +  54  x. 

Now,  if  x  be  fuppofed  =  14,  we  (hall  have  xx  = 
I96,  and  a3  =  2744,  and  17**  (=  17  X  196)  s= 
3332,  and  54  x  ( =  54  X  14)  =  756,  and  confequently 
A;  -  nxx  +  s±x  (=  2744  -  3332  +  756  = 
3500  —  3332)  =  168  ;  which  is  fomething  lefs  than 
half  the  abfolute  term  350.  We  will  therefore  make  a 
third  conjecture,  and  fuppofe  x  to  be  =  15,  and  try 
the  effect  of  the  fubftitution  of  this  number  inftead  of  x 
in  the  compound  quantity  x%  —  17  x  x  +  54*.  Now, 
if  ,v  be  fuppofed  to  be  =.  15,  we  (hall  have  xx  =  225, 
and  x1  =  3375,  and  17  x  x  (=  17  X  225)  =  3825, 

and 
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and  54*  (=  54  X  15)  =  Sio,  and  cxmfequently  «*  — 

17  xx  +  54*  (=*  337^  —  3**5  ■+  8«*  —  4185  — 
3825/  =  360  ;  which  is  a.Uttlc  greater  tbaq  the  abfo- 
lutc  term  350  of  the  propofed  equation  *3  —  17  x  x  + 
54  x  =  350.  We  may  therefore  now  conclude  with 
certainty  that  the  true  value  of  x  in  the  faid  equation 
mull  be  greater  than  14  and  lefs  than  1  5  ;  fince,  while 
x  increafes  from  14  to  15,  the  compound  quantity  xi  — 
17 xx  +  54*  increafes  from  168  to  360.  And  the 
faid  tVue  value  of  *  will  evidently  be  much  nearer  to  1 5 
than  to  14,  becaufe  the  number  360,  to  which  the  ft  id 
compound  quantity  is  equal  when  x  is  equal  to  15,  ap- 
proaches much  nearer  to  the  number  350,  or  the  abfolute 
term  of  the  propofed  equation,  than  the  number  168, 
which  is  the  value  of  the  faid  compound  quantity  when  x 
is  s*  14.  We  will  therefore  take  the  number  15  for  a% 
or  the  firft  near  value  of  x  in  the  propofed  equation 
a5  —  17  xx  +  54*  =  350. 

«  m         <        .  « 
-   "**  I  * 

Art,%.  Having  thus  pitched  upon  the  number  15  for 
or  the  firft  near  value  of  x,  let  e  be  put  for  the  un- 
known excefs  of  15,  or  a,  (which  we  know  to  be  greater 
than  x)  above  x.    Then  we  (hall  have  x  =  a  —  ef  and 

(=  a — e)2)  =  a  a  —  2  ae  +  e  e,  and  jt3  (=  a  — *1 ') 
=.  a>  —  -$axe  +  3  aez  —  e\  and  17  .v*  (=  17  X 

a  a  —  2a  e       ee)  =  17  a  a  —  34  ae  +  lyee,  and 

54  at  (=  54  X  a  —  c)  =  54  a  —  54  e.  Therefore 
x 1  —  1 7  x  x  +  54  .r  will  be  = 

D4  «>~ 
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J       —  17*0  +  Z^ae  -~  17^ 
,1      +  54  *   —  54  <• 

But  *J  —  17  mx  4-  54*  is  =  350. 

Therefore 


—  ijaa  +  34a*  —  17** 
+  54«    —  54' 

willalfobe  =  350' 

But  a*  ^-  lyaa  +  54a  has  been  (hewn  to  be  =5 

360;  and  3<i*  is  (=  3  X  T5)2  =  3  X  225)  =  675, 
and  34 a  it  (=  34  X  15)  =  510,  and  3*  is  (=  3 
X  15)  =  45- 

t 
1 

Therefore  we  (hall  have  360  — ■  675*  4-  510*  —  $4  * 
4-  45  *l  —  17  **  —  's  =  350,  or  360  —  219  e  +  28  ** 
—  c*  =  350,  and  (adding  2 1 9  *  4-  *J  to  both  fides,)  360 
4-  28 e~  =  350  +  2,o*  +  and  (fubtra&ing  35^ 
from  both  fides)  10  4-  28**  =  219  e  +  and  (fub- 
txacYing  28^  from  both  fides,)  219*  —  28  r  4-  #*  =  10, 
and  (omitting  «3  on  account  of  it's  fmallnefs,)  219/ —  28** 
nearly  =  10.    Therefore  (dividing  all  the  terms  by  28) 

we  (hall  have  —      =  -jj-  >    an^  (fubtracling 

both  fides  from  -^-j*  )  we  fhaU  have  -~pj2  —  ^—^ 
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^        20  X  56  _  TT^' —  20  X  56  _  47>Q6'  —  1120. 

ee  iMll.  Therefore  the  fquare-root  of  the  trinomial 

quantity  _|  -  —  +  "  will  be  — 

=    216.427^  i7>  But  this  trinomial  quantity  has 

219  j        219  . 

two  fquare-roots,  to  wit,  -jg  e  and  *  —  —  ,  in 

the  former  of  which  the  unknown  quantity  t  is  led,  and 

210 

in  the  latter  of  which  it  is  greater,  than  — ,  or  3.9 107. 

Now  the  latter  of  thefe  values  of  e,  being  greater  than 
3.9107,  will  be  greater  than  the  value  of  t  which  we  are 
feeking,  or  than  the  excefs  of  15  above  *,  becaufe  x  has 
been  (hewn  to  be  greater  than  14,  which  differs  from  15 

by  only  1.    It  follows  therefore  that  ^  —  e,  or  the 

former  of  the  two  fquare-roots  of  the  trinomial  quantity 

15] 2  _  1121  +  <\  will  be  that  which  is  to  be  ufed 
56 1  28 

on  the  prefent  occafion.     We  (hall  therefore  have 

*I2_,=  "6.4«7>8i7.  &c  9  and  (adding  e  t0  both 
56  56 

pdc8,)  i£  =  ^6.427^817,  &c  +  ^  and  (fubtwaillg 
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ai6.4»7.8'7.&c  from  bQth       }  ,  =    .  .  .  . 

56 

219.000,000  —  216.427,817,  2.572,183 
56  ~~  56 

0.045,931,  or,  more  nearly,  0.045,932.  Therefore 
a  —  ey  or  15  —  will  be  =  1 5.000,000  —  0.045,932 
=  14.954,068  *,  that  is,  the  fecond  near  value  of  xy  or 
the  root  of  the  propofed  equation  x*  —  17  *  x  +54* 
=  350,  obtained  by  this  firft  procefs  of  Dr.  Halley's 
method  of  refolving  equations  by  approximation,  will  be 
14.954,068*  0^.  E.  I. 


Art.  9.  This  number  14.954,068,  here  found  for  the 
value  of  .r  in  the  propofed  equation  x*  — •  17  xx  +  54*? 
=  350,  is  cxaclly  the  fame  as  that  found  by  Dr.  Halley 
in  the  foregoing  Tra&.  And  it  agrees  with  the  true 
value  of  x  at  lead  in  the  firft  fix  figures  14.9540*  For, 
if  we  fuppofe  x  to  be  =  14.9540,  we  fiiall  have  x  x  = 
223.622,116,00,  and  x1  =  3344.045,122,664,900,  and 
l-jxx  17  X  223.622,116,00)  =  3801.575,972,00, 
and  54  a*  (=  54  X  14.9540)  =  807.5160,  and  conse- 
quently .r3  —  17  .v* +  54*  =  3344.045,122,664,000 

—   3801.575,972,00   +    807.5160    (  =  4151.561,122, 

664,000  —  38oi-575>972jO°)  =  349'9S5>1 50,664,000; 
which  is  fomcwhat  lefs  than  the  abfolute  term  35O. 
And,  if  we  fuppofe  x  to  be  =  14.9541,  we  (hall  have 
xx  —  223.625,106,31,  and  .v5  =  3344.112,209,747,421, 
and  17**  (=  17  X  223,625,106,81)  =  3801.626,815,77, 
and  54  x  (=  54  X  14.9541)  =  807.5214,  and  con  fre- 
quently a*3  —  17  am  +  54.V  (=  3344.112,209,747,421 
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■ 

«r-38°i.  626,815,77  +  807.5214  ==  4i5I-633>6c9,747# 
421  —  380^626.815,77)  =  350.006,793^977,421 } 
which  is  fo  me  what  greater  than  the  abfolute  term  350* 
Therefore  the  true  value  of  x  muft  be  of  an  intermediate 
magnitude  between  14.9540  and  14*9541,  and  conse- 
quently the  firft  fix  figures  of  it  muft  be  14.9540. 

E»  D. 

The  excefsof  350.006,793,977,421  above  the  abfolute 
term  350  is  only  0.006,793,977,421,  which  is  lefs  than 
0.007  *  but  the  excefs  of  the  abfolute  term  350  above 
349.985,150,664,000  is  0.014,849,336,000,  which  is 
more  than  double  the  other  excefs.  .  It  therefore  feems 
rcafonablc  to  fupnofe  thut  the  true  value  of  x  will  ap- 
proach nearer  to  14.954J,  which  produces  si  he  fmailer 
excefs,  than  to  9540,  which  produces  the  greater 
excefs.  And  it  is  very  probable  that  the  next  two  figures 
68  of  the  value  14.954,068,  obtained  by  the  foregoing 
approximation,  will  likewife  be  exact  and  Dr.  Hallcy 
feems  to  have  thought  they  arc  fo.  And  fo  they  will  be 
found  to  be  in  the  courfe  of  the  following  refolution  of 
this  equation  by  Mr.  Raphfcn's  method  of  approximation. 
-  ,  ;•  v  .  r;  [   —  *J  t  ;/  !  .i:;r"  ..  -     ji.  ;  '7 

The  Refolution  of  the- fame  Equutkn  by  Mr.  Rcphfifs 

Method. 

Art.  10.  I  (hall  now  proceed  to  refolvc  the  fame  cubick 
equation  *3  —  17  xx  4-  54.1  =  350,  by  Mr.  Raphfons 
method  of  approximation,  beginning  the  approximation 
from  the  fame  firft  near  value  of  *,  to  wit,  the  number 
15,  which  was  chofen  in  the  preceding  articles  for  the 
bafis  of  the  approximation  by  Dr.  Halley's  method. 
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It  appears  from  the  reafonfngs  ufcd  above  in  art.  7* 
that  the  true  value  of  *  in  this  equation  is  greater  than 
the  number  14,  and  lefs  than  the  number  15,  but  is 
nearer  to  15  than  to  14.  We  will  therefore  take  the 
number  1  $  for  it's  firft  near  value  a,  which  is  to  be  the 
bails  of  our  further  approximation  to  it's  true  value  in 
the  manner  prefcribed  by  Mr.  Raphfon 5  and  we  will 
denote  the  excefs  of  a,  or  15,  above  the  true  value  of  x 
by  the  letter  ?,  as  we  did  in  the  foregoing  refolutiori  6f 
the  equation  by  Dr.  Halley's  method.    And  we  (hall 

then  have  x  =  a  —  e%  and  confequeutly  *x  =  a  —  * 

cs  a  a  —  2  ae  +  <v,  and  **  =  a  —  e  1  =  a%  —  3  a*e  «+• 

3»rJ  —      and  17  xx  (=  17  X  <z<i  —        -f  =* 

ijaa  —  34  <j*  +  17**,  and  54*  («  54  X  a  —  e)  = 
54  a  —  54  c.   Therefore  the  compound  quantity  x* 
17  xx  +  54  *  will  be  equal  to  the  compound  quantity 


fl*  —         +  3<* 
—  17  a1  +  34a*-—  17^ 
+  54"  —  54<- 


But  the  compound  quantity  xs  —  17**  +  54*  is 


~  350. 


Therefore  the  compound  quantity 


a*  —  3  a1  e  +  3  a  e%  —  e 1 
—  I7«a  +         —  17 
t  54"  —54' 


will  alfo  be  =  35^. 
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This  equation  is  accurately  true,  and  is  what  Mr* 
JRaphfon,  in  his  excellent  treatife  on  this  fubje&,  winded, 
Analjfis  JEquationum  Umverfalis,  calls  Theorema  Vtttaum, 
or  the  Theorem  of  the  great  French  A  lgebraHl  Vieta9 
or  Monfieur  Viitey  who  is  often  and  juftly  ftyled  The 
Father  of  Algebra,  though  his  works  have  of  late  years 
been  but  little  read.  This  theorem,  or  transformed 
equation  anting  from  the  fubftitution  of  a  — •  or  a  -f- 
inftead  of  *  in  the  terms  of  the  original  equation  jc*  ~ 
IT  xx  «+•  54*  =  350,  or  other  propofed  original  equa- 
tion, is  the  grand  foundation  of  all  the  methods  that  hare 
been  made  ufe  of  for  refolving  equations  by  approxima- 
tion, as  well  as  of  Vieta's  own  method  fet  forth  in  his 
Treatife  intitled,  De  numerofd  potejlatum  purarum  atqut 
adfeftarum  refolutiont  tratlatus,  which  begins  in  page  1,63 
and  ends  in  page  228  of  Schooten's  edition  of  Vieta4* 
Works  publifhed  in  the  year  1646. 

Art.  IT,  From  this  equation  (which  is  accurately  true) 
we  mull,  according  to  Mr.  Raphfon's  method  of  ap- 
proximation, expunge  the  three  terms  +  3  a  t%  *7  /# 
—       and  then  the  equation  *ill  be 


!«'  —  3  a*e 
—  I7«*  +  34"' 
+  54*  —  54* 


nearly  ^  35c, 


W  a>       17  a1  +  54  a  —  3  a*  e  •+  34  rf*  ~  %A* 
(nearly)  350,  or  (if  we  fubftitute  15  inftead  of  0.  ia 

the  terms  of  this  equation)  u\ 3  —  17  X  15)*  +  54  X 

!5~  3  X  i7?1  *  e  +  34  *  15  X  *  —  $4*  =  350,  or 
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5375  —  17  X  225  +  54  x  15  —  3  X  225  X  e  +  34 

X  15  X  <  —  54  '  =  35°>  or  3375  —  3^5  +  810  — 
675  X  e  +  510  X  e  —  54*  =  350,  or  4185  —  3825 

—  729  X  e      5  10  e  =  350,  or  360  —  219  *  '=  350. 

Therefore  (adding  219  e  to  both  fides,)  we  (hall  have 

360  =  350  +  219  ef  and  (fubtracling  350  from  both 

fides,)  10  =  219^,  and  confequently  (dividing  both  fide* 

by  219)  e  =  =  0.0456.    Therefore  a  —  e>  or 

J5  —  r,  will  be  =  15.0000  —  0.O456  =  14.9544;  that 
is,  the  root  x  of  the  propofed  equation  x*  —  17  x  x  -J- 
54*  =  350  will  be  nearly  equal  to  14-9544*  E« 


jfrt.  12.  This  value  of  x  is  exaft  in  the  five  figures 
14.954,  which  feems  to  be  a  great  degree  of  exa&nefr 
to  be  attained  by  the  refolution  of  fo  eafy  a  fimplc  equa- 
tion as  the  equation  219  e  =  10.  And  a  repetition  of 
this  procefs  will  give  it  us  exact  to  four  or  five  figures 
more,  or  to  nine  or  ten  figures  in  the  whole,  as  will  be 
apparent  from  the  following  operations. 

Let  us  fuppofe  the  firft  five  figures  14.954  of  the  fore- 
going value  of  to  wit,  14  9544,  to  be  exact,  a3  we 
indeed  know  them  to  be  by  means  of  the  fubftitutions 
made  in  art.  9 ;  and  let  us  fubftitute  this  number  14.954 
inftead  of  x  in  the  compound  quantity  x*  —  17  x  x  + 
54.  xy  in  order  to  difcovcr  whether  the  value  of  the  faid 
compound  quantity  arifing  from  fuch  fubftitution  will  be 
greater,  or  lefs,  than  the  abfolute  term  350  of  the  pro- 
pofed equation,  as  if  wc  had  not  already  made  this  in- 
quiry 
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quiry  In  art.  9,  and  found  the  faid  rcfult  to  be  left  than 
3SO- 

Then  we  fliali  have  xxy  or  14.954!*,  =  223.622,116, 

and  x*y  or  14.954K  =  3344.045,122,664,  and  17** 
(=  17  X  223.622,116)  =  3801.575,972,  and  54*  (  = 
54  X  14.954)  =  807.516,  and  confequently  ** —  17  xx 
—  54 x  (=  3344.045,122,664  —  Z*°l$1SW  + 
807.516  e  4151.561,122,664  —  3801.575,97a)  = 
349.985,150,664  5  which  is  lefs  than  350,  or  the  abfolute 
term  of  the  propofed  equation  x*  —  17  xx  +  54  =  350. 
Therefore  1 4.954  will  be  lefs  than  the  true  value  of  x  in 
that  equation.  Let  c  be  put  for  14*954,  and  f  for  the 
excefs  of  x  above  14-954,  or  c.    Then  we  (hall  have 

x  t=  c  +  /,  and  xx  =  =  cc  +  Q.cf  + 

and  *'  =  c  +  /]>  =      +  3  f a/  +  3       +  /»,  and 

17**  (=  17  X  cc  +  2cf  +  //)  =  17c*  34y 

+  -17//,  and  54*  (=  54  X  c  +f)  =  54c  +  54^ 
and  confequently  k3  —  17**  +  $*}x  = 

J     -i)ff-^/- 17/* 

t      +  54  *  +  54/- 

« »  p. 

But     -  17 **  +54*  is  =  350. 

1  ♦     r  * 

Therefore  the  compound  quantity 

■ 

■ 

L 
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{*•  +  3'/  + 
-  17^  -  34'/- 
+  54'  +  54/ 


17/* 


VJl  alfo  be  =  356- 


tfow  let  the  three  terms  +  3'/*  -  17/*  + 
(which  will  evidently  be  much  fmaller  than  the  terms 
+  3  fj  _  34  f/  +  54/,)  be  expunged  from  the  equa- 
tion.   And  we  (hall  then  have 

-  17'*  -  34'/ 
+  54'   +  54/ 

ss  (nearly)  350. 

But     -  17'*  +  54'»  or  14 954^ s  -  >7  x  J4-9i 
4-  54  X  14.9541  has  been  (hewn  to  be  =  349a9^5«l5^» 
«64*  and  3r*  X/is  (=  3  X  14-954^  X  /  =  3  X 
123.622,116  X  /)  =  670.866,348  X  /,  and  34'  X  / 
is  (=  34  X  14.954  X  /)  =  508  436  X  /,  and  confe- 
quently  3^/—  34'/+  54/ will  be  (-670.866,348  X/ 

-  508.430  X  /  X  54  X  /  =  7*4.866,348  x  /  - 

508.436  X  /)  =  216.430,348  X  /. 

Therefore  349-985^  S°>66+  +  *i6-43°>348  X  /  will 
be  =  350,  and  cdnfequently  (fubtratYing  349.985,  *5oy 
$64  from  both  fides,)  2i6.43°>348  X  /  will  be  « 

•.0i4t849»33^>  and  /  wlU  bc  =  "  a  10.430,348  ~ 
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Therefore  x,  or  c  +  /,  or  14.954  +  f,  will  be  = 
14.954,068,610,2.  o^  e.  1. 

Art.  13.  This  number,  14.954,068,610,2,  is  probably 
exa&  in  all  it's  figures ;  but  is  certainly  fo  in  the  firft  ten 
figures  14.954,068,61,  of  which  the  firft  eight  figures, 
14*954,068,  are  the  fame  as  thofe  of  the  former  value 
of  xy  obtained  by  Dr.  Halley's  method  of  approxi- 
mation. So  that  one  procefs  of  Dr.  Halley's  method 
of  approximation  gives  us  the  value  of  x  in  the  cubicle 
equation  x3  —  17**  +  544?  =  350  exa&  to  eight 
figures  by  the  refolution  of  the  quadratick  equation 
219**  —  28  e2  =  10,  and  two  proceffes  of  Mr.  Raph- 
fon's  method  of  approximation  give  us  the  value  of  the 
*  fame  quantity  exact  to  at  lead  ten  places  of  figures  by 
the  refolution  of  the  two  fimple  equations  219*  =  io, 
and  216.430,348  X  /  =  0.014,849,336.  The  reader 
muft  now  judge  for  himfelf  which  of  thefe  two  methods 
deferves  the  preference. 


EXAMPLE  II.— -A  BIQUADRATICS  EQUATION. 

Art.  1 4.  Let  it  be  required  to  refolve  the  biquadratick 
equation  x+  —  -$x~  +  754?  =  10,000  by  Dr.  Halley's 
method  of  approximation. 

An  Invejligatlon^  by  Conjeflures  and  Trials,  of  a,  or  the  firft 

near  Value  of  x. 

In  order  to  find  a  firft  near  value  of  x  in  this  equation, 
to  be  the  bafis  of  a  fecond  approximation  to  it's  true 

E  value 


uigitiz 


(   So  ) 

value  in  the  method  recommended  by  Dr.  ILUcy,  wtf 
may  proceed  as  follows  : 

♦ 

If  a4  alone  were  equal  to  the  abfolute  term  ic,coc, 
x  would  be  exaclly  equal  to  10.    Therefore  it  feems 

■ 

reasonable  to  conjedure  that  in  the  equation  a4  —  3** 
4.  75  x  =  io,oco,  (in  which  the  other  two  terms  3  x  x 
and  750*  have  contrary  figns  prefixed  to  them,  and  there- 
fore have  lefs  eflccl:  in  increasing  or  diminiftiing  the 
magnitude  of  x*  than  they  would  have  if  they  were  both 
narked  with  the  fame  fign,  and  consequently  will  not 
make  the  magnitude  of  the  triuomial  quantity  a*4  —  3-v,v 
+  75  x  be  very  different  from  that  of  x*  alone,)  the 
value  of  at  will  not  be  very  different  from  10.  We  will 
therefore  fubftitute  10  in  (lead  of  x  in  the  compound 
quantity  x+  -  %xx  +  75.*,  in  order  to  difcover  whe- 
ther the  value  of  it  refulting  from  this  fuppofition  will 
be  nearly  equal  to  the  abfolute  term  io,coo.  Now,  if  x 
be  fuppofed  to  be  =  10,  we  (hall  have  xx  =  100,  and 
and  .r4  =  io,oco,  and  3  x  x  =.  300,  and  75*  =  750, 
and  confequently  x4  —  3**  +  75  *  (=  io,coo  —  300 
-f  750)  =  10,450;  which  is  greater  than  the  abfolute 
term  ic,coo,  bat  not  in  any  great  degree.  We  will 
therefore  make  a  fecond  fuppofition  not  very  different 
from  the  former,  to  wit,  that  x  is  equal  to  9,  and  try  the 
effect  of  this  fuppofitiun.  Now,  if  x  is  =  9,  we  (hall 
have  xx  —  81,  and  a*  =  6$6i,  and  3  x  x  =  243,  and 
75  .r  (=  75  X  9)  ~  675,  and  confequently  x*  —  3  xx 

•Y  75*  (=  ^S^i  -  243  +  675  =  7236  —  243)  = 
6993.  Therefore,  while  x  increafes  from  9  to  ic,  the 
the  compound  quantity  a4  —  3**  75*  will  iucreafc 
froin  6993  to  J 0,450,  and  therefore  will,  at  fome  one 
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point  of  time  during  the  faid  increafe  of  x  from  9  to 
10  be  equal  to  io^oco,  or  the  abfolute  term  of  the  pro- 
pofed equation  x+  —  $xx  +  75*  =10,000-,  or  there 
will  be  fome  quantity  greater  than  9,  but  lefs  than  10, 
which,  being  fubftituted  inftead  of  x  in  the  compound 
quantity  x*  —  3  x  x  •+•  75  will  make  the  faid  quantity 
be  equal  to  io,occ;  that  is,  in  other  words,  the  true 
value  of  x  in  the  equation  x*  —  3  ##"4-  75^  =  10,000 
will  be  greater  than  9,  but  lefs  than  !o.  And,  as  the 
value  of  the  faid  compound  quantity  x*  —  $xx  +  *]$x 
refulting  from  the  fubftitution  of  10  inftead  of  x  in  it's 
'terms  was  10,450,  which  exceeds  io,coo  by  only  45c, 
and  the  value  of  the  faid  compound  quantity  refulting 
from  the  fubftitution  of  9  inftead  of  x  in  it's  terms  was 
only  6993,  which  falls  fhort  of  10,000  by  the  number 
3007,  which  is  a  much  greater  quantity  than  450,  it  feems 
reafonable  to  conclude  that  10  will  differ  lefs  than  9  from 
the  true  value  of  x  in  the  faid  equation  x+  —  3.VX  «+• 
75  x  =  10,000.  And  for^  thefe  reafons  we  will  pitch 
upon  10  for  the  value  of  ay  or  the  firft  near  value  of  x 
in  the  propofed  equation,  or  for  the  bafis  of  the  approxi- 
mation which  we  are  now  to  make  towards  it's  true  value 
in  the  manner  recommended  by  Dx.  Hallcy. 

A  more  ex  aft  Determination  of  the  V alue  of '  x  by  Dr.  Holltfs 

Method  of  Approximation. 

Art.  15.  Now  let  e  be  put  for  the  difference  between 
a,  or  10,  and  the  true  value  of  *  in  the  propofed  equa- 
tion. 

And  we  (hall  then  have  x  =-  10  —  e,  or  a  —  e9  and 
consequently  xx  =  *  —  ey  =s  a*  —  7a t  -f-  te,  and 
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a  —       =  a*  —  4  a*  e  +  here1  —  ±ac%  +  r% 

and  3**  (=  3  X  ao  —  2ae  +  ee)  =  3a*  —  6  a  f 

+  3**,  and  75*  (=  75  X  a  -  r  )  =  75a  -  75/. 
Therefore  the  whole  compound  quantity  xA  —  3  *  x  + 
75  x  will  be  equal  to  the  compound  quantity 

a4 —  4*5r  +  6a%ex  —  +ae>  +  e+ 

3'2 


{a4  —  4*5r  + 
— -3*1  +  — - 
+  75*—  75'- 


But  the  compound  quantity  *4  —  3x,v  +  75*  i» 

:  10,000. 

4 

f 

Therefore  the  compound  quantity 


{«4  —  4  a3*  +  bar 
—  lax  +  6a*  —  3** 
+  75*—  75' 


will  alfo  be  =  10,000. 

This  is  the  full  transformed  equation,  and  is  accu- 
rately true.  •  But  from  this  equation  Dr.  Halley  dire&s 
us  to  expunge  the  two  terms  4  a  el  and  e*f  as  being  very 
fmall  in  comparifon  of  the  terms  6  a1**  and  3/%  and, 
(i  fortiort%  in  comparifon  of  the  terms  4  a*  6ae9  and 
75  e9  which  are  to  be  retained.  And  by  this  omiflion 
the  equation  js  reduced  to  the  quadratick  equation 

a*  —  \a*e  «+•  6a%e% 

10,000. 


—  3  a%  +  bat  —  3#*  >  nearly 
+  75*  —  75'  J 


Art.  16* 
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Art.  1 6.  Now,  Gnce  a  is  =  10,  we  (hall  have  a4  — 
3  a*  -f.  75*  =  i°>45o»  as  has  been  (hewn  in  art.  14; 

and  wc  fliall  have         (=  4  X  7o\3  =  4  X  1000)  = 

4000,  and  6a  (=  6  X  10)  =  60,  and  6  a*  (=  6  x"io]x 
=  6  X  100)  z=  600,  and  confequently 

{a*  —  \ale  +  6«a*1 
—  3a*  +  6a*  —  3** 
+  75*  —  75' 

10,450  —  4000*  +  600  e% 
+      6oe  —  3** 
-  75' 
=  10,450  —  4015  e  +  597  e\ 

Therefore  10,450  — "4015  *  +  597**  will  be  nearly 
=  10,000.  And  confequently  (adding  4015  e  to  both 
fides,)  we  {hall  have  10,450  •+■  597^  =  io,oco  4- 
4015  e,  and  (fubtra&ing  597  e%  from  both  fides,)  10,450 
=  10,000  +  4015  e  —  597  *a,  and,  laftly,  (fubtracling 
10,000  from  both  fides,)  4015  e  —  597  e%  =  450. 
This  quadratick  equation  muft  now  be  refolved  j  which 
may  be  done  as  follows. 

♦ 

Art.  ]  7.  Divide  all  the  terms  by  597,  the  co-efficient 
of  e\  And  we  (hall  have  6.725,293  X  e  —  e*  = 
0.753,769.  Now  let  both  fides  of  this  equation  be  fub* 
traded  from  the  fquare  of  half  the  mirnber  6.725,193, 
which  is  the  co-efficient  of  e,  that  is,  from  the  fquare  of 
3.362,646,  or  from  1 1.307,388,121,316-,  and  we  fliall 

E  3  then 
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then  have  3.367,6^6  2  —  6.725,293  X  e  +  t1  ( = 
11.307, 388, 121,316  —  0.753,769)  =  10.553,619,121, 
316.  Therefore  the  fquare-root  of  the  trinomial  quan- 
tity 3^62,646^*  —  6.725,203  X  e  +  e1  Will  be  (  = 
^10.553,619,121^316)  =  3.248,633. 

But  this  trinomial  quantity  has  two  fquare-roots^  to 
wir,  the  binomial  quantity  3.362,646  —  e9  and  the  bi- 
r.  ;mial  quantity  e  —  3.362,646,  in  which  latter  quantity 
e  is  greater  than  3  362,646.  But  we  have  feen  above  in 
arr.  14,  that  e>  or  the  difference  between  10  and  the  true 
value  of  x,  is  lefs  than  1.  Therefore  this  latter  bino- 
mial quantity  <  —  3.362,646  cannot  be  that  which  will 
give  us  the  true  value  of  e>  and  consequently  we  mud 
make  ufc  of  the  other  fquare-root  of  the  faid  trinomial 
quantity,  to  wit,  the  binomial  quantity  3.362,646  —  e. 
We  (hall  therefore  have  3.362,646  —  e  =  3.248,633  > 
and  consequently  (adding  e  to  both  fides,)  we  (hall  have 
3.362,646  =  3  248,633  +  fy  and  e  (  =  3.362,646  — 
3.248,633)  z=  0.114,013,  or  (neglecling  the  three  lad 
phces  of  figures  as  not  exa£t,)  o.i  14.  Therefore  a  —  e% 
or  10  —  i,  will  be  =  io  —  0.114  ~  9.886;  that  is, 
the  fecond  near  value  of  x  in  the  propofed  equation 
*4  —  3**4-  75*  =  10,000  will  be  9.886. 

Q.  E.  I. 

Art  18.  Now  let  be  fubftituted  inflead  of  x  in 

the  compound  quantity  .ar4  —  3**  +  75^,  in  order 
|o  difcovcr  whether  the  value  of  that  quantity  refuhing 

from 
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from  fucfc  fuMitutioii  will  be  greater,  or  lcfs,  than  the 
abfotate  term  iojood,  and  confequcntly  whether  the  faid 
number  9.886  will  be  greater,  or  lefs,  than  the  true  valuG 
of  x  in  the  propolcd  equation  x4  —  3  xx  +"75*  =i 

ie,oco.    This  fubltitution  may  be  made  as  follows. 

•  »  * 

If  x  is  =  9886,  we  lhall  have  jx(  =  o;.&86]  )  = 
97-^3^99^  and  **  (  =  9-886'*)  =  966188,398,456', 
and  #4  (=±  ;p836)A)  =  95*;  1-738,507*136,016,.  and  con- 
fequcntly 3^fl»(=  3  x  97-73*>996)  =  293.198,988, 
and  75  x  (=  75  X  9  886)  =  741.450,  and  the  whole 
compound  quantity  x*  —  3*4^+  75  jc  (  =ac  955^733, 
507,136,016  —  193.198,988  *+-  J41.450  =  10,203.18$, 
507,1^6,016  293  190,988)  =  9>^99-989» 5i9^  r6» 
which  is  very  nearly  *qual  to,  but  fomewhat  lefe  than, 
the  abfolute  term,  10,000,  of  the  propofed  equation 
.v4  —  2XX  +  75*  =  10,000.  Therefore  the  number 
9.886  will  be  very  nearly  equal  to,  but  fomcwTVat  liefs 
than,  the  true  value  of  x  in  that  equation.  1. 

A  fecond  Proofs  of  Dr.  Hattcfs  Method  ef  Approximation. 

*  *  VP 

Jrt.  19.  Now,  in  order  to  dbtain  the  value  ot  x  to~a 
greater  degree  &f  exaclnefs  by  means  of  a  foco&d  procefi 
of  Dr.  Halley's  method  of  approximation,  let  c  be  put 
for  the  value  of  x  already  found,  to  wit,  9.886,  and  / 
for  the  unknown  difference  by  whkh  the  true  valitf  of  x 
exceeds  9.886.     c  -  -  - 

Then  we  fliall  have  x  =  c  +  f,  and  confequently 
>  a-  (  =  c+J]1  =  cc  +  2cf  +  //}  and  x*  (  =  c  .+  /^4) 
5=  (*  +  4<V  +  6f»/*  +  4f/>  $  /»,  and  2xx  (« 

5  4  3  * 
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3  X  cc  +  2cf  +  ff)  =  ice  +  6cf  +  3//,  and 

75*  (=  75  X  *  +  /)  =  75;  +  75/-  Therefore  the 
compound  quantity  x4  —  3**  -f  75*  will  be  equal  to 
the  compound  quantity 


+  4rV  4- 
+  75'  +  75/- 


Therefore  this  laft:  compound  quantity  will  be  =  the 
abfolute  term  io,ooo. 

r 

t 

From  this  equation  let  the  two  terms  4*/*  and  f4  be 
expunged,  on  account  of  their  extreme  fmallnefs  in  com- 
panion of  the  terms  that  involve  ff  and  /*.  And  we 
fliali  then  have  the  compound  quantity 

—  3  f  —  -6  r/  —  3/1       V »  nearly,  =  1 0,000. 
.    +  75'  +  75/  J 


But  we  have  feen  that  c*  —  3^  +  75  f>  or  9.886^ 
—  3  X  9^86/  +  75  X  9.886,  is  =  9»999*939>5'9> 
.136,016;  and  4c3  will  be  (  =  4  X  9.886)*  =  4  X 
966.188,398,456)  =  3864.753,593>824>  and  6*  will  be 
(=  6  X  9.886)  ==  59  316,  and  confequently  4  c3  —  6c 
+  75  will  be  (=  3864.75?,593«824  —  59-3l6  +  75 
=  3939-753»593»824  —  59- 3l6)  388o-437»593>8*4*» 
and  6c%  will  be  (=  6  X  9.886)*  =  6  X  97-73*>99°*) 
.=  586.397,976,  and  confequently  be*  —  3  will  be  (  = 
586.397,976  —  3)  =  583«397>976.  Therefore  the 
compound  quantity^ 
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J       —  3^  —  Gcf  —  3/* 
I      +  75'  +  75/ 

will  be  =  9,999.98995i99i36yoi6  +  388o-437>593>824 
X  /  +  583.397,976  X  //".    And  confequently  this  laft 

quantity  9>999-989»5,9>I36»°l6  +  388<M37>593>8*4></ 
+  583.397,976  X  ff  will  be,  nearly,  =  10,000,  and 
therefore  (fubtra&ing  9,999.989,519,136,016  from  both 

fides,)  388o.437>593»824  X  /  +  583-397>976  *  //  will 
be  =  0.010,480,863,984;  which  is  a  quadratick  equation 
now  properly  reduced  into  order,  and  prepared  for  rcib- 

lution.  And  by  revolving  this  equation  we  (hall  obtain 
the  value  of  /,  and  confequently  of  c  +  f  or  o.b86  +  /", 
or  the  third  near  value  of  .r  in  the  propofed  equation 
.t> — 2  XX  +  75  =  10,000.  This  quadratick  equa- 
tion may  be  refolvcd  as  follows. 

Art,  20.  Since  3880.437,593,824  X/+  583.397,976 
X  ff  is  —  0  010,480,863,984,  we  flull  have 
3880.4^7, ,'9^24.  x/  0.0^,4*0^63,084  . 

583.39-976  +  Sj  ~  583.397.v70  ,Uiat,S> 
6.651,441,646  X  f  +ff  —  0.000,017,905,204,569,033. 
Now  let  the  fquare  of  half  the  co-eiheient  of  f  that  is, 
of  half  the  number  6.651,441,646,  or  the  fquare  of 
3.325,720,823,  (which  fquare  is  =  11.060,418,992, 
535,797,329,)  be  added  to  both  fides  of  this  equation. 

And  we  fhall  have  3 .325,720,823) 1  +  6.651,441,646  X 
/  +  //(=  1 1.060,418,992,535,797,329  +  0.000,017, 
965,204,569,033)  =  11.060,436,957,740,306,362. 
Therefore  (eitrac*ling  the  fquare-roots  of  both  fides,)  we 
Ml  have  3.325,720,823  +  /  =  3  325,723,523  ;  and 

•  *  con- 
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consequently  /  will  be  (=  3  325,723,523  —  3-3*5>72°* 
823  )  =  0.000,002,706.  Therefore  c  +  /,  or  9.886 
+  /,  will  be  (  =  9.886  0,000,002,700)  =  9.886, 
002,700  ;  that  is,  the  third  near  value  of  x  in  the  pro- 
posed equation  *4 —  3  xx  +  75*  =  10,000,  obtained 
"by  Dr.  Halley's  method  of  approximation,  will  be  9.886, 

■ 

002,700.  O^  E.  I. 

N.  B.  Dr.  Halley  (in  the  foregoing  tra£,  as  it  is 
printed  in  the  Mifcellanea  C  ut*icj(j)\  makes  tnis  more  accu* 
rate  value  of  x  to  be  9.886,260,393,649,5,  which,  he  teli* 
us,  fcarce  exceeds  the  truth  by  2  in  the  kft  6gure  (fee 
above,  page  15.)  But  T  conceive  that,  if  this  is  not  owing 
to  fome  errors  of  the  prefs,  he  mud  have  made  fome  flip 
in  his  calculation ;  becaufe  the  number  here  found  for  <«, 
to  wit,  9.886,002,700,  (with  which  Dr.  HaHey's  number 
agrees  in  only  the  firft  four  figures  9.886,)  will  be  found 
to  agree  in  the  firft  nine  figures  9.886,002,70,  with  the 
number  that  will  be  found  for  it  in  the  following  articles 
by  Mr.  Raphfon's  method  of  approximation. 

* 

The  Refolution  of  the  fame  Equation  by  Mr.  Raphforis 

Method  of  Approximation* 
Art.  2 J.  I  now  proceed  to  refolve  the  fame  biqna- 
dratick  equation  *4  —  3**  +  75*  =  10,000  by  Mr. 
Raphfon's  method  of  approximation,  beginning  the  ap- 
proximation from  the  fame  firft  near  value  of  x,  to  wit, 
the  number  to,  which  was  chofen  in  the  foregoing  ar- 
ticles for  the  baus  of  the  approximation  by  Dr.  Hal  ley's 
method. 

Having  found,  by  the  reafonings  ufed  in  art.  14,  thai 
the  value  of  *  in  the  propofed  equation  —  3  x  x  -H 
75  #  =  10,000  will  be  nearly  equal  to,  but  fomewhat 

left 
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lefs  than,  the  number  ic,  let  a  be  =  10,  and  let  e  dc* 
note  the  unknown  difference  by  which  10  exceeds  the 
true  vaJue  of  x. 

Then  will  .v  be  =  10  —  e.  or  a  —  e\  and  confe- 
quently  Xx  will  be  (=  <7^T^)  =    *  —  2fl?  + 
and  *3  will  be  (=  a  — ~7)~l)  —  (i*  —  $<re  +  3*£l  — * 
*5,  and  .r«  will  be  (  -.  =  <i«  —  4  a3*  4-  6a2<?* 

—  4  «  i-3   4-  Therefore  3  .r  x  will  be  =  3  X 


—  2     c  4-   *  «■)  -  3  a  a  —  6  a  e  +  3  *  e}  and  75  » 

wili.be  (=  75  X  «  —  c- )  -  75  «  —  75,.  Therefore 
the  compound  quantity  A4       ^.rTv  +  75*  will  be 
the  compound  quantity 

{fl4  — 4fl3f  +  bare*  —  4  a  t*  +  e4 
—  3«a  +  6ae  —  3^ 
+  75"  —  75^- 

Therefore  this  laft  compound  quantity  will  be  =  the 
abfolute  term  io,ooo» 

Now  let  the  four  terms  +  6  a1  S  —  3  r  —  4  a  e* 
+  be  expunged  from  this  equation,  as  being  much 
fmaller  than  the  three  preceeding  terms  4  a*  e,  6  a  e,  and 
75  e,  which  involve  the  fimnle  power  of  And  the  re- 
maining compound  quantity 

{a*  —  Ao*<  -\ 
-  2**  +  bae  \ 
+  75a  —  75'  J 

will  be  nearly  =  the  abfo'.utc  utip.  io,coc. 

■  ■ 

But  *4  —  3^2  +  75  a  has  hem  (hewn  in  art.  14  to 
be  =  10,450;  and  4  a*  is  (—4  X  Tel3  =  4  x  1000) 
^.  .;~o%  and  6a  is  ;=  6  x  10)  ~  60. 

Therefore 
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Therefore  a4  —  3  fl1  +  75  a  —  4a1*  +  6ae  —  75* 
will  be  (=  10,450  —  4000*  4-  60*  —  75'  =  10,450 

—  4°75'  +  6°e)  =  IO>45°  —  4015 and  confc- 
quently  10,450  —  4015*  will  be,  nearly,  =  the  abfolute 
term  10,000.  Therefore,  (adding  401^*  to  both  fides,) 
we  (hall  have  10,000  H-  4015*  =  10,450,  and  (fub- 
tracting  10,000  from  both  fides,)  4015*  =  450.  There- 
fore e  will  be  =   4*°  ■  =  0.112.    Therefore  a  —  r, 

4015 

or  10  —  e,  will  be  =  10  —  0.112  =  9.888;  that  is, 
the  fecond  near  value  of  x,  or  the  root  of  the  propofed 
equation  a4  —  3  xx  +  75  x  =  10,000,  will  be  9.888. 

'     *         -  E.  I. 

yfr*.  22.  Of  this  number,  9.888,  the  firft  three  figures, 
9.88^  are  exa&,  or  the  fame  with  the  three  firft  figures  of 
the  true  value  of  x,  and  the  fourth  figure  8  is  only  a  little 
greater  than  the  truth,  the  exact  fourth  figure  being  a  6. 
And  the  refolution  of  the  fimple  equation  4015*  =  450, 
by  which  this  value  of  e  has  been  obtained,  is  much  eafier 
;tnd  (horter'than  the  refolution  of  the  quadratick  equation 
40!  5  e  —  597  ee  =  450,  given  above  in  art.  17,  by  which 
we  obtained  the  number  9.886  for  the  fecond  near  value 
of  x,  by  Dr.  H alley's  method. 

Art.  23.  Having  thus  obtained  9.888  for  a  fecond 
near  value  of  x  in  the  propofed  equation  x4  —  3  x  x 
75  x  —  ic,ooo,  we  will  try  the  degree  of  it's  approxi- 
mation to  the  truth  by  fubftituting  it  inftead  of  x  in  the 
compound  quantity  x4 —  3**  +  75  x. 

Now,  if  x  is  =  9.888,  we  (hall  have  xx  (=9.88^) 
~  97-772>544>and     (=  9-8W|3)  =  966.774,915,072, 

and 
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and  a4  (=  p.8SN4)  -  9559.470,360,231,936,  and  con- 
fequently  3**  (  =  3  X  97-772,544)  =  293.317,632/ 
and  75*  (=  75  X  9.888)  =  741.600,  and  x*  +  75.^ 

(=  9559-470>36o>23!>936  +  74*  -6oo)  =  10,301.070, 
360,231,936,  and  .14  —  $xx  +  75*  (=  10,301.070, 
360,231,936  —  293.317,632)  =  10,007.752,72^231, 
936;  which  is  a  little  greater  than  io,oco,  or  the  abfo- 
lute  term  of  the  equation  *♦  —  3.VX  -f  75*:  =  io,coo. 
Therefore  9.888  will  be  a  little  greater  than  the  true 
value  of  x  in  that  equation. 

* 

j4  fecond  Procefs  of  Mr.  Raphforis  Method  of  Approximation* 

Art.  24.  In  order  to  obtain  a  nearer  value  of  xy  let  f 
be  put  for  the  excefs  of  9.888  above  the  true  value  of  x. 
And  we  {hall  then  have  x  =  9.888  —  /,  and  confe* 

quently  xx  (  =  9.888  —  f?  =  9.88b/*  —  2  X  9.888 
X  /  +  &c)  =  97.772,544  —  19.776  X  /  +  &c, 

and  x4  (=  9.888  —  /]♦  =  9JB88W  —  4  X  9T888]3  X 
/  +  &c  =  9559-47°>36°>*3I>936  —  4  X  966.774, 
915,072  X/  +  &c)  =  9559-47°>36o»23T>936  — 
3867.099,660,288  X  /+  &c,  and  3*1  (  =  3  x 

97-772>S44  —  19-776  X  /+  &c  =  3  X  97.772,544 

—  3  X  19  776  X/)  =  293.317,632  —  59.328  X  f 

+  &c,  and  75*  (=  75  X  9.888—/  =  75  X  9888 

—  75  X  /)  =  741.600  —  75/ 

Therefore  the  compound  quantity  a-4  —  3**  +  75* 
will  be  =  the  compound  quantity 

9559. 
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(  9559  4TO,3^»23,>936  —  3867.099,660,288  X  /  +  Sec  y 

J  -293  3'7»^>  +      59-3*8  x/-&c  L 

\ +741.600  -     75  x/  J 

=  10,007.752,728,231,936—3882.771,660,288  X/&C. 

1 

But  the  compound  quantity  x4  —  3**  +  75*  is  = 
10,000. 

Therefore  we  (hall  have  10,007.752,728,231,936  — 
3882.771,660,288  X  /  &c  alfo  =  10,000;  and, 
(adding  3882.771,660,288  X/to  both  fides,)  10,007. 
.752,728,231,936  nearly  =  io,coo  +  3882.771,660, 
288  X  /,  and  (fubtrading  ic,ooo  from  both  fides,) 
3882.771,660,288  X  /       nearly,  7-7S2>728>23 1,936, 

,    r   _  Jy^^JlLVl  =  0.001,99. 

Therefore  9.888  —  /  will  be  =  9.888  —  0.001,99 

=s  9.fc'-SV:i  V  tliat  is>  thc  third  near  valuc  °^  x  in  thc 
propofcci  caution  .v*  —  3  +  75*  =  10>oco  bc 
5.886,01.  e.  1. 

Art.  25.  H  v  'n  =  9-S86>ol>  we  111311  havc 

xx  (=  ^o~~7Y)  =  97-733>l93>720,r, 

and  a-s  (==  9~^°^J)  =    966  loI>33c>448>845i8or, 

and  *<       9.600,0^*)  =  955i.777»l54»73°>594t«77» 

M4>°r, 

and  confequcntly  3.™  (=  3  X  97733>i93>72o»0 

=  293.199,591,160,3 
and  75  x  (  -  75  X  9.8S6,ox)  =  741.450,75* 

«a4 
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and      +  75. v  =  i©,^93-227>9°4»73°»594>077>i44jOi» 
and  x*  +  75^  —  3  a-jc,  or  x+  —  3*.r  +  75  .v,  = 

1 0,293.227,904,730,594,077,144,01 

—  293.199,591,160,3 

=r  10,000.028,313,570,294,077,144,01;  which  is  a  little 
greater  than  10,000,  or  the  abfolute  term  of  thepropofed 
equation  x*  —  3  xx  +  75  .v  =  10,000.  And  confe- 
qucntly  9.886,01  will  be  a  little  greater  than  the  true 
value  of  x  in  that  equation. 

A  third  Procefs  of  Mr.  Rapbforis  Method  of  approximation. 

Art.  26.  In  order  to  obtain  a  ftill  nearer  value  of  x9 
let  g  be  put  for  the  excefs  of  9.886,01  above  it's  true 
value.    And  we  (hall  then  have  x  =  9.886,01  —  g9 

and  xx  (=  9.886,01  —  *g\*  —  9  886,01V 
—  2  X  9.886,01  x  g  +  &c)  = 

97-733»!93»72<M  —  *9-77*>02  x  S  +  &c 
and  *4  (=  9.886,01  — =  9.886,0?) *  —  4  x 

*     *  1^8oToiV  X  g  +  &c 

=r  9.88fi,oiA4  —4x966.191,330,448,845,801  xg  +  8cc 

=  q78«6,oiV-  3864-765»32i»799»3y3>204X^+&c> 

=  955,-777^54»7J°»594»o77»1I44>oi 

-  3864.765,321,795,383,104  x  g  +  &c, 

and3x»(=  3  X  97'733>i93>7i0>1  -       19.772,02  x  ^  +  &c 

=  3  x  97-733>,93»72°»I  -  3  X  I9-772*02  *  £  + &c> 
=      ^93. 199,591, 160,3  -      59.3 16,06  x  g  +  &c, 

and  75*  (  =  75  X  9.886,01  -  g  =  75  X  9.886,01  -  75^ 
s=  741.450,75  —  75^,  and  confequently  x* —  3**  + 
75  x  «=  the  compound  quantity 

9551- 
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{955T-777.T54»73p»594»^77»i44»Ri  — 3^64.765»5i'»795»333,ao4X^+&c^ 
—  i93-i99>59»>>6o,j  +     59-3^.o6  x  g  —  Uc  , 

+  74« -45c>75  ~    75  X  g  J 

=  10,000.028,313,570,294,077,144,01 

—  3880.449,261,795,383,204.  X  g  +  &e. 

Therefore  this  laft  quantity  10,000.018,313,570,294, 
077,144.°*  —  3880-449>26i,795,383,2O4  X  g  +  &c 
will  be  nearly  =  10,000. 

Therefore  (adding  3880.449,261,795,383,204  X  £  to 
both  fides,)  we  (hall  have  10,000.028,313,570,294,077, 
144,01  =  10,000  4-  3880.449,261,795,383,204  X  gf  and 
(fubtrae"ting  10,000  from  both  fides,)  3880.449,261,795, 
383,204  X  g  =  0.028,313,570,294,077,144,01,  and, 
laftly,  (dividing  both  fides  by  388^.449,261,795,383,204) 
g  =  0.000,007,296,467. 

Therefore  x,  or  9  886,01  —  g,  will  be  =  9.886,01 
—  0.000,007,296,467  =  9  886,002,703,533;  that  is, 
the  fourth  near  value  of  x  in  the  propofed  equation  x*  — 
3#x  +  75*  =r  10,000,  obtained  by  this  third  procefs 
of  Mr.  Raphfon's  method  of  approximation,  will  be 
9.386,002,703,533.  e.  1. 

Art.  27.  Of  this  number  9.886,002,703,533,  the  firft 
nine  figures,  9. 886,002, /c,  are  the  fame  with  the  firft 
nine  figures  of  the  lad  value  of  x  found  above  in  art.  20 
by  Dr.  Halley's  method  of  approximation,  to  wit,  9. 886, 
002,700.  And  therefore  we  may  be  confident  that  thefe 
nine  figures,  9.886,002,70  are  exact,  or  the  fame  with 
the  firft  nine  figures  of  the  true  value  of  x  in  the  pro- 
pofed 
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pofed  equation  x4  —  3**-  +  75*=  10,000.  And 
I  believe  that  the  firft  eleven  figures,  to  wit,  9.886,002, 
7°3i5>  °f  ^e  value  obtained  in  the  foregoing  article,  to 
wit,  9.886,002,703,533,  are  cxa&. 

Dr.  Halley  makes  the  more  accurate  value  of  x  in  this 
equation,  which  he  has  obtained  by  the  fecond  procefs  of 
his  method  of  approximation,  to  be  9.886,260,393,6*49,5, 
(fee  above,  page  15.)  which,  he  tells  us,  fcarce  exceeds 
the  truth  by  2  in  the  laft  figure.  But  from  the  agreement 
of  the  two  values  of  x  found  in  the  preceeding  articles  by 
the  application  of  both  his  and  Mr.  Raphfon's  methods 
of  approximation,  in  the  firft  nine  figures  9.886,002,70, 
we  may  fafely  conclude  that  thefe  nine  figures  are  exact, 
and  confequently  that  the  value  of  x  affigned  by  Dr* 
Halley  is  erroneous  in  all  the  figures  260,393,649,5  that 
come  after  the  four  firft  figures  9.886. 

I  now  proceed  to  confider  Dr.  Hafley's  third  and  laft 
example. 


EXAMPLE  m.—A  BIQUADRATICS  EQUATION. 

Art.  28.  Let  it  be  required  to  refolve  the  biquadratick 
equation  —  x*  4-  80  xl  —  1998  .r*  +  14,937*  =3 
5000,  or  14,937*  —  1998**  +  8o.r3  —  x*  =  5000, 
by  Dr.  Hallcy's  method  of  approximation. 

An  Inveftigation,  by  ConjeBures  and  Trials^  of  a,  or  the  firji 

near  Value  of  x. 
In  order  to  find  a  firft  near  value  of  one  of  the  roots 
•   of  this  biquadratick  equation  (for  it  has  four  real  and 
affirmative  roots,)  to  be  made  the  bafis  of  a  fecond  ap- 
proximation to  it's  true  value  in  the  manner  recom- 
mended by  Dr.  Halley,  we  may  proceed  as  follows  : 

F  Let 
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Let  us  fubfUtutc  two  or  three  very  eafy  numbers,  con- 
fiding of  two  figures  each,  inftcad  of  x,  in  the  compound 
quantity  14,937*  —  1908/r1  +  80  *5 —  x\  which 
forms  the  left-hand  fide  of  the  propofed  equation,  in 
order  to  fee  whether  either  of  the  values  refulting  from 
fuch  fubftitutions  will  be  nearly  equal  to  50CC,  or  the 
abfolute  term  of  the  faid  equation.  And,  firft,  let  us 
fuppofe  x  to  be  equal  to  10. 

Then  will  the  compound  quantity  14,937  A'  —  1998  ar 
-f  80  *J  —  A'4*  be  =  14,937  X  10  —  1998  X  100  + 
80  x  loco  —  10,000  (  =  149,370  —  199,800  -f 
80,000  —  iocoo  —  229,370  —  209,800)  =  19,570; 
which  is  confequently  greater  than  the  abfolute  term 
5000.  We  will,  therefore,  in  the  fecond  place,  fuppofe 
r  to  be  =  12. 

Then  we  (hall  have  14,937*  —  1998  xz  4-  8ox*  — 
=  i4?937  X  12  —  1998  X  144  +  c'o  X  1728  — 
20,736  (=  179,244  —  2*7,712  +  138,240  —  20,736 
3 1  "9484  —  308,448)  =  9,636;  which  is  lefs  than 
the  former  refult,  19,570,  but  yet  is  greater  than  the 
abfolute  term  5000. 

We  will  therefore,  in  the  third  place,  fuppofe  .v  to  be  =  1 5. 

And  then  we  fliall  have  14,937*  ~~  l99$  x%  +  80 *s 

—  *4  =  14,937  X  13  —  1998  X  169  +  80  X  2197 

—  28,561  194,181  —  337,662  -f  175,760  — 
28,561  =  369,041  —  366,223)  =s  3,718;  which  is 
lefs  than  the  abfolute  term  5000. 

Therefore,  if  we  funpofe  *  to  incrcafe  from  12  to  13, 
the  compound  quantity   14,937*  —  1998.1*  ■+-  80  x3 

—  *4  will  have  decreafed  at  the  fame  time  from  9,036 
•o  3,718,  and  thciefore  mull,  at  fome  inftant  of  time 

during. 
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during  the  faid  decreafe,  have  been  equal  to  the  inter- 
mediate quantity  5000 ;  orf  in  other  wo/ds,  there  will  be 
a  quantity  greater  than  12,  but  lefs  than  13,  that  will  be 
a  root  of  the  propofed  equation  14,937  *  1998*2  + 
80  x1  —  x4  =  5000. 

Further,  fince  the  refult  of  the  fubflitution  of  12  in- 
ftead  of  x  in  the  compound  quantity  14,937*  —  1998** 
«+  80  jr3  —  x4  is  9,036,  and  the  refult  of  the  fubflitution 
of  13  in  (lead  of  x  in  the  fame  quantity  is  3,718,  which, 
differs  lefs  than  the  former  refult,  or  9,036,  from  the 
abfolute  term  5000,  it  feems  reafonable  to  fuppofe  that 
the  true  value  of  x  in  the  equation  14,937*  1998** 
+  80  x*  —  x4  —  5000  will  approach  nearer  to  1 3  than 
to  1 2 ;  and  it  alfo  feems  reafonable  to  fuppofe  that  the 
difference  of  the  two  extreme  numbers  12  and  13,  cor- 
refponding  to  the  refults  9036  and  3718,  will  be  to  the 
difference  of  12  and  x  in  nearly  the  fame  proportion  as 
the  difference  of  the  faid  refults  9036  and  3718  to  the 
difference  of  the  former  refult  9036,  (which  correfponds 
to  1 2)  and  the  abfolute  term  5OC0,  or  that  13—12  will 
be  to  x  —  12  in  nearly  the  fame  proportion  as  9036  — 
3718  is  to  9036  —  5000,  or  that  1  will  be  to  x  —  12  in 
nearly  the  fame  proportion  as  53 1 8  is  to  4036,  and  confe- 

quently  that  x  —  x  2  will  be  nearly  equal  to  1  > 

or  to  0.7,  or  that  x  will  be  nearly  equal  to  12  +  0.7, 
or  12.7.  And  therefore  we  will  take  12.7  for  our  flrfl: 
near  value  of  *,  which  we  denote  by  the  letter  a>  and 
will  make  it  the  bafis  of  our  further  approximation  to  the 
true  value  of  x  in  the  propofed  equation  in  the  method 
recommended  by  Dr.  Halley. 

f  2  <A  fH9f$ 
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A  m;re  exaJI  Determination  of  the  Value  of  x  by  Br.  Halleyf 

Method  of  approximation. 

Art.  29.  As  we  do  not  yet  know  whether  12.7  is 
greater,  or  lefs,  than  *,  let  12.7  be  fubftituted  inftead  of 
x  in  the  compound  quantity  14,937  »v  —  1998**  -f-  8oa* 
—  x4,  in  order  to  difcover  whether  the  refult  will  be 
greater,  or  lefs,  than  the  abfolute  term  5000,  and  from 
that  circumftance  to  determine  whether  12.7  is  greater 
or  lefs  than  .r  in  the  propofed  equation  14,937*"  — 
1998  x2  +  80  #3  —  x4  =  5000. 

Now,  if  x  is  =  12.7,  we  {hall  have  xx  (—  12.7T2)  = 

161.29,  and  x3  (=  I2.>V)  =  204.3.383,  and  a4  (=  1T7V) 
=  26,014.4641,  and  confequcntly  14,937*  (=  I4>937 
X  12.7)  =  1 89/99.9,  and  1998  **  (-  1998  X  161.29) 
=  322,257.42,  and  80  .v1  (  =  80  X  2C48.383 )  = 
163,870.640,   and  the  whole  quadrinomial  quantity 

*4>937A'  —  i998*a  +  *ox*  a*  (  ~  189,699.9  — 
322,257.4*  +  163,870.640  —  26,014.4641  =  353,570. 
.5400 —  348,271.8841)  =  5208.6559;  which  is  fome- 
what  greater  than  500c,  or  the  abfolute  term  of  the 
equation  14,937  at  —  1998  .v 2  +  80  x*  — x4  =  5000. 
Therefore,  while  a-  increafes  from  12  to  12.7,  the  com- 
pound quantity  14*937  x  —  1998  x%  +  80  a3  —  a*  wilt 
have  decreafed  only  from  9036  to  5298.6559.  But  we 
have  feen  that,  when  x  is  =  13,  the  faid  compound 
quantity  will  be  =  3718.  Therefore,  while  x  increafes 
from  12.7  to  13,  the  faid  compound  quantity  will  de- 
creafc  from  5298.6559  to  3718,  and  confequently  will, 
at  fome  inftant  of  time  during  it's  faid  decreafe,  be  equal 
to  the  intermediate  quantity  5000,  or  the  abfolute  term 
of  the  equation  14,937  x  «—  1998  .v*  +  Boa:5  —  x+  = 

CCOO; 
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5000  •,  and  therefore  there  will  be  (bine  value  of  x  greater 
than  1 2  7,  but  lefs  than  13,  that,  being  fubftituted  in- 
Head  of  x  in  the  compound  quantity  14,947  v  —  1998** 
■f  80  jp3  —  x\  will  make  the  laid  compound  quantity  be 
equal  to  500c ;  or,  in  other  words,  there  will  be  a  root 
of  the  equation  14,937  x  —  1998  .rl  +  80  jc3  —  jc4 
=  5000  that  will  be  greater  than  12.7,  but  lefs  than  J3. 

Art.  30.  Having  thus  difcovercd  that  the  true  value 
of  that  root  of  the  propofed  equation  14*937*  —  1998*1 
+  So  —  **  =  5000  which  we  are  now  feeking,  is 
greater  than  12.7,  let  e  be  put  for  it's  unknown  excefs 
above  12.7,  fo  that  x  (hall  be  =  12.7  +  ey  or  a  +  e. 

Then  we  (hall  have 
xx  (  =  tf+Tl7)  =  aa      2  a  e  +  e  e, 
and  „vJ  ( =  a  +e}')  =  a1  -J-  302*  +  $aex  +  e*y 
and  j4  (=  a+7[*)  =  <>+  +  4«3^  +  6aV  +  4a*1  +  e\ 
and  confequently 

H>937*  ("  M937  X  a  +  e)  =  14,937"  +  H»937^ 
and  19984:-  (=  1998  X  a  a  H-  me  4-  ee)  = 

19980/7  -f  3996  ne  +  1998  ft*, 

aud   80  **   (  =  80  X  ^J  +  j<^T3  «r  -f  *'  )  = 

8oufJ  «+■  240       -f  240  <ir  4  8o*5; 

and  confequently  the  whole  quadrinomial  quantity  14,937* 
—  1998  x-  +  8d  .v1  —  a4  will  be  equal  to  the  following 
compound  quantity,  to  wit, 

{I4»937rt  +  1 4.93  7' 

—  1998*2  a  —  3996  <r  i*  —  K)Cj$re 

+  80  <i3  +  240rta<r    +  240J«.»  +  $0£* 

—  *.4  —  4«5*-  —  6<j*/»  —  4,/  tfJ  —  t*. 

:/    F  3  But 
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Rut  the  quadrinomial  quantity  14,937  at  —  1998  x*  + 
80  x3  —  a*  is  =  5000. 

Therefore  the  lad-mentioned  compound  quantity,  in- 
volving the  unknown  quantity  e  inftcad  of  *,  will  alfo  be 
=  5000. 

Now  let  the  three  laft  terms  of  this  lad  compound 
quantity,  to  wit,  the  terms  -f  80  —  4  ae%  —  e\  be 
expunged  from  it,  on  account  of  their  fmallnefs  in  com- 
parifon  of  the  terms  in  the  fecond  and  third  vertical 
columns  of  the  faid  compound  quantity,  which  involve 
in  them  the  fquare  and  the  fimple  power  of  the  unknown 
quantity  e.  And  we  mall  then  have  the  remaining  com- 
pound quantity,  to  wit,  the  quantity 

/         i4>937*  +  *4>937  '  ^ 

J        —    1908  a*  -  3996  ae  —  1998  c*  ^ 

^         -f       80  a3  -f  340  a2  e  +  240  a  e%  f 

-          a4  -  4^*  -  6fl*<1  J 

neaily  =  5000. 

1 

Now  the  firft  vertical  column  of  terms  in  this  equa- 
tion, to  wit,  14  9370  —  1998  az  Sea1  —  a\  has 
already  been  (hewn  (in  art.  29,)  to  be  =  5  298.6559  ; 
anJ  3996  X  a  is  (=  3996  X  12  7)  =  50,749.2;  and 

240  a*  is  (  =  240  X  T2^7l2  =  240  X   161.29)  = 

38,709.60;  and  4  a3  is  (  =  4  X  12T7V  =  4  X 
2048.383)  =  8193.532;  and  240a  is  (=  240  X  12.7) 

=  3048.0;  and  6<zs  is  (=  6  XT2T7V  =  6  X  161.29) 

=  9^7-74- 

Thercfore  we  iliall  have  the  compound  quantity 

$  529?. 
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-  50,749.2      x  e  —  1998      X  c% 

4-  38,709.60    x  t  4-  3048.0  X 

-  8,193.53a  X  e  -    967.74  X  <* 

nearly  =  5000,  or  the  compound  quantity 

f  5:93.65S9  4-  53'<5+6-6°  x  *  -  a 5^5-74  *  1 
1  -  58,942.732  x  *  4-  3°48<>    *  J 

=  5000,  or  the  compound  quantity 

5298.6559  —  5296.132  X  e  -{■  82.26  X  e1  =  5000. 
Therefore  (adding  5296.132  X  ^  to  both  fides,)  we 
(hall  have  5293.6559  4-  82.26  X  e'  =  5OC0  4-  5296.132 
X  e\  and  (fubtracling  82.26  X  e1  from  both  fides,)  we 
fhall  have  5298.6559  =  5000  -f  5296.132  X  e  —  82.26 
X  e%\  and,  laftly,  (fubtratting  5CO0  from  both  fides,)  we 
fliall  have  5296.132  X  e  -  82.26  X  ez  =  298.6559; 
which  is  a  quadratick  equation  properly  prepared  for 
resolution,  and  which  we  will  therefore  now  proceed  to 
refolvc,  in  order  to  obtain  the  value  of  e%  or  of  the  excefs 
of  the  true  value  of  x  in  the  propofed  equation  14,937  .v 
—  1998*'-  -4*  8ox3  —  a4  =  joco  above  ay  or  12.7, 
it's  firft  near  value. 

Art,  31.  Let  all  the  terms  of  this  equation  5296.132 
X  e  -  82.26  X  e  —  298.6559  be  divided  by  82.26, 
the  co-efficient  of  e*.  And  we  fhall  then  have  64.382, 
834,9  X  e  -  e*  =  3.630,67,3,357,646,48.  Now  let 
both  fides  of  this  equation  be  fubtrafted  from  the  fquare 
of  half  the  co-efficient  of  that  is,  from  the  fquare  of 
half  of  64.382,834,9,  or  the  fquare  of  32.197,417,4,  or 
from   1036.287,354,221,022,76.    And  we  (hall  have 

32.191,417, 4V  -  64.382,834,9  X  /  4-  tx  (-  1036.287, 

F  4  354, 
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3541221,022,76  -  3-63°>633>357>tf4<5>48)  =  1032.656, 
720,863,376,28.  Therefore  the  fquare-root  of  the  tri- 
nomial quantity  32.191,41 7,41 2  —  64.382,834,9  X  e 
+  e2  will  be  equal  to  the  fquare-root  of  1032.656,720, 
863,376,28,  that  is,  to  32.134,976,5. 

But  the  trinomial  quantity  32.191,417,4V  —  64.382, 
^34>9  *  €  +  nas  two  fquarc- roots,  to  wit,  the 
binomial  quantity  32.191,417,4  —  e  and  the  binomial 
quantity  e  —  32. 191, 417,4*  We  muft  therefore  now 
inquire  which  of  thefe  two  fquare-roots  will  enable  us 
to  find  the  value  of  e  required  on  the  prefent  occafion, 
or  that  value  of  it  which  is  equal  to  the  exccfs  of  the  root 
of  the  propofed  equation  14,937*  —  1998  .r 2  -h  80*1 

—  x4  =  5000  above  12.7.  Now  we  know  that  this 
excefs  is  lefs  than  0.3,  becaufe  x  is  lefs  than  13.  There- 
fore the  latter  fquare-root  of  the  faid  trinomial  quantity, 
to  wit,  the  binomial  quantity  e  —  32.191,417,4,  (in 
which  e  is  greater  than  32.191,417,4.)  cannot  be  that 
which  is  fuited  to  our  prefent  purpofe ;  and  confequcntly 
we  muft  make  ufe  of  the  other  fquare-root  of  the  faid 
trinomial  quantity,  to  wit,  the  binomial  quantity  32.191, 
417.4  —  r.  We  (hall  therefore  have  32.191,417,4  —  e  = 
32.134,976,5  ;  and  confequently  (adding  /  to  both  fides,) 
32.191,417,4  will  be  =  32134,976,5  +  /,  and  e  will 
be  (=  32.191,417,4  -  32-i34>976,5)  =  0.056,440,9. 
Therefore  a  4-  or  12.7  +  e9  will  be  (  =  12.7  -f 
0.056,440,9)  =r  12.756,440,9;  that  is,  the  fecond  near 
value  of  #,  or  the  root  of  the  propofed  equation  14,937* 

-  1998.V1  80  —  A4  =  5000,  obtained  by  this 
firit  procefs  of  Dr.  Halley's  method  of  approximation, 
will  be  12.756,440,9.  E.  1. 

7  This 
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This  value  of  x  Is  cxaft  in  the  firft  feven  figures 
12.756,44,  it's  more  accurate  value,  as  computed  by  both 
Dr.  Halley  and  Dr.  Wallis,  bebg  12.756,441,794,480, 
744,02. 

A  CorreRlon  of  the  foregoing,  or  fennd,  near  Value  of  x, 

fuggefted  by  Dr.  Halley. 

Art.  32.  Dr.  Halley  on  this  occafion  points  out  a  cor- 
rection to  be  made  to  the  value  of  x  juft  now  obtained,  t 
to  wit,  the  number  12.756,440,9,  without  entering  upon 
a  compleat  fecond  procefs  of  his  method  of  approxima- 
tion, and  tells  us  that  we  may,  by  this  correction,  find 
the  value  of  x  to  be  =  12.756,441,794,48,  or  to  thir- 
teen  figures,  all  exacl.  This  corredion,  if  I  undcrftand 
it,  may  be  explained  as  follows. 

The  compleat  transformed  equation  obtained  in  art.  30 
by  fubftituting  a  +  e  in  (lead  of  x  in  the  terms  of  the 
original  equation  14,937*  —  1998  a2  +  80  .v*  -—  x+ 
=  50CO,  is 

{14»937  *  +  14.937  ' 

—  1998  a*  —  3Q96  ae  —  1998  e% 

•f      80  a3  +  240 a*e  +  240 ae*  +  80 

—          a*  —  +a*e  —   6  a*  e%  —  4«f<*  —  e* 

=  50OO. 

And  by  fubftftuting  12.7,  or  the  value  of  a,  inftcad 
of  a  in  all  the  terms  of  this  equation,  except  80  e3  — 
+  ae*  —  i*t  this  equation  will  be  converted  into  the 
following  equation,  to  wit,  5298.6559  —  5296.132  X 
/  +  82.26         +  80 —  4a/1  —  t+  =  50CO. 

Add  5296.132  X  e  to  both  fides  :  and  we  (hall  have 
5298.6559  +  82.26  X  e1  +  80  —  qae%  —  e*  = 
5000  +  5296.132  X  e. 

Subtract 


Digitized  by  Google 


(   74  ) 

Subtract  82.26  X  e  from  both  fides :  and  we  (hall 
have  5298.6559  +  80  —  4rtr*  —  e*  =  50CO  4- 
5296.132  X  r  —  82.26  X  *a. 

Laftly,  fubtracl  5000  from  both  fides :  and  we  (hall 
have  5296.132  X  e  —  82.26  X  e*  =  298.6559  +  8o*J 

—  4**3  —  or  5296.132  X  e  —  82.26  X  e*  = 
298.6559  4-  80  —  4  X  12.7  X  e*  —  e*,  or  5296.132 
X  e  —  82.26  X  e-  =  298.6559  +  80^  —  50.8  X  c* 

—  e*t  or  5296.132  X  e  —  82.26  X  e1  =  298.6559 
■+•  29.2  X  e*  —  e*.  Therefore  (dividing  all  the  terms 
by  82.26,  (the  co-efficient  of  e\)  we  (hall  have  64.382, 
ZlW1!*^  x  e  —  *"  =  3-63°>eJ3>357»646>486,749> 

331*388  +  o.354>97**o39>373>  *     —  -j^- . 

Now  let  the  value  of  e  that  we  have  already  found,  to* 
Wit,  0.05644,  be  inferted  inftcad  of  e  in  the  two  terms 

°-354i972>°39»873  x  e%  and  3,  a6  ;  an<*  *°r  this  pur- 

pofe  let  or  0.05644,  be  raifed  to  it's  third  and  fourth 
powers. 

Then  we  (hall  have  e%  =  0.003,185,473,6,  and  e*  = 
0.000, 179,788, 1 29,984,  and  =  0.000,010,147,242, 
056,296,96.  Therefore  0.354,972,039,873  X  e*  will  be 
(=  0-354>972>°39>873  X  0.000,179,788,129,984)  = 

0.000,063,819,759,245,372,554,852,032  i  and  8a 

...  .     _  0.000,010,147^42^56,296,9^ 
mil  be  sITs  =  °«000>0OO» 

i*3« 
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•23>355>726>432>0O7>78o-,  and  confequcntly  0.354,971, 

039,873  X  e*  —  -gj-jj.  will  be  (=  0.000,063,8 19,7S9» 

245>372>  554>852.032  —  0.000,000,133,355,726,432, 
007,780)  =•  0.000,063,696,403,518,940,547,079,032; 
and  3.630,633,357,646,486,749,331,388  +  0.354,972, 

c39>8/3  X  'J  —  -g£^  will  be  (=  3-63°>633>357* 

6^6,486,749,331,388  -h  0.000,063,696,403,518,940,547* 
072,032)  =  3.630,697,054,050,005,689,878,460,032. 
Therefore  64.382,834,913,688  X  e  —  el  will  be  = 
3.630,697,054,050,005,689,878,460,0325  which  qua«r 
dratick  equation  we  mud  now  refolve. 

Art.  33.  The  half  of  64.382,834,913,688  (the  co-effi- 
cient  of  e)  is  32.191,417,456,844,  the  fquarc  of  which 
is  1036.287,357,880,800,614,602,440,336.  From  thUi 
number  let  both  fides  of  the  equation  64.382,83479  *3> 
688  X  e  — r  e1  =  3.630,69^,054,050,005,089,878,  i6c,03* 
be  fubtrac"ted.  And  we  (hall  have  the  trinomial  quantity 
32.191,417,456,844^  —  64.382,834,913,688  X  e  -f  e% 
„  (  =  1036.287,357,880,800,614,602,440,736  —  3.630, 
6975054,050,005,689,878,460,032)  =  1032.656,660, 
826,750,608,912,561,875,968.  Therefore  (e.xrracling 
the  fquare-roots  of  both  fides,)  we  (hall  have  32.191,417, 
456,844  —  e  =  32. 1 34,975,062,457  ;  and  confequcntly 
(adding  e  to  both  fides,)  we  fhall  have  3Z.  1 9 1 ,4 1  7,456, 
£44  =  32.134,975,062,457  +  e,  and  ( fubtrading 
32!  134,975,662,4 59  from  both  fideb)  v  =  0.0^6,441, 
794,387.  Therefore  a  4-  e,  or  12. 7  -f-  *■  will  be  (—  iu.7. 
+  0.056,441,794,387)  -  12.756,4^^794,^;;  that  is, 
the  value  of  a*  in  the  ptopofed  equation  14,937*  — 1 

1998** 
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1998  x*  +  80  a-5  —  x*  =  5000  will  be  12.756,441, 
794,387.  e.  1. 

A  Remark  on  the  foregoing  Correction  of  the  fecond  near 
Value  of  x,  fuggefted  by  Dr.  Halley. 

Art.  34.  This  number  12.756,441,794,387  is  exact  in 
the  firft  eleven  figures  12.756,441,794,  whereas  the 
former  number,  obtained  in  art.  31,  to  wit,  12.756,440,9, 
was  exact  in  only  the  firft  feven  figures  12.75^,44;  fo 
that  this  correction  has  given  us  four  new  figures  of  the 
value  of  x  exact.    And  Dr.  Halley  makes  the  number 
obtained  by  means  of  the  correction  exact  to  two  figures 
more,  it  being  according  to  his  calculation  12.756,441, 
794,48,  which  confifts  of  thirteen  figures,  which  are  all 
exact.    But  even  this  additional  number  of  exact  figures 
feems  to  be  hardly  worth  the  trouble  of  going  through 
the  calculations  that  are  ncccfiary  to  obtain  them.  If 
more  figures  of  the  value  of  x  are  required  than  are  af- 
forded by  the  firft  procefs  of  Dr.  Halley's  method  of 
approximation,  I  ihould  rather  be  inclined  to  enter  upon 
a  com  pleat  fecond  procefs  of  it,  grounded  upon  the  value 
found  by  the  firft  procefs,  than  to  have  recourfe  to  this 
correiiion  of  the  firft  procefs  j  partly  becaufe  I  believe 
the  labour  of  calculation  in  performing  a  complcat  fecond 
procefs  will  hardly  be  greater  than  that  of  applying  the 
foregoing  correction  to  the  firft  procefs,  and  partly,  and 
chiefly,  becaufe  I  think  the  rcafonings  employed  in  a  fe- 
coml procefs  are  clearer  and  more  fatisfactory  than  thofe 
employed  in  making  the  correction  of  the  firft  procefs, 
and  Ids  likely  to  lead  the  calculator  into  a  miftake,  fuch 
as  that  of  adding  a  quantity  where  it  fhould  be  fubtracted, 
*jt  :he  contrary,  or  cf  omitting  fome  necefTary  divifion  of 
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the  new  quantities  taken  into  the  calculation,  or  not 
carrying  the  divilion  far  enough.  But  the  comparative 
merits  of  a  compleat  fecond  proccfs  of  Dr.  Halley's 
method  of  approximation  to  the  root  of  an  equation, 
and  of  the  foregoing  correction  of  the  firft  procefs  of  it, 
will  be  better  underftood  by  exhibiting  a  compleat  fccontl 
procefs  of  it  in  the  cafe  of  the  foregoing  equation 
14,937  *  ~  1998**  +  80  x*  —  a*  =  5000,  grounded 
on  the  value  of  x  obtained  by  the  firft  procefs,  which  was 
12.756,440,9,  or  rather  on  12.756,44,  the  firft  fevcn 
figures  of  that  value,  becaufe  thofe  figures  will  be  fuf- 
ficient  to  enable  us  to  find  the  next  value  of  x  cxacl:  to 
about  21  places  of  figures;  and  therefore  I  (hall  now 
proceed  to  exhibit  the  faid  fecond  procefs  in  the  fame 
full  manner  as  the  former  procefs. 

An  Invefligation  of  a  third  near  Value  of  x  by  a  fecond 
Procefs  of  Dr.  Hal  lefs  Method  of  Approximation. 

Art.  35.  We  will  therefore,  in  the  firft  place,  fubftitute 
the  number  12.756,44  inftead  of  x  in  the  compound 
quantity  14,937  x  —  1998  x*  +  80  x*  —  a4,  in  order  to 
difcover  whether  the  value  of  that  quantity  refulting 
from  fuch  fubftitution  will  be  greater,  or  lefs,  than  5000, 
or  the  abfolute  term  of  the  propofed  equation  14,937  x 
—  1998  x2  4-  80  *3  —  x4  =  5000,  and  from  that  cir- 
cumftance  to  determine  whether  the  number  12.7 56^4  is 
greater,  or  lefs,  than  the  true  value  of  x  in  that  equation. 

Now,  if  x  is  =  12.756,44,  we  (hall  have 

xx  (=^2-7^M4y)  =  162.726,761,473,6; 

and  a1  (=  12.756,44V)  =  2075.814,169,132,289,984; 

and 
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and.t*(  =  12.756,44  *)  =t  26,479.9)8,899,685,909)243, 

4o6y/> ; 

and  confcquently  14,937  ,v(  =  14,937  X  12.756,44) 

=  190,542.944,28; 

and  1998* x  (=  1998  X  162  72(>,-6r, 173,6} 

=  325,1^8.069,424,252,8; 

and  80 x3  (=  80  X  2075.814,169,132,289,984) 
=  166,065.133,530,583,198,720. 

Therefore  the  whole  compound  quantity  14,937*  — 
1998  x*      80  a  *  —  a*  will  be  ( = 


■ C    190,542,944,28  —  325,128.069424,252,8 

+  166,065.133,530,583,198,720  -  ^6,479.998,899/8; 

9<>9. 


h 998,899/85,  V 
>»243,49^96  J 

{3*6/08.077,8 10,583, 198,720  1 
-35i,6oS.o6S>323,(>38,'i09,a43,49<'>,96  J 

=  5000.009,486,644,489,476,503,04;  which  is  a  very 
little  greater  than  50:0,  <  r  the  abfolute  term  of  the 
propofed  equation  14,937*  —  J  998**  +  80**  —  -4 
=  500c.  Therefore,  for  the  reafons  given  above  in 
TLTt.  20,  we  may  conclude  that  the  number  12.75644  is 
lefe  than  the  true  value  of  x  in  that  equation. 


Art.  36.  Having  thus  discovered  that  the  number 
12.75644  is  lefs  than  the  true  value  of  .r  in  the  equation 
'4*937  x  —  19^8  x2  +  8ojt*  —  ;4  -ss.  5000,  let  us 
put  c  fcr  the  number  12.75544,  and  f  for  the  unknown 
excefc  of  x  ,;bovc  it,  fo  that  x  will  be  equal  to  r  +  /. 

Thei 
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Tb*n  we  (hall  have      (=  c  +/]*)  =  ct  +  icf  +  ^ 
and  *s  C=  ^+\7V)  =  fS  +  3'V  +  3'/1  +  /»,  and 
'  +/V)  =  <4  +  4*'/  +  6^1/1  +  4'/'  +  /*, 
and  M»937  *  (  =  M>937  X  <•+/)  =  '4>937'f  + 
*W3lf>  (=  1993  X  a  +  2cf+f/)  = 

1998       +   3996r/  +   1998//;  and  80  a- '  (  =  80  X 

-  +  3  ^f^lTr^+l1 )  =  80  ^  +  240 ry+  240^ 

4-  8c/3.  And  confequently  the  whole  compound  quan- 
tity 14,937  v  —  l99%  x~  +  8cvJ  —  *4  will  be  equal 
to  the  compound  quantity 

f        14*937  £  +  1 4*9 J 7/ 
J    -  i99Sff  -  399^/  - 

But  the  compound  quantity  14*937*  —  19984*  4- 
So*1  —  a:4  is  »  5OOO. 

Therefore  the  other  compound  quantity,  which  involve! 
in  it's  terms  the  unknown  quantity  f  inftead  of  will 
alfo  be  equal  to  50CO. 

Now  let  the  three  laft  terms,  +  80/3  -  4  cp  ~« fS 
be  expunged  from  the  faid  compound  quantity,  on  account 
of  their  extream  fmallnefs  in  comparifon  to  the  precced- 
ing  terms  which  involve  the  fquare  and  the  fimple  power 
of  /.    And  the  remaining  compound  quantity,  to  wit, 

*4>937' 
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14,957  <    +  H?957/ 


-  1998  cc  -  3996f/—  »998/* 
+     8ot*  +  240  **/  +  240*/* 


,4   _     4<*V  ~  6r*/2 


will  be,  nearly,  =  500c. 

But  it  has  been  (hewn  in  art.  35  that  the  fird  vertical 
column  of  terms  in  this  equation,  to  wit,  I4i937'  — 
1998  cc  +  80  rJ  —  f4  is  =  5000.009,486,644,489, 
476,503,04 \  a«d  399<>c  is  (=  3996  X  12.75644)  = 
5°>974-73*>*4> 

and  240c1  is  (=  240  X  162.726,761,473,6) 

=  39>o54«422,753,664,o ; 
and  4<rJ  is  (=  4  X  2075.814,169,132,289,984) 

=  8303.256,676,529,159,936; 
and  240*:  is  (=  240  X'  12.756,44)  =  3061.545,60; 
and  6cz  is  (=  6  X  162.726,761,473,6) 


=  976.360,568,841,6. 


Therefore  we  (hall  have  the  compound  quantity 


5000.009,486,644,489,476,503,04 


+  M>937/ 

-  $0,974,734,24  x  f 

+  39>°>4-422,7  53>664>o  x/ 

-  8,303.256,67^,^29,159,936  xf 


-  1998  x  /» 

4-  3061.545,60  x 

-  976.360,568,841,6  x  /* 


nearly 


5000,  or  the  compound  quantity 


5000. 
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yooo.oo9,486,dMH89H7«.503,o4 

-  59»»7?-99°.9l6»5I9»i.59.936  *  / 

—  2974.360,568,941,6  x  /» 

+    3061.54j.60  x/» 


I 


neatly  =  5000,  or  die  compound  quantity 


5000.009,486,644,489,476,503,04 

—  5286.568,162,865,159*936  X  / 

+  87.184,431,158,4  x  /*>  n«rlr»  =  5°°°i 
and  consequently  (adding  5,286.568,162,865,159,936  X / 
to  both  fides,)  5000. 009 , 486, 644 ,480»476> 5°3>°4  + 
87.184,431,158,4  X  f  as  5000  +  5286.568,162,865, 
159,936  X  fy  and  (fubtra&ing  87.184,431,158,4  X  /* 
from  both  fides,)  5000.009,486,644,489,476,503,04  ss 
5000  +  5286.568,162,865,159,936  X/  —  87.184, 
43I»*58»4  *  /*>  and,  laftiy,  (fubtrading  5000  from 
both  fides,)  5286.568, 162,865,1 59,93 6  X  /  —  87.184, 
43M58>4  X/*  =  0.009,486,644,489,476,503,04 j  which 
is  a  quadratics:  equation  properly  prepared  for  refolution, 
and  which  we  will  therefore  now  proceed  to  refolre  in 
order  to  obtain  the  value  of  /  or  of  the  excefs  of  the 
true  value  of  *  in  the  propofed  equation  14,937  *  — 
1998*  +  80  *«  —  x4  =  5000  above  r,  or  12.75644, 
it's  fecond  near  value. 

Art,  37.  Let  all  the  terms  of  this  equation  5286.568, 
162,865,159,936  X  /  —  87.184,431,158,4  X  /»  = 
0.009,486,644,489,476,503,04  be  divided  by  87.184,431, 
158,4,  which  is  the  co-efficient  of  f\  And  we  (hall 
then  have  60.636,607,851,008,642,270,08  X  /  —  f% 


G 
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and  1998  x*  will  be  (  =  1998  X  aa  +  %ae  +  t<) 

=  1998  aa  +  3996  ae  +  1998*4 

and  8o*»  will  be  (=  80  X  a»  +  3  a'*  +  3***  + 

=  8oaJ  «f-  240  a **  +  240a/1  4  80*% 
and  confequently  the  whole  compound  quantity  14*937* 
—  1998**  +  Sox1  —  x*  will  be  equal  to  the  compound 
quantity 

{M>937«  +  14*937' 

-  1998 a*  -  3996**  -  1998  r» 

+  8o«»  +  *40«»  e  +  340<jf»  +  8o<* 

—  a*  —      4«»*  —  6fl***  —  4tf#» 

■ 

But  the  former  compound  quantity  14,937* 

4-  8ojrJ  —  a-4  is  =  5000. 

Therefore  the  latter  compound  quantity  will  alfo  be 

=  5000. 

Now  let  all  the  fix  terms  of  the  faid  latter  compound 
quantity  which  involve  in  them  the  fquare,  cube,  and 
fourth  power,  of  the  unknown  quantity  *,  to  wit,  the 
terms  —  1998 /*  +  240 at1  —  6a*/*  +  8o**  4  a*1 
—  be  expunged  from  the  faid  compound  quantity  on 
account  of  their  fmallnefs  in  comparifon  of  the  terms 
+  I4#37*  —  3996*1*  +  440a**  —  4a1*,  which 
involve  only  the  Ample  .power  of  * :  and  it  U  evident  that 
the  remaining  compound  quantity,  to  wit,  the  compound 
quantity  14,937  a  —  1998  a1  4-  80  a1  —  a4  + 
—  399*  +  240  a**  -~  4  a1*,  will  fo 
nearly,       5000.  ;v a'?.?* 

But 
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But  it  lias  been  (hewn  in  art.  99  that,  if  a  be  equal  to 
12.7,  (as  it  is  here  fuppofed  to  be,)  the  quadrinomial 
quantity  14,937  a  —  1998      +  80  a*  —  a*  will  be 
=  5298.6559. 

«  *    \  . . .  . 

»  • 

Therefore  the  compound  quantity  5298.6559  -+> 

*4>937*  —  3996a'  +  240  a*/  —  4  u3*  will  be 
nearly  equal  to  5000. 

Further,  fince  a  is  =  12.7,  we  fliall  have  a1  = 
161.29,  and  a}  =  2048.383,  as  is  fhewn  in  art.  29. 
Therefore  3996  a  e  will  be  (  =  3996  X  12.7  X  e)  = 
5°>749*2  X  ei  an(l  240a*/  will  be  (=  240  X  161.29 
x  ')  =  38»7°9-6°  X  and  4a3  X  *  will  be  (=  4  X 
2048.383  X  0  =  8193.532  X  e. 

Therefore  the  compound  quantity  5298.6559  + 

f4>937  e  —  5°>749-*  *  '  +  38,709.60  x  *  — 
8193.532  X  *  will  be  nearly  =  5000,  or  the  com- 
pound quantity  5298.6559  +  53,646.60  X  t  — 
58,942.732  X  e  will  be  nearly  =  5000,  or  the  com- 
pound quantity  5298.6559  —  5296.132  X  e  will  be 
nearly  =  5000.  Therefore  (adding  5296.132  X  e  to 
both  (ides,)  we  (hall  have  5298.6559  =  5000  •+- 
5296.132  X  e,  and  (fubtrading  5000  from  both  fides,) 
we  (hall  have  5296.132  X  e  =  298.6559;  which  is  a 
fimple  equation  properly  prepared  for  refolution. 

This  fimple  equation  5296.132  X  e  =  298.6559  is 
refolved  by  the  fingle  operation  of  dividing  both  fides  of 
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tfce  ^nation  by  the  numfctf*  5196:13*1,  which  is  the  co- 
efficient  of'  the  nnVnow*  iqtwtity  <v  And  ;  by  tfu>  .  di- 
vision we  mall  firid  *  to  be  (=  i2^^^  )  W  0.656,70. 

v     5296.132  ■  J 

Therefore  n  •+-  ey  or  12.7  +      will  be  (  =  12.7  +■ 

°*05^39),^=  is>  ^  k?01?4  war  value 

of  .r  in,  the  propqfed  equation  I4>937  ^  —  1998**  -f 
80  xJ  —  .v4  =  5000,  obtained  by  this  firft  procefs  of 
Mr.   Raphfon's  method    of  approximation,   will  l>c 
12.756,39.  q.  e.  1. 


in  i . 


Art^ifi.  Now  let  12-33639  be  (ubftituted  ipftead  of  x 
in  the,  compound  quantity  14,037 T  .  I,99&*1  +  '.P** 
—  .v4,  in  order  to  difco.ver  whether  tjie  reXi|lt  of  fuch 
fubftitution  will  be  greater,  ox  Jefs,  than  £oco,  or  the 
abfolute  term  of  the  propofed  equation  14^937  x  — 
1998  a?  +  80  x*  —  x+  jooo,  and.  from  thai;  cir- 
cumflance  to  determine,  whether  the  true  value  of  x  will 
be,  greater  or  lefs  than  12^5639.  This  fubftitution  will 
be  a<  follows.  ,       .    ,     (  .  ;  V 

w  m  *       «  • 

If  at  is  ==  12.756,39,  we  mall  have 

/,  .  •         .    —     -  -     .....  1 

and  4:^=  I2v7|63^*):  =  20^5.789,760,2(1 &742,fi9, 
an4  .»«  (,=  12.75639^  =  26,4)9.583,749,294,977, 

•     .  8^,390,41.. 

Therefore  14,937  .r  will  be  (  =  *4>937  *  I^756>39)  = 

J9o,54^i9M3> 
and  1998  *' will  be  (=  1908  X  162.725,485,832,1) 

=  3251125.520,692,535,8, 
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and  8o>*wiilbe       4o.  X  10.75.^8^60^^4^1^9) 

alid  consequently  the  who  tc^  cop  pound  quanfit  ¥444,937* 
—  1998  x*  +  8o*'  —  x*  will  be  (  =  ^0,0,542.10^. 
«TT  3^>^5^20,6%^35?8  +  1^,063,180,817,999,369^ 
520  —  26,479^83^7.49,292,977, 829:, 390,41  =c^, 

829i:396,4T)  V=  $000,273,805,270,591,690,609,59; 
which  J5  ^fomewhat  greater  than  5ocox  pr  the.  a^Cplute^ 
term  pf -the  propo£ed\  equation  Therefore,  while  x  in- 
creases from  12.7  to  12.^56,39^  the  compound  quantity 

from  5298.65^9  to  1i&o6:ij%i6Syiyo;s9i\^fid4yS^ 
and,  while  x  increafes  f  .vther  from  12.75639  to  13,  the 
fail!  compound  quantity  will  have  tleire&feif  farrHer  frojn 
5oto.273,8o5,270,5^;6^,6ooi5^,  to  3718. ATherefote 
thire  will  'fie^olheWaftfef  6*  i  greater  that*  ^2.7^6^, 
but  >ers"thLah  13";  that,;wilf  make  the-  f^itt  compound 
quantity  be  equal  to  the  intermediate  quantity  5000  ; 
or,  in  other  words,  the  true  value  of  x  in  the  propofed 
equation  14,937  x  —  1998  -f*  80  —  x*  —  5000 
will  be  greater  than  12.756,39,  but  fefe  fhari  13.  ^ 

'  Q.  E.  I. 

y^m/  Procefs  of  Mr.  Raphfons  Method  of  Appro  xi- 
I  motion*  *       v  c  ) 

■ytfr/.  40.,  Now  let  V  oe  put  =  12.756,39V  and  /  for 
th|  unknown  quantity  bV  which  the  true^  value  pf  x  tn 
the  propofed  equation  14,937*  —  1998  x1  -f-  86  x1  — 
a4  5000  exceeds  c,  or  12.756,395  fo  that  x  {hall  be/ 
=  0  +  /,  or  12.756,39  +  /. 

G  4  Then 
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Then  wc  (ball  have  x*  ( =  c  =  tc  +  2cf  +jfc 

and         <  +7V)  =     +  3<V.+  3<7*  +  /*»  and 

and  confequently 

14>937*(=  '4*937  X'  +/)  =  *4»937  Xf  +  I4>937  X/, 

and  1998**  (=  1998  Xrc  +  I998"  + 

3996  </  +  1998^ 

and  80*1  (=  80  X  ^n:T?7+l^r:^)  =  80c1 

+  240^/+  240^  +  8o/», 

and  the  whole  compound  quantity  1 4,937  .r  —  1998** 

+  80     —  *♦  =  the  compound  quantity 

f       H»937  c  +  M»937/ 
I   -  1998  re  -  3996  cf  -  I998// 
S  +   8©*'     +  »40f*/  +  *40cff+8op 

But  the  compound  quantity  1 4*93 7*  1998**  + 
80**  —     is  «  5°°°- 

Therefore  the  compound  quantity 

H»937  f  +  H'937/ 
-  1998  ct  -  399°'/  -  I998// 
+     80  j  1  +    240  c*f  +  240  <?//  +  80/* 

will  alfo  be  =  5000. 

Now 


Digitized  by  Google 


(  »9  ) 

Now  let  all  the  terms  in  this  equation  that  involve 
either  //,A  or  be  expunged  from  it.  And  we 
Audi  the.  have  the  compound  quantity 

•  *  ■  * 

14,937  c  +  14,937/ 


■ 


{14,937  c  +  14,937/  \ 
—  1998  cc  —  399*'/  I 
+     80,'  +  240c1/  j 


nearly  =  5000. 


But  it  has  been  (hewn  in  the  laft  article  that 
—  1098  cc  +  80  c*  —  r*,  or  14,937  X  12.756,39  — 
1998  X  12.756,39V  +  80  X  12.750,39^—12.756,39)4, 

is  =  5000.273,805,270,591,690,609,59;  anc*  399°>  « 
(==  3996  X  12.756,39)  =  5°>974»534>4 1-  »  and 
240c1  is  (=  240  X  162.725,485,832,1  ) 
=  39»°54«I  16,599,704,0 ; 
and  4^  is  (=  4  X  2075.789,760,213,742,119) 
=  8303.159,040,854,968,476. 

Therefore  the  compound  quantity 


7o,S9 1,690,509,  sg 
+  14*937/ 


-  50,974.534,44  X/ 

+  39>°$4»I|6'»599i  704,0  X/ 

-  8303.159,040,854,968^76  x/ 


\ 


will  be,  nearly,  =  5000,  or  the  compound  quantity 
5000.273,805,270,591,690,609,59  +  53,99I'i*6»599» 
704,0  X/— 59,^77 ^93»48o,854i968^  X/wili 
be  nearly  =  5000,  or  the  compound  quantity  5000.273, 

805, 
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805,^9,591^690,600,59  —'5,286.576,881,150,968, 
47^         will  be,  ne%^\6°d  '  • 

Therefore  (adding  5,2^6.57^8^150,968,^76  X/ to 
both  fides,)  we  flail  have  5000.273,805,270,591,1  * 
609,59      5000^+  Sf2^.57^8i,ijo^o8,4j6  x 
and  (fubtra£ting  loco  from  bo&  fides,)  5,286:5  76,8^1, 

150,968,476  x/=  0.273,805,170,591,690^09,5^; 

which  is  a  fimple  equation  properly  prepared  for  rcfo- 

lution;    inU  '■'        3'i      1  til        i'i  1  u 

—        ^Oy.'  i  >■  *;  »  i*1  —  '  " 

This,  equation  Is  to  be  refoh/ed-bf  the, (ingle  operation 
of  dividing  both  fides  of  it  by  5>*8fr.  57^,88 1,250,968,47  6, 
the  co-efficient  of  the  unknown  quanJrkyj^,- by  which 


n  11  r   1  /- .   u    £  •■«o-.»7^,8o?^2*<i,?9ri690,6o9fy9  . 
(hall  find  /  to  be  ( ,^  .  .  av  k         ^  f — ~ — )  = 

t  4*  t 

0  000,0^7^2.  Therefore  <•  /,  'bri 2.756,39  + 
will  be  (-  12.7^6,39  -^  0.60^,051,^92)  =  12.756, 
441,792  •,  that  is,  the  3d  near  value  of  *  in  the  propofed 
equation  14,037.1-  ~  1998  V*  +  So  xi  x^  =  5000, 
which  is  obtained  by  this  fecond  procefs  of  Mr.  Raph- 
fojn's  method  of  approximation^  will  be'  12.756,441,7^2. 

Of  tWs  uurultf^  n^S^i^^^rthe  firfl  ten  figures, 
12.756,44.1,79,  arc  exacl  ;  it's  more  accurate  value 
being  1 2^56,4419794;^  5,74^^2;  as  ha»>  been  <feerl  "in 
Wt.  3  7.  But  this  -degree,  of,  exa&nefc  ;may  be  attained 
by  carrying  this  approximation  by  Mr.  Rapfcfon's  method 
one  ftep  further;  which  may  be  doners  fallows.  d 

Art.  4 1 . 


Digitized  by  Google 


(   9'  ) 

.  -^/.  jl.  tHe  number  i 2.7 56,44 1,792,  obtained 
by  the  foregoing  procefs,  to?  fubftituted:  inftead  of  *zm 
the  compound  quantity  14,937  *  '  1998*2.  -f  80  r* 
—  .v*  in  order  to  difcover  whether  the  refult  of  fuch 
fubftitutfon  will  be  greater,  Qrjefs,  than  ccoo,  or  the 
aljfolute  teon  of  the  propofed  equation  14,937*;— 
1998  5r  +  So  a*  —  9fi  m  5000,  and,  from  that  cir- 
cumftance,  to  determine  whether  the  true,  value  of  x  in 
that  equation  will  be  greater,  or  lefs,  .than  the  laid 
number,  .tt  .  —  '*/.  o<i  + 

Now*  if  *      =*  1 2. 7 56,441, 7 92,  we  (hall  have 

.r.r'(=*i  2-/56,44 ',792?)  =  1621726,807,192,684,171,264, 

and*J  (??:  W.75^44»i75^3)  «!  2075.815,043,951,482, 

558,968,975^6e5,a88r  i£J  n  ;  ^ 

and  x*  (=  1 2.756,441,79^*)  =  26, 480. 013,779,125, 

'  •  -  008,935,590,937,951,^94,483,357^^ 

Therefore  14,937  x  will  be  (=  14,937  x  1 2-7 56>44i»792) 

...  I»i  w  1\>  .  u  =  190,542.971,047,104, 

and  1998  x*  will  be  (=  1998  X  162.726  807,192,684, 
a  *7'i,264)  =  325ii28ii6o,770,982,<)74,i«5)472, 
and  80  x*  will  be  (=  80  X  2075.815,043,951,482,558, 


068,975,065,088)  =  ,66x6^203,516,1^,6^ 

717,518,005,207,040;'-  "  ^  1 

and  coirfequently  14,937^  +  80  a-1  will  be  (=  190,542. 
.971,047,104  +  166,065.203,516,1  iS,6o4,7i7,5i8,cr5, 
207,040)  =  356,608.174,563,222,604,717,518,005,207, 
040,  and  1 998.1*  +  ,\*  will  be  (=  325,128.160,770, 
982,974,185,472  +  26,480.013, 779, 125,oo8,935>59°> 

937. 


1 
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937>9Ji|694*483>357>696)  =  35  ^8. 174,550, 107,983, 
121,062,937,951,694,483,357,6965  and  14,937  *  +  8°*' 
—  1988^*  —  *♦  will  be  (  = 

■  • 

J   -  35I>6o8'174»5S0»lo7>983'iai»o6a»937»951>694,  V 
I  483,357»6o6  J 

•  ■  * 

=  5000.000,013,1 14,62  i,59^>45S>o67,255,345,5 1 6,642, 
304 5  that  is,  the  compound  quantity  14,937*  —  1998** 
+  80  x*  —  x*  will  be  =  5000*000,013,114,621,596, 
455,067,255,345,516,642,3045  which  is  a  little  greater 
than  5000,  or  the  abfolute  term  of  the  propofed  equation 
'4*937*  —  1998**  +  80  —  x+  =  5000.  And 
therefore,  for  the  reafons  given  in  art.  29,  we  may  con- 
clude that  the  true  value  of  x  in  that  equation  will  be 
greater  than  12.756,441,792. 

A  third  Proce/s  of  Mr.  Raphfon's  Method  of  Approximation. 

Art.  42-  Having  now  determined  that  the  number 
12.756,441,792,  which  was  the  near  value  of  *  obtained 
by  the  fecond  proccfg  of  Mr.  Raphfon's  method  of  ap- 
proximation, is  lefs  than  it's  true  value,  let  the  faid  near 
value  12.756,441,792  be  denoted  by  the  letter  d,  and 
the  fraall  quantity  by  which  the  true  value  of  x  exceeds 
it  be  denoted  by  the  letter  g. 

Then  we  (hall  have  =  +  gy  and  confequently 
.v*  (=  d~+~gl*)  =  dd  +  idg  +  ggy  and  *s  (  = 
d  +  g\>)  =  rfJ  +  3<<2*  +  3<tf  +  i\  and  a*  (= 

d  +  g)*)  =  rf*  +  +d*g  +  6dxgt  +  4dg>   +  g*- 

Therefore 
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Therefore  14,937*  will  be  ( =  14,937  x 
=   14>937^  +  H>937   *        and  1998**  will 
be  (=  1998  X  dd  4-  ldg  +  gg)  =  iqfidd  4- 
3996^  +  1998^1  and  8o*J  will  be  ( =  80  X 

d'  4-  3d2g  +  3</^a  =  80  J»  4-  24od*g  + 

240  dg%  4-  80  fJ.  And  consequently  the  whole  com* 
pound  quantity  14,937*  —  *998jr*  4-  80  *J  —  #* 
will  be  equal  to  the  compound  quantity 

* 

£     14»937  d  +  i4»937  g 
I    -  1998^  -  399*  </*  -  1998^* 
\    4-    80  d*  +  240  d*g  4-  240  dg*  +  8o£»  r 
^    -       <*♦  -    4^J  -  -         -04.  I 

But  the  former  compound  quantity  14,937  x  — 
1998     4-  80  #*  —  **  is  equal  to  5000. 

Therefore  the  latter  compound  quantity 

(      J4»937^+  M.937* 
J    -  1998^  -  39964?  -  «998** 

+    80  #  +  240^4-  %+odg*  +  8c$* 
{    -      <*♦  -    4^£  -  -4^i_^4 

will  alfo  be  equal  to  5000. 

Now  let  the  Gx  terms  —1998^*  4-  240  dgz-~  6d:g* 
+  80 g*  —  4dgi  — -  g*  (which  involve  in  them  the 
fquare,  cube,  and  fourth  power  of  the  unknown  quan- 
tity g>)  be  expunged  out  of  this  equation,  on  account 
of  their  fmaljnefs  in  comparifon  of  the  four  terms 


(,  94  ) 

+  H>937S  —  399* «J*  +  .*40.**  77  *d*k>  whi(* 
involve  t?he  fimple  power  if  g.    And  we^fhall  ^en  have 

the  remaining  compound  Quantity 


,i-   -I-  ' 


+       80^   +     140^  [•  V     ^  ■ 

•        •  • 

......  •    .         -      '  .  1  - 

But  wehave  feen,  in  the  laft  article,  that,  if  dls  equal 
to  12.756,44 1,792,  the  quadrinomial  quantity  l4>937.^ 
—4  1998^  +  8o</3?—  d*  will  be  equal' to  5000.00b, 
013,114,621,596,455,067,755,345,516,642,304. 

Therefore  the  compound  quantity  5000.000,013,114, 

62i,596,455,c67,255,345>5l6>64^3°4  +•  »4»?3W  _ 
3996  dg  4-  240  d2g  —  4  </?£  w^ill  be  nearly  ==  500a 

m. 

But,  fince  d  is  =  12.756,441,792,  we  (hall  have 

   _^  ♦ 

<f-  (=  12. 756,441, 7Q2):)  =  162.726,807,192,684,171, 
264,  and  d>  (=  12.756,441,792V)  =  2075.811,04*, 
9SI>482,558,(X>3,975,o65,oS8,  and  3996 </.(  =  3996  k 
J2. 756, 441, 792  )  =  50,974.741,400,8325.  and  240^ 
(=  240  X  162.726,807,192,684,171,264)'=  39,054. 
.  433,726,244,201,103,360,  and  4</3  (=  4  X  2075.815, 

O43,951>482,558,908,975>G65>°88^)  -  8303.260,175, 
805,930,235,875,900,260,352. 

'  -  -        i  •  • 

Therefore  the  compound  quantity  5000.000,013,114, 
621,596,455,067,255,345,516,642^04  +  '14,93??  — 

3996^   -f-   240^1^    ~   '^  'iP  g    Will  fee  J=  500O.O00, 

oi3» 
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oi3>  ^^xiS^of^S^JfV^^  304  + 
•4.937*  -  4?.9;<(-74,i,400,832  xg.  +  #,0.54.433, 
7a6,^4ttoi,jo3^.^.^^.«3^.?6.o,i^,8es,jJ39, 
*2S>*7S>90°>*6°j$p  X  ##0.000,013,1 14,621, 
596,455.067,255^45,5,^.642,304  .v,.,,  ,  ' 


-  "  '4  ... 


+  53»99!-433»726>a44^0M03,36o  x  ^ 

»  5(W<ooo>oi  fci  ^^5fr6b*|$,^a55>3*$i5  »5.«4»W 
r-  5286.56^850,39347^13^5*5,^00,160,352  x  £4<  • 

b:  :  j  jti:.^  nvjiv.Jii  c'ii  i':;  til  ,i  y  ;  %r <%f     **.  »f 

•  ^crc^re  thrt  hft  qiraritfy  5600.060,013,114,621, 
5^4^^^^5i^6}64^304:i&J  5286.567,8 50,393, 
719?l&5lj\<p&>26°>lS'*  rf*  wfW  be  nearly  =  50CO; 
and confequentlf  {adding  5*7>&5<>>393  >7*9>* 3 2>5 1 5> 
900,260-35*  X  ^to  both  Gdes,)  5060.000,013,114,621, 
590,455,067,255/345, 5 i6;642i304  w.ll  be  =  5000  + 

hftl^^flkraain^Y00©'  f*>nV  both  fides,)  5,286.567, 

850>393i729>f^2>5IS>90p>2Do>K352  x  £  wi!l  be  = 
0.000,01^,114,621,596,455,067,255,345,516,642,304  ; 

which  itf  a  fimple  equation  properly  prepared  for  refo- 
lutiori J       ^  ^*  ..  j.  l«..c  . 

^hertfofe  >  rwitl  be  '  =       ■  '  *a   :'  1 


>n!  i\  n      *•  .2.1  .•  > 


0.000,0*3, » 1 1  SQ6*4£      7«iis  «315»  5 1 6,642,104  _ 

0.000,000,002,480,744,022,88  ,  and  confequently  d  +  £, 
or  12.756,441,792  +£,  will  be  (=  12.756,411,792  + 
0.000,000,002,480,744,022,88)  =  12.75^441,794,480, 

-OH-    A  <44' 
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744,022,88 ;  that  is,  the  fourth  near  value  of  *  in  the 
t>ropofed  equation  14,937*  1998**  +  80  —  *4 
=  5000,  obtained  by  this  third  procefs  of  Mr.  Raph- 
fon's  method  of  approximation,  will  be  =  12.756,441, 
794,480,744,022,88.  <fe  E.  1. 

Art.  43.  This  number,  12.756,441,794*80,744,022,88, 
agrees  with  the  number  found  by  Dr.  Wallis  and  Dr. 
Halley,  for  the  value  of  x9  to  wit,  the  number  12*756, 
441,794,480,744,02,  in  all  it's  nineteen  figures;  and  it 
agrees  with  the  number  found  above  in  art.  37  by  Dr. 
Halley's  method  of  approximation,  to  wit,  the  number 
12.756,441,794480,744,022,60,  in  the  firft  twenty  fi- 
gures 12.756,441,794,480,744,022:  and  therefore  thofc 
twenty  figures  are  probably  exa&,  and  the  true  value  of  * 
is  greater  than  12.756,441,794,480,744,022,  but  left 
than  12.756,441,794,480,744,023.  But  this  cannot  be 
proved  with  certainty  without  fubfiituting  thofe  numbers 
inftead  of  x  in  the  compound  quantity  I4*937«*  — 
1998**  +  80  x*  —  **;  which  would  be  a  work  of 
great  labour,  and  is  not  ncccflary  to  the  object  of  this 
difcourfe,  which  is  to  make  a  companion  between  Dr. 
Halley's  and  Mr.  Raphfon's  methods  of  refolving  high 
Algebr'aick  equations  by  approximation,  and  to  enable 
the  reader  to  form  a  judgement  concerning  their  refpec* 
tive  merits,  and  determine  for  himfelf  to  which  of  the 
two  he  will  give  the  preference ;  and  this  object,  I  hope, 
is  now  attained. 


A  SCHO- 
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A  SCHOLIUM,  , 

Concerning  another  Method  of  approximating  to  the  Roots  of 
High  Equations,  that  may  be  called  The  Differential 
Method. 


Art,  44.  Having  now  gone  through  the  refolution  of 
the  biquadratick  equation  14,937  x  —  1998  x  x  80  .** 
—  x4  =  500$  by  both  Dr.  Halley's  and  Mr.  Raphfon  s 
methods  of  approximation,  and  obtained  the  value  of 
one  of  it's  roots  to  a  great  degree  of  exa&nefs,  I  will 
here  Mate  to  the  reader  another  method  that  might  have 
been  taken  to  inveftigate  the  fame  root  to  the  fame  de- 
gree of  exa&nefs,  that  is  totally  different  from  both  the 
foregoing  methods.  This  method  (which,  I  think,  may 
be  properly  dillinguiflied  by  the  appellation  of  the  Dif- 
ferential method  of  approximating  to  the  roots  of  high 
equations,)  occurred  to  me  as  a  natural  and  convenient 
artifice  for  obtaining  the  number  12.7,  confiding  of 
three  figures,  as  the  value  of  a,  or  the  firft  near  value 
of  x  in  the  aforefaid  equation  J4>937*  —  1998  xx  •+■ 
%ox3  —  x4  ==  coco,  which  we  were  afterwards  to 
make  ufe  of  as  the  bafis,  or  ground-work,  of  the  further 
approaches  which  were  intended  to  be  made  to  the  true 
value  of  x  in  that  equation  by  Dr.  Halley's  and  Mr. 
Raphfon's  methods  of  approximation.  For  the  ftcps  we 
took  in  art.  27  to  find  the  faid  number  a>  or  12.7,  for  a 
firft  near  value  of  #,  and  the  bafis  of  the  fubfequent  ap- 
proximations, were  as  follows : 

H  Art.  45. 


(   9«  ) 

Art.  45.  In  the  firft  place  we  made  a  random  guefg 
that  the  number  10  (which  is  a  number  very  eafil/  ma- 
naged in  calculation,)  might  not  be  very  different  from 
the  value  of  *  in  the  propofed  equation  14,937  x  — » 
1998**  +  Vox*  —  x*  =  5000 ;  and  then,  in  order 
to  try  the  juftnefs  of  this  conjecture,  we  fubftituted  10 
inftead  of  x  in  the  compound  quantity  14,937*  — 
1998**  +  80  x1  —  x*\  and  we  found  that  the  value 
of  the  faid  quantity  refulting  from  this  fubftitution  was 
J9>57°  >  which  is  confiderably  greater  than  5000,  or  the 
abfolute  term  of  the  propofed  equation.  We  therefore 
concluded  that  the  true  value  of  x  in  that  equation  mud 
be  greater,  or  lefs,  than  10  by  more  than  a  (ingle  unit, 
and  we  conjectured,  in  the  fecond  place,  that  it  might  be 
nearly  equal  to  12. 

We  then  tried  this  fecond  conjecture  by  fubftituting 
12  inftead  of  x  in  the  compound  quantity  I4>937*  — 
1998**  +  So*3  —  and  we  found  the  value  of 
the  faid  quantity  refulting  from  this  fubftitution  to  be 
9,036  ;  which  is  lefs  than  half  the  former  refult  19,570, 
but  yet  is  confiderably  greater  than  the  abfolute  term 
5000. 

We  therefore  made  a  third  conjecture  that,  x  might 
be  nearly  equal  to  1 3,  and  we  fubftituted  1 3  inftead  of 
*  in  the  compound  quantity  14,937*  —  1998**  + 
80. r*  —  x4.  And  the  value  of  the  faid  quantity  refult* 
ing  from  this  fubftitution  was  found  10  be  3,718  ^  which 
is  lefs  than  the  abfolute  term  5000. 

We  then  obferved  that,  fince,  when  *  was  equal  to 
12,  the  compound  quantity  14,937*  —  1998**  -f 
•  *  7*"  80  .v* 
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8o  jf'  —  was  equal  to  9*03*$,  and,  when  x  Was  eqttal 
to  13,  the  fame  compound  quantity  was  equal  to  3,718, 
it  followed  that,  while  *  increafed  from  12  to  13,  the 
faid  compound  quantity  mull  hare  decreafed  from 
9,036  to  3,718,  and  confequently  muft,  ac  fome  point 
of  time  during  the  faid  decfeafe,  have  been  equal  to  the* 
intermediate  magnitude  5OCO,  or  the  abfolute  term  of 
the  propofed  equation  14,937*  ~~  1998**  +  8°  ** 

—  x*  =  5000.  And  therefore  we  concluded  that  there 
muft  be  fome  value  of  x  greater  than  12,  but  lefs  than 
13,  which  would  make  the  faid  compound  quantity 
*4»937*  -~  1998**  4-  8o*s  x*  be  exactly  equal 
to  the  intermediate  magnitude  5000  ;  or,  in  other 
words,  that  the  true  value  of  x  in  the  equation  14,937  *f 

—  1998  xx  +  80  *r  —  x4  =  50C0  mud  be  greater 
than  12,  but  lefs  than  13, 

Art.  46.  Having  thus  found  that  x  muft  be  greater 
than  12,  but  lefs  than  13,  we  might  have  taken  either  of 
thofe  numbers  for  the  bafis  of  a  further  approximation 
to  the  true  value  of  x  by  either  of  the  two  methods  of 
Dr.  Halley  and  Mr.  Raphfon.  But,  as  I  was  defirous  of 
approaching  a  little  nearer  to  the  true  value  of  x  before 
I  began  the  application  of  either  of  thofe  methods,  I 
made  ufe  of  the  following  conjectural  and  probable  fup-  - 
pofition,  (which  is  fimilar  to  that  by  which  the  logarithm 
of  a  number  that  is  of  an  intermediate  magnitude  be- 
tween two  numbers  that  are  very  nearly  equal  to  each 
other,  and  of  which  the  logarithms  are  known,  is  derived 
from  the  logarithms  of  the  faid  two  extreme  numbers,) 
to  wit,  that,  fincc  the  number  12,  the  number  x,  ^or  the 
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true  value  of  the  root  of  the  propofed  equation  14,937* 
—  1998**  +  80  x*  —  *4  =  5000,)  and  the  number  13 
were  three  numbers  that  did  not  much  differ  from  each 
other,  and  the  refuits  of  the  fubflitutions  of  thofe  three 
numbers  inftead  of  x  in  the  compound  quantity  14,937  * 
-r-  J  998  a  x  •+>  80  *s  —  x4  were  9036,  5000,  and  3718, 
the  difference  of  the  firft  number  12  and  the  third  num- 
ber  13  would  be  to  the  difference  of  the  firft  number  12 
and  the  fecond  number  x  in  nearly  the  fame  proportion 
as  the  difference  of  the  firft  refult  9036,  (correfponding 
to  the  firft  number  12)  and  the  third  refult  3,718,  (cor- 
refponding  to  the  third  number  13)  to  the  difference  of 
the  firft  refult  9036,  (correfponding  to  the  firft  num- 
ber 12,)  and  the  fecond  refult  5000,  (correfponding  to  ' 
the  fecond  number  x$)  that  is,  that  13  —  12  would  be 
to  x  —  12  in  nearly  the  fame  proportion  as  9>o30  — 
3,718  to  9036  —  5000,  or  that  1  would  be  x  —  12  in 
nearly  the  fame  proportion  as  5318  to  4036  j  whence  it 

followed  that, -I2wou.d  be  nc„ly  <=  >*  ^  - 


4636 


)  =  0.7,  and  therefore  that  x  would  be  nearly 
5318  n 

(=  0.7  +  12)  =  12.7 which  are  the  three  firft  figures 
of  the  true  value  of  x,  (the  faid  true  value  having  been 
found  to  be  12.756,441,794,480,744,022,)  and  therefore 
feemcd  to  be  fufficiently  near  the  faid  true  value  to  be 
taken  for  the  bafis  of  the  further  approximations  in- 
tended to  be  made  afterwards  to  the  faid  true  value  by 
theinethods  of  Dr.  Halley  and  Mr.  Raphfon. 

Jrt.  47.  But  I  afterwards  found,  on  examining  this 
proportion  more  attentively,  and  continuing  the  divifion 

of 
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*F  4036  by  5318  to  three  figures  in  the  quotient,  that, 
if  I  had  wiflicd  to  obtain  the  value  of  x  to  a  greater 
degree  of  exactnefs,  before  I  had  beguu  the  further  ap- 
proximations to  it's  true  value  by  Dr.  Halley's  and  Mr. 
Raphfon's  methods,  the  fame  proportion  would  have 
given  me  0.758  for  the  value  of  x  —  12,  and  confe- 
quently  12.758  for  the  firft  near  value  of  x ;  of  which 

number  the  four  firft  figures  12.75  arc  exa&>  or  agrcc 
with  the  four  firft  figures  of  the  true  value  of  *,  to  wit, 
12.756,441,794,480,744,022,  and  the  fifth  figure  8  is 
greater  than  the  truth  by  only  2,  or  the  4th  part  of  the 
faid  fifth  figure,  or  the  6378th  part  of  the  faid  true  value 
of  x.  This  would  have  been  a  very  great  degree  of 
exactnefs  to  have  been  attained  at  once  by  this  proportion 
which  I  had  conjectured  to  have  fubfifted  in  fome  degree 
between  the  differences  of  the  faid  three  numbers  1 2,  xy 
and  13,  and  the  differences  of  the  correfponding  refuhs 
of  the  fubftitution  of  the  faid  numbers  in  the  compound 
quantity  14,937*  —  1998**  «+■  8oxJ  —  x+  :  and 
therefore  it  appears  that  this  conjecture  is  a  very  happy 
one,  and  approaches  very  nearly  to  the  truth. 

Art,  48.  This  degree  of  exactnefs  in  the  near  value  of  x% 
obtained  by  means  of  this  proportion,  was,  I  confefs,  much 
greater  than  I  had  expected,  the  faid  conjecture  having 
been  made  with  the  hope  of  finding  only  one  figure  in 
the  faid  quotient  to  have  been  exact.  But  when  I  had 
obferved  that  the  two  firft  figures  of  the  faid  quotient, 
to  wit,  the  figures  0.75,  were  exact,  and  that  the  third 
figure  8  was  not  very  much  greater  than  the  correfpond- 
ing figure  6  of  the  true  value  of  x  —  12,  I  began  to 
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think  that,  if  x  and  the  two  numbers  that  were  nearly 
equal  to  it  were  to  be  taken  much  nearer  to  an  equality 
with  each  other  rfian  the  three  numbers  12,  x,  and  13, 
(of  which  the  greateft  exceeded  the  lead  by  i,  or  the 
12th  part  of  the  leaft,)  the  aforefaid  fuppofed  propor* 
tionality  of  the  differences  of  the  three  contiguous  nunv. 
bers  to  the  differences  of  the  refults  of  their  fubltitutioa 
in  the  compound  quantity  14*93'' #  '998**  + 
%qx*  *~  x4  would  approach  dill  nearer  to  the  truth, 
and  confequently  that  the  number  of  figures  that  would 
be  exacVin  the  value  of  x  obtained  by  means  of  fuch 
fuppofed  proportionality  would  be  greater  than  it  was  in 
the  former  cafe.  I  therefore  refolved  to  try  the  effect  of 
a  fecond  conjecture  founded  on  this  fuppofed  propor* 
tionality  between  the  differences  of  x  and  two  numbers 
very  nearly  equal  to  it  and  the  tlifferenccs  of  the  three 
correfponding  refults  of  the  fubllitution  of  x  and  the 
faid  contiguous  numbers  in  the  faid  compound  quantity 
14>937A'  1998**  +  80  x*  —  x*.  And  with  this 
view  I  took  the  near  value  of  x  obtained  by  the  former 
proportion,  to  wit,  the  number  12.-58,  for  the  greater 
of  the  two  contiguous  numbers  to  xy  and  the  number 
12,756  for  the  lefler  of  the  faid  two  contiguous  numbers, 
and  I  fubftituted,  ill,  the  number  12.; 58,  and,  2ndly, 
the  number  12.756,  inftead  of  x  in  the  faid  compound 
quantity  14,937  x  —  1998*  x  +  %oxl  —  x\  The 
value  of  this  compound  quantity  refulting  from  the  fub- 
ftkution  of  12.758  was  4,99 1*762,652,5 93,904  ;  and  the 
value  of  it  refulting  from  the  fubllitution  of  12.756  was 
5002.335,593,512,704.  Therefore,  while  x  increafes 
from  12.756  to  12.7589  the  compound  quantity  14,937* 
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—  1998  +  80  xl  —  a4  will  dccreafe  from  5002.335, 
593,512,704  to  4991*762)652,593,904,  and  confequcntly 
will,  at  fome  one  inftant  of  time  during  the  faid  decreafe, 
be  equal  to  the  intermediate  magnitude  5000  s  or,  in 
other  words,  the  true  value  of  x  in  the  propofed  equa- 
tion 14,937*  —  1998**  +  80-r*  —  *♦  =  5000  will 
be  greater  than  12.756,  but  lefs  than  12.758. 

Here  therefore  we  have  three  contiguous  numbers,  to 
wit,  12.756,  xf  and  12.758,  the  greateft  of  which  ex- 
ceeds the  lead  by  only  0.002,  or  the  6378th  part  of  the 
lead  number  12.756;  and  we  have  the  three  corrc- 
fponding  quantities  5002.335,593,512,704,  5000,  and 
4991.762,652,593,904,  which  refult  from  the  fubftitution 
of  the  faid  three  contiguous  numbers  in  the  faid  com- 
pound quantity  14)937  * '  — "  1998**  +  80**  — •  a*. 
We  may  therefore  fuppofe  that  the  difference  of  the  firft 
and  third  of  the  faid  three  numbers  12.756,  and 
12.758,  will  be  to  the  difference  of  the  firft  and  fecond 
of  the  faid  three  numbers,  to  wit,  12.756  and  xf  ia 
nearly  the  fame  proportion  as  the  difference  of  the  firft 
and  third  of  the  faid  refults  (correfponding  to  the  faid 
three  numbers,)  is  to  the  difference  of  the  firft  and  fe- 
cond of  the  faid  refults,  or  that  12.758  —  12  756  will 
be  to  x  —  12.756  in  nearly  the  fame  proportion  as 
5002.335,593,512,704  —  4991«762>652>593i9°4  is  to 
5002.335,593,512,704  —  5000,  or  that  0.002  will  be 
to  x  —  12.756  in  nearly  the  fame  proportion  as 
10.572,940*918,800  is  to  2.335,593,512,704.;  whence 
it  will  follow  that  x  —  12.756  will  be  nearly 
,     0.00a  X  2.33^593,$  13,704  _  0.004,671,187,02 ;,4o8  . 
10.572,940,918,800  10.572,940,918,800  ' 
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*=  0.000,441,835,  and  therefore  that  x  will  be  (  =s 
0000,441,805  +  12  756)  ==  12.756,441,805;  of  which 
value  of  x  the  fir  ft  eight  figures  12.756,441  are  exaft, 
and  the  ninth  figure  8  is  greater  than  the  corTefponding 
figure  7  in  the  true  value  of  4*,  (which  is  12.756,441, 
794,480,744,022)  by  only  an  unit  in  the  faid  ninth  fi- 
gure, or  0.000,000,1. 

■ 

1 

Art.  49.  The  fubftitutions  of  12.758  and  12.756  in- 
ftead  of  x  in  the  compound  quantity  14,937  *  — 
1998  xx  +  80  xl  —  x4  will  be  as  follows  : 

■ 

If  x  is  =  12.758,  we  (hall  have  xx  (=  12.758V) 

=  162.766,564,  and  xl  (=  12758V)  =  2076.575, 

823,512,  and  a*  (=  12^58)*)  =  26,492.954,356, 
366,096,  and  consequently  14,9374:  (=  14,937  X  12.758) 
=  190,566.246,  and  1998**  (=  1998  X  162.766,564) 
=  325,207.594,872,  and  804s  (  =  80  X  2076.575, 
823,512)  =  166,026.065,880,960.  Therefore  the 
whole  compound  quantity    14,9374*  —  19984**  + 

80  4*  —  x*  will,  upon  this  fuppofition,  be 

* 

(=190,566.246  -  325,207.594,872 

+  166,116.065,880,960   —     26,492.954,3  $6,366,096 
bs  356,692.311,880,960  -  35i,700-549»2a^3l56/096) 

1 

r=  4991.762,652,593,904  ;  which  is  fomewhat  lefs  than 
5000,  or  the  abfolute  term  of  the  equation  14,937*  — • 
19984-4*  +  804*  —  *♦  =  5000. 

And, 
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And,  if  x  is  =  12.756,  wc  (hall  have  xx  (  ■= 
12.756V)  =  162.715,536,  and  *3  (=  12.756V)  = 

a075-599i377>21^»  a»d  **  (  =  i2-75^4)  =  26,476.345, 
6SS>767>*96>  and  confequently  i4>937*  (=  M>937  X 
12.756)  =  190,536.372,  and  1998**  (=  1998  X 
162.715,536)  =  325,105.640,928,  and  8o*3(=  80  X 
2075.599,377,216)  =  166,047.950,177,280.  There- 
fore the  whole  compound  quantity  14,937*  —  1998** 
+  80  x3  —  x4  will,  upon  this  fuppofkion,  be 

(=190,536371  —  32j,io,-.640,928 

+  166,047.950,177,280   -  26,476.345,65^767,296 
=  356>584 3"',77>28o    -   3SM.81  9**>S*3>767>*9*) 

=  5002.335,593,512,704  ;  which  is  a  little  greater  than 
500O,  or  the  abfolute  term  of  the  equation  14,937  *  ~ 
1998  x*  +  80  x*  —  a*  =  5000. 

Art.  50.  Since  the  former  near  value  of  *,  to  wit, 
12.758,  (which  was  obtained  by  means  of  the  fubftttu- 
tions  of  the  fmall  numbers  12  and  13  inftead  of  x  in  the 
compound  quantity  14,937  x  —  1998**  +  80  *3  —  x*% 
and  of  the  proportion  derived  from  thofe  fubftitutions,) 
was  exadr.  in  the  four  firft  figures  12.75,  and  the  lad 
near  value  of  xy  to  wit,  12.756,441,805,  (which  has 
been  obtained  by  means  of  the  fubftitutions  of  the  num- 
bers 12.758  and  12.756  inftead  of  x  in  the  faid  com- 
pound quantity,  and  of  the  proportion  derived  from 
thofe  fubftitutions,)  is  exacT:  in  the  eight  firft  figures 
12.756,441,  and  but  a  little  too  great  in  the  ninth  figure  8, 
we  may  conclude  that  every  new  procefs  of  this  dif- 
ferential method  of  refolvlng  equations  will  double  the 

number 
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number  of  figures  in  the  value  of  *,  or  the  root  fought, 
that  are  already  known ;  and  therefore,  in  point  of  ex- 
attnefs,  this  method  will  be  nearly  upon  a  level  with 
Mr.  Raphfon's  method  of  approximation,  by  which  the 
figures  of  the  root  that  are  already  known  are  doubled 
by  every  new  procefs.    Nor  is  there  much  difference  iim 
the  labour  of  performing  the  ncceffary  calculations  in 
this  differential  method  of  approximating  to  the  roots  of 
equations  and  in  that  of  Mr.  Raphfon,  which  confifts  in 
fubftituting  the  binomial  quantity  a  +     or  a  —  /,  in- 
ftead  of  *  in  the  propofed  equation,  and  then  refolving 
the  transformed  equation,  ariGng  from  fuch  fubftitution, 
as  if  it  were  a  mere  fimple  equation,  or  neglecting  all  the 
terms  of  it  that  involve  in  them  any  other  power  of  the 
new  unknown  quantity  e  than  it's  fimple  power,  or  t 
itfelf.    For  in  both  methods  it  is  neceflary  to  fubftitute 
the  former  near  value  of  x,  to  wit,  the  number  J2.758, 
inftead  of  *  in  the  terms  of  the  compound  quantity 
J4,937*  —  1998**  -f-  80     —  x*i  and  in  this  dif- 
ferential method  we  are  alfo  obliged  to  fubftitute  another 
near  value  of  x,  differing  from  the  former  near  value 
12.758  in  the  fifth,  or  lad,  figure,  to  wit,  the  number 
12.756,  inftead  of  #  in  the  terms  of  the  faid  compound 
quantity  *  the  labour  of  making  which  fecond  fubftitution 
fcems  to  be  about  equal  to,  or,  perhaps,  a  little  greater 
than,  that  of  computing  the  compound  co-efficient  of  t 
in  the  transformed  equation 

r        Hi937*  -  14*937' 
1     —  1998  a*   +  3996  ae  —  &c 
1     +      80  a»   —    noa*e  +  &c 
L    -      <     +  4«3<-&c 

which 
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which  would  have  arifen,  in  Mr.  Raphfon's  method  of 
proceeding,  from  the  fubftitution  of  12.758  —  e,  or 
a  —  e9  inftead  of  x  in  the  propofed  equation  14,937  x 

—  1998  x*  4-  80  *•*  —  x+  =  500b,  to  wit,  the  co-ef- 
ficient —  141937  +  3996  a  —  240  a1  4-  4a3,  or 

—  *4>937  +  399°~  X  12.758  —  240  X  12.758]  *  + 

4  X  or  —  I4i937  +  399^  X  12.758  — 

240  X  162.766,564  +  4  X  2076.575,823,512.  But 
Mr.  Raphfon's  method  feems  to  be  more  perfpicuous  and 
fcientifick  than  the  other,  as  well  as,  in  fome  degree, 
left  laborious  :  and  therefore,  upon  the  whole,  I  think  it 
preferable  to  this  differential  method  of  approximation, 
as  well  as  to  that  of  Dr.  Halley,  excepting  in  the  begin- 
ning  of  the  refolution  of  an  equation,  or  when  we  are 
endeavouring  to  find  the  quantity  a>  or.  the  firft  near 
value  of  x,  which  is  afterwards  to  be  made  the  bads,  or 
ground-work,  of  a  further  approach  to  the  true  value 
of  x  by  either  Dr.  Halley's  or  Mr.  Raphfon's  method  of 
approximation :  for  to  this  purpofe  I  think  the  faid  dif- 
ferential method  of  approximation  feems  to  be  remark- 
ably well  adapted. 

Art.  51.  And  in  this  ufe  of  the  faid  differential  method 
for  the  difcovery  of  tf,  or  the  firft  near  value  of  xy  which 
is  to  be  made  the  bafis  of  a  further  approach  to  it's  true 
value  by  Dr.  Halley's  or  Mr.  Raphfon's  methods  of  ap- 
proximation, I  {hould  think  it  would  be  advifeable  to  ufe 
as  many  figures  of  the  value  of  xf  obtained  by  it,  as  we 
have  reafon  to  think  are  exact,  or  nearly  exact.  Thus, 
for  example,  in  refolving  the  foregoing  equation  14,937* 
-~  1998**  +  8o*'  —  k*  =  5000,  I  thinkit  would 

ha?e 
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have  been  better  to  make  a  equal  to  the  number  12.758, 
confiding  of  five  figures,  obtained  by  the  firfl  eafy  pro- 
portion of  1  to  .r  —  12  as  5318  to  4036,  than  to  make 
it  equal  to  the  number  12.7,  confifting  of  only  three 
figures,  which  was  obtained  from  the  fame  proportion 
by  taking  only  the  firft  figure  0.7  of  the  quotient  of  the 
divifion  of  4036  by  5318.    For,  if  we  had  taken  a  equal 
to  all  the  faid  five  figures  12.758,  we  might,  by  the 
application  of  only  one  procefs  of  Mr.  Raphfon's  method 
of  approximation,  have  obtained  a  fecond  near  value  of  x 
that  would  have  been  exa&  to  at  lead  eight  figures* 
And  by  this  union  of  this  differential  method  of  appro- 
ximating to  the  roots  of  high  equations  with  Mr.  Raph- 
fon's  method  of  refolving  them,  by  employing  the  former 
method  in  the  firft  ftage  of  the  refolution  to  obtain  to  as 
great  a  degree  of  exa&nefs  as  one  prpcefs  of  the  faid 
differential  method  will  enable  us  to  find  it,  the  value 
of  a,  or  the  firft  near  value  of  the  root  fought,  and  then 
proceeding  to  make  ufe  of  a,  or  the  near  value  of  the 
root  x  fo  obtained,  as  a  bafis  for  a  further  approximation 
to  the  true  value  of  the  faid  root  by  Mr.  Raphfon's  me- 
thod, the  calculator  will,  as  I  conceive,  obtain  the  value 
of  the  root  fought  to  any  propofed  degree  of  exa&nefs 
with  the  lead  trouble  and  the  leail  perplexity  poflible. 

Art,  52.  I  will  obferve,  however,  that  the  learned 
Dr.  Hutton,  of  Woolwich  Academy  (in  his  late  compen- 
dious collection  of  tra&s  on  the  different  branches  of  the 
Mathematicks  in  two  volumes,  o&avo,  drawn-up  for  the 
ufe  of  the  Cadets  in  the  Military  Academy  at  Woolwich  J 
recommends  this  differential  method  of  refolving  high 

eauations 
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equations  by  approximation  (which  he  calls  The  Method 
of  Trial  and  Error,  or  The  Double  Rule  of  Falfe  Pofititn,) 
fpr  the  complcat  refolution  of  fuch  equations,  indepen- 
dently of,  and  in  preference  to,  all  other  methods  of 
refolding  them  whatfoever.  * 

End  of  the  Scholium  begun  in  Art.  44,  page  97. 

-  ,  -  •     ' ;     . .  ■ 

Art.  53.  The  foregoing  biquadratick  equation  14,937* 
—  1998  xx  +  80  *3  —  x4  =  5000  has  three  other 
roots,  or,  in  the  language  of  modern  Algebrarfts,  three 
other  real  and  affirmative  roots,  of  which  the  leaft  is  lefs 
than  1,  and  is  equal  to  0.350,987,04,  &c,  and  the  other 
two  are  greater  than  30,  being  equal  to  32.060,290,  &€» 
and  34.832,280,  &c,  as  I  have  found  upon  an  investiga- 
tion of  them  by  Mr.  Raphfon's  method  of  approxima- 
tion, if  no  miftakes  have  been  made  in  the  calculations 
that  were  neceflary  for  that  purpofe.  The  inveftigation 
of  the  leaft  of  thefe  three  roots,  to  wit,  0.350,987,04 
&c,  is  given  in  the  3d  volume  of  the  Script  ores  Logarith- 
mic*, pages  722,  723,  724. 

* 

Mr.  Raph/on9s  Obfervations  on  '  Monfieur  de  Lagnfs  and 
Dr.  Halleys  claims  to  the  merit  of  having  invented  their 
Methods  of  refolving  Equations*  by  Approximation. 

Art*  54.  Before  I  conclude  this  difcourfc  I  will  infert 
two  paflages  from  Mr.  Raphfon's  appendix  to  the  fecond 
edition  of  his  ingenious  and  ufeful  treatife  on  the  refo- 
lution of  equations  of  all  orders  by  approximation,  in- 
titled  Analyfts  ASquaticnum  Univerfalisy  in  which  he  puts-in 

his  claim  to  the  merit  of  having  invented  this  method  of 

tcfolving 


r 
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refolving  equations,  and  declares  that  he  had  had  the  fam* 
thought  which  Monfieur  de  Lagny  and  Dr.  Halley  after- 
wards purfucd,  of  making  ufe  of  the  terms  that  involve 
the  fquare  and  other  higher  powers  of  the  unknown 
quantity  contained  in  the  transformed  equation,  in  order 
to  obtam  the  value  of  the  faid  unknown  quantity,  and 
confequently  the  value  of  x9  or  the  root  of  the  original 
equation,  to  a  greater  degree  of  exa&nefs;  but  that, 
upon  mature  eonfideration,  he  had  hid  it  afide,  as  tending 
to  introduce  new  difficulties  into  the  inveftigation*  and  to 
diminifli  it's  perfpicuity  and  fimplicity.  His  words  are  as 
follows:  An  Lhmsnui  de  Lagny  librum  rneum  unquam, 
yiderat,  nec-nty  pro* s us  ntfeio.    £>uibus-ce  nvdis  mn  feluni 
fua  [ejus]  methoduS)  fed  et  eiihm  ali*  quasn  plurinut,  eodem 
prorsus  procejk,  et  perpetud  inde  derivatd  graduum  fcaJdy 
inveniri  poffint,  bujus-ce  appendnis  eft  oftendere  ;  idque  quum 
pojfmus  brevijfime, 

Jpfe  tquidem  de  gradatlm  inferendis,  quas  prius  rejeteranx 
in  Tbeorcmate  Victaeo,  poteftatibus,  ottm  cogitaw  s  fid  tame* 
tion  profecutus  fui  •,  utpote  qui  metbodum  meam,  haxum 
omnium  fundament  a  lem,  veluti  facillimam  femper  exiftimavi* 
Subfequenii  procefu  earum  omnium  invent  ionem  indagare 
tuilibet  liceaU  See  Mr.  Raphfon's  Analrfs  JEquatiemm 
Univerfalisy  edition  2nd,  A.  D.  1697,  page  49.  And 
again,  in  page  55,  he  concludes  his  appendix  with  thefe 
words:  Innumeras  etiam  alias  metbodos  et  abbreviations, 
novarum  quidem  methodorum  nomine  inftgniendasy  adin- 
venire  liceat  7  qua  tamen  omnia  fundamental  buic  fuperiorum 
potefiatumy  imprimis,  rejeRionis  metbodo,  pofte&que  gradattm 
ret'menddrumy  innitantur.  Nofiram  tamen  ftmplicijftmam 
fore  et  facillimam^  cuivis  pot  eat, 

OF 
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* 

OF  THE  EXTRACTION  OF  THE  SQUARE-ROOT  OF 
A  GIVEN  NUMBER  BY  APPROXIMATION. 

> 


Art.  55.  I  have  now  accomplished  the  objecx  I  had 
principally  in  view  in  dra wing-up  ibis  Appendix  to  the 
foregoing  Tra&  of  Dr.  Halley ;  which  was  to  make  a 
companion  between  his  method  of  refolving  cabick  and 
other  higher  affe&ed  equations  by  approximation,  which 
proceeds  by  the  resolution  of  quadratick  equations,  and 
Mr.  Raphfon's  method  of  refolving  them,  which  proceeds 
by  the  refolurion  of  only  fimple  equations.  And  my 
readers  will  now,  I  hope,  be  able  to  determine  for  them- 
felves  u  to  which  of  the  two  methods  they  ought  to  give 
the  preference : "  or,  if  the  preference  ought  in  fome 
cafes  to  be  given  to  Dr.  Halley's  method,  and  in  others 
to  Mr.  Raphfon's,  to  determine  44  in  what  cafes  Dr* 
Halley's  method,  and  in  what  cafes  Mr.  Raphfon's  me* 
thod,  deferves  to  be  preferred."  For  my  own  part,  I 
am  decidedly  of  opinion  (as  I  have  declared  above  in 
page  27,)  that  in  mod  cafes  Mr.  Raphfon's  method  of 
approximation  will  be  found  more  convenient  than  Dr. 
Halley's,  though  there  may,  perhaps,  be  fome  few  occa- 
Cons  on  which  it  may  be  expedient  to  have  rccourfe  to 
Dr.  Halley's  method.  Now,  whenever  it  (hall  be  judged 
convenient  to  proceed  by  Dr.  Halley's  method,  it  will 
evidently  be  neceflary,  in  every  feparatc  procefs  of  the 
approximation,  to  extraft  the  fquare-root  of  a  given 

number  \ 
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number ;  and  in  the  fecond  and  other  following  pro* 
ceffes  of  fuch  approximations  by  Dr.  Halley's  method, 
it  is  obvious  that  the  given  numbers  of  which  the  fquare- 
roots  muft  be  extracted,  will  be  very  long  numbers,  con- 
fining often  of  12  or  14,  or  1 6  or  more,  decimal  figures. 
In  thefe  cafes  therefore  it  may  fecm  proper  to  inquire, 
whether  the  labour  of  extracting  thefe  fquare-roots  may 
not  be  leflened  by  applying  the  method  of  approximation 
even  to  that  well-known,  and  not  very  difficult,  operation, 
inftead  of  performing  it  in  the  common  way  :  becaufe  in 
extracting  the  fquare-root  of  a  number  in  the  common 
way  we  obtain  only  one  new  figure  of  the  fquare-root 
fought  at  every  new  divifion  of  the  laft  remainder  by  the 
new  divifor  formed  by  doubling  the  root  already  found  ; 
whereas  it  may  be  fuppofed  that,  by  fome  of  the  methods 
of  approximation,  we  might  obtain  feverai  new  figures  of 
the  root  fought  at  every  new  operation,  and  thereby  avoid 
much  unneceflary  labour.    Now,  in  anfwer  to  this  in- 
quiry, I  believe,  it  may  fafely  be  affirmed,  that,  in  ge- 
neral, it  will  be  found  mod  convenient  to  extract  the 
fquare-root  of  a  given  number  in  the  common  way, 
without  having  recourfe  to  any  of  the  methods  of  ap- 
proximation ;  and  more  efpecially,  when  it  is  propofed 
to  extract  it  to  only  fix,  or  feven,  or  even  eight,  figures : 
and  further,  that,  if  ever  it  (hould  be  judged  expedient, 
when  the  fquare-root  has  already  been  found,  either  in 
the  common  way,  or  by  means  of  a  table  of  logarithm!, 
exact  to  feven,  or  eight,  places  of  figures,  to  carry  the 
extraction  of  it  to  feven  or  eight  figures  more,  or  to 
fifteen  or  fixteen  figures  in  all,  it  will  be  much  better  to 

make  ufe  of  the  exprcflion  a  +  — ,  which  is  afforded 

2a 

Ul 
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bs  for  this  purpofe  by  Mr.  Raphfon's  method  of  approxi- 
mation, and  is  derived  from  the  refolution  of  a  fimple 
equation,    than  to  hate  recourfe  to  the  expreflion 

a  +   — — —  ,  which  is  given  us  above  by  Dr. 

2  a  a  -f  — 

2 

Halley  in  the  foregoing  tract,  page  9,  and  is  derived 
from  the  contemplation  and  imperfect  refolution  of  a 
quadratick  equation.    Thefe  things  will  become  evident 

from  the  inveftigation  of  the  two  expreflions  a  + 

oh 

and  a  +  j  ,  and  the  application  of  them  to 

2aa  +  — 
2 

the  extraction  of  the  fqUare-root  of  a  particular  num- 
ber ;  in  order  to  which  it  will  be  neceflary  to  give  a 
folution  of  the  following  Problem. 


A  PROBLEM. 


jfrt.  56.  To  extract  the  fquare-root  of  a  given  number 
by  approximation. 


SOLUTION. 


Let  the  given  number,  of  which  the  fquare-root  is  to 
be  extracted,  and  which  we  will  fuppofe  to  be  greater 
.  than  j,  be  called  N;  and  let  it's  unknown  fquare-root 
be  called  x. 

I  «  Then 
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Then  will  xx  be  =  N. 

Let  OA  be  any  fquare  number  lefs  than  NT,  of  which 
the  fquare-root  a  is  known ;  and  let  the  excefs  of  N 
above  a  a  be  called  b. 

Then  will  Nbe=saa  +  £;  and  confequently  xx9 
which  is  =  N,  will  alfo  be  =  a  a  +  £  ;  and,  therefore, 
*  will  be  =r  +  b. 

Now,  fince  *  a  +  £  is  greater  than  a  a,  it  follows 
that  the  fquare-root  of  a  a  +  b  will  be  greater  than  the 

fquare-root  of  aa\  that  is,  ^ a  a  +  b  will  be  greater 
than  a.    Therefore  .r  will  be  greater  than  a. 

i 

Further,  fince  x  is  greater  than  a>  let  it's  excefs  aborc 
o  be  called  z. 

Then  will  ,r  be  =  a  +  2,  and  confequently  x  x  will 
be  (=  0  +  2^ 2  =  ca  +  2flz  +  2  2. 

But  *  at  =     o  + 

Therefore  0  +  2/12  +  22  will  alfo  be  =  a*  +  b\ 
and  confequently  (fubtra&ing  a  a  from  both  (ides,) 
2/i2  4-  2  2  will  be  =  b. 

But  z  is  much  lefs  than  0,  and,  ^  fortiori,  than  2 
Therefore  2  2  will  be  much  lefs  than  2  a  2,  and  confe- 
quently 2  0  z  alone  will  be  nearly  equal  to  202  +  22, 

or  to  b.    And  confequently  z  will  be  nearly  =  f 

and 
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b  b 
and  a  4-  z  will  be  nearly  =  a  +   ;  or  a  4- 


2<2  2<f 

will  be  a  near  value  of  a  +  z,  or  a',  or  +  b9 

or  v'ftf.  Q^.  E.  I. 

This  expreflion  a  4-  —  is  Mr.  Raphfon's  approxi- 


mation to  the  value  of  ^ a +  b,  or  VfN,  or  the 
fquare-root  of  the  given  number  N.  It  is  evidently 
fomewhat  greater  than  the  truth ;  becaufe  2  a  z  +  z  z 
is  =  by  and  confequently  2  a  z  is  accurately  =  b  —  zz, 

and  z  is  accurately  =           —  — ^- ,  which  is  lefs 

za  2a 

than   .    But  it  will  ufually  give  us  as  many  new  fi- 

•  < 

gures  of  a  +  z,  or  the  value  of  V ' aa  +  0r  or, 
at  leaft,  as  many  new  figures  of  the  faid  root>  wanting 
one,  exactly,  as  there  are  figures  in  a,  the  part  of  the 
root  that  is  already  known. 

The  Inveftigation  of  Dr.  HaUefs  Expr rffion  for  the  fame  ' 

PurpcJ 


Art*  57.  The  approximation  to  the  value  of  Vaa  ■+■  b9 

or  given  us  by  Monfieur  de  Lagny  and  Dr.  Halky, 

.  "    V"         b   '  ab 

,s  a  +   1 — t  9  or  a  H  —  ,  or  a  + 

p  b 

2a  +    2<za  -f-  — • 

2a  2 

*Lab 

,  and  may  be  found  as  follows : 


4a«  +  b 

I  2  Since 
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Since  2az  +  zxis  =  by  and  2a  z  +  as 2  is  =  2  X 


2<*  +  2,  we  fhall  have  2X20  +  2  =  b>  and  confe- 
quently  2  =  — ^ —  . 


But  2  is  nearly  equal  to  -  ,  as  we  have  feen  in  the 
laft  article. 


Therefore   will  be  nearly  equal  to   r  » 

za  +  — 

or  to   r,  or  to   .     Therefore  2 

b  Aaa  +  b 

laa  -f  —  T 

2 

(which  is  equal  to    ,)  will  be  nearly  equal  to 

£  <i£  2ab  , 
 7- ,  or  to   — ,  or  to   -— .  ;  and 

,     b  b              Aaa  +  b 

fltf  +  —  laa  +  —  y 

2a  2 


confequently  fl  +  2,  or  ^  a  a  +  b,  or  ^/fty  will  be 

nearly  equal  to  a  +  — —  ,  or  to  a  +   — — - 

20  +    iaa  + 

2/1  2 

%  &  h 

(which  is  Dr.  Halley's  expreffion,)  or  to  a  +  ^ 

q.  *.  1. 

Art,  58.  This  near  value  of  */aa  4-  £  is  always  lefs 
thantjie  truth;  becaufe        (which  forms  the  fecond 

term 
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term  of  the  binomial  denominator  of  the  fraction 

- 

 j-0  it  greater  than  2,  (or  the  fecond  term  of 

2  a  +  — 

the  binomial  denominator  of  the  fraction  , ) 

and  confequently  the  fraction  — -   muft  be  left 

b 

2  a  +  — 


than  the  fra&ion   ~         an(j  a  +   1   muft 

2  4  +  z  b 


za  +  — 

24 


be  lefs  than  a  +  * 


77-^-7  *    or  *  +  z,  or 

+faa  +  b>  or  ^/(N.  0^  E.  p. 

Art.  59.  This  expreffion  *  +   ,  or  a  -f 

24  +  — 
24 

r  * or  a  +  znr+i  •  wiu  aPProach  much 


244  H  

2 


nearer  than  the  former  expreffion  a  4 — —  to  the  true 

24 

value  of  But  it  will  be  much  more  difficult 

to  compute  than  the  expreffion  a  -f-       .  on  account  of 

24 

the  much  greater  number  of  figures  in  the  denominator, 

or  divifor,  2a  H  -,or2flH  or  Aaa  +  ^ 

la  2  7 

than  in  the  denominator,  or  divifor,  2  a.  And  this  diffi- 
culty is  fo  great  when  a  is  a  number  confiding  of  feven,  or 

I  3  eight, 


1 
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eight,  figures,  that  I  confider  this  expreflion  a  + 

b                             ab  lab 
 T>  ox  a  +   r,  or  a  +  +J  , 

2a  +  _  2aa+  — 

as  of  very  little  ufc  in  thefe  cafes. 

■ 

A  Third  Exprejftcn  for  the  fame  Purpofe. 

Art  60.  But  the  folution  of  the  foregoing  problem 
will  fumifh  us  with  another  expreflion  for  the  value  of 

xy  or  vVo  +  b3  that  will  approach  almofl  as  nearly  to 

b 

it's  true  value  as  the  foregoing  expreflion  a  +  -  r 

2a  +  — 

2a. 

ab  lab  .  , 

or  a  +  _  _  ,  or  a  +  — j-p  g«vcn  us  by 

2  aa  +  — 

2 

MonfieuT  .de  Lagny  and  Dr*  Halley,  and  will  be  fome- 
what  lefs  difficult  to  compute  than  that  expreflion  of 
Dr.  Halley,  though  much  more  fo  than  Mr.  Raphfon's 

'  b 

expreflion  a  H  >  and  indeed  too  much  fo  to  make  it 

r  2fl  / 

worth  our  while  on  molt  occafions  to  have  recourfe  to  it. 

™ .           n-      •             *           hb  ^  h 

This  expreflion  is  a  -f-  >  or  a  + 

*  ">  St  1/7/7 


2a  Aa  a  2  a 

2  <2 


5^  £  ,  . 

,otfl  +   ,  and  may  be 


2 a  x  4 <z  2 a  8 

found  as  follows: 

- 

Since  2  a  z  +  zz  is  —       we  (hall  have  %a%  == 

*  _  z  a,  and  confequently  z  =  i-  _  ^ .  There- 
fore^ 
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fore,  if  we  fubftitute  (which  is  nearly  equal  to,  but 
fomewhat  greater  than  z)  inftead  of  z  in  the  term 

,  we  (hall  have  z  nearly  equal  to,  but  fomewhat 

2a  t 

b            bb            b  bb 
greater  than,          —   ,  or           —    "  y 

z  a 

b  *  b  b 

or  —  —  — —  .    Therefore  a  +  z  will  be  nearly 

b 

equal  to,  but  fomewhat  greater  than,  a  H — —  — 

bb                  b              bb  b 
-,  or  a  +  —  —   ,  or  a  + 


4.aa  la  2a  X  *aa  2a 

2a 

— .         ;  that  is,  x,  or  </ a  a  ■+■  b,  will  be  very  nearly 

o  a* 

equal  to,  but  fomewhat  greater  than,  the  trinomial  quan- 

h       bb         ^  b  bb 

tity  a   ,  or  a  +  - — -  —  » 

or  a  +  .  o^  E.  i. 

Note.  The  three  terms  of  this  laft  expreffion  a  + 

—  are  the  fame  with  the  three  firft  terms 

2  a  a  a3 


of  the  infinite  feries  for  expreffing  the  value  of  */aa  +  b% 

or  aa  +  £\ derived  from  Sir  Ifaac  Newton's  binomial 
theorem. 

I  4  Art*  6i, 
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Art.  61.  We  will  now  apply  thefe  different 
preflions  to  the  inveftigation  of  the  fquare-root  of  the 
number  32,  or  25  +  7,  fin  which  25  anfwers  to  aay 
and  7  to  b9  in  the  foregoing  general  expreflion  a  a  4-  b%) 
in  order  to  try  how  far  they  will  contribute  to  facilitate 
the  extraction  of  that  fquare-root.  And  that  the  ad- 
vantage arifing  from  the  ufe  of  them  above  the  common 
method  of  extracting  the  fquare-root  (if  .there  is  any 
fuch  advantage,)  may  appear  the  more  clearly,  I  wiH 
firft  exhibit  the  operation  of  extracting  this  fquare-root 
to  thirteen  places  of  figures  by  the  common  method. 
Now  this  extraction  will  be  as  follqws : 


7  It 
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IThe  Extraction  of  the  Square-Root  of  the  Number  32  if 

the  Common  Method. 

32  (5.656,854,249,49a, 

06)  *7.oo 
636 

125)  -6400 
5625 


1306)  77  5C0 
67836 

1 3 128)  -966400 
905024 

131365)  '6137600 
5656825 


I3I3/°4)  *48o"7;oo 
4S2548i6 

I3i37o82),282a684oo 
226274164 


I3i37o844)-55994236oo 
4S*5483376 
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The  Extraction  of  the  Square-Rcot  of  the  Number  32  by 

h 

Jpproximation  by  means  of  the  Exprejfion  a  +  — 
given  us  for  that  purpofe  by  Mr.  Raphfofu 


Art*  62.  Let  it  now  be  required  to  find  a  near  value 
of  the  fquare-root  of  the  number  32,  or  25  +  7,  by 

means  of  the  exprcflion  a  +  -jj  found  above,  in  art.  56, 

by  Mr.  Raphfon's  method  of  approximation. 

Here  in  the  ift  place  we  mail  have  a  a  =  25,  and 
1  =  7',  and  therefore  a  will  be  =  5,  and  —  will  be 

(=  drs  =  ^  =  °-7-  TW«e  •  +  i  ™B 

be  (=  5  +  0.7)  =  5.7  ;  or  the  fquare-root  of  aa  +  b, 
or  25  -f  7,  or  32,  will  be  nearly  equal  to,  but  fomewhat 
lefs  than,  5.7.  e.  i. 

Secondly,  fince  ^32  is  lefs  than  5.7,  let  us  fuppofc  it 
to  be  nearly  equal  to  5.6,  and  let  us  raife  5.6  to  it's 
fquare,  in  order  to  difcovcr  whether  the  faid  fquare  will 
be  greater,  or  lefs,  than  32,  and  confequently  whether 

5.6  is  greater,  or  lefs,  than  vfJT. 

Now  the  fquare  of  5.6  is  31. 36;  which  is  lefs  than 
32.  Therefore  5.6  mull  be  lefs  than  the  fquare-root 
of  32. 
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We  will  therefore  now  take  a  =  5.6.  And  we  (hall 
then  have  aa  =  31.36,  and  confc^ucntiy  3  (  =r  32.00 

—  31.36)  0.64,  and  —  (=   —  =    = 

0.057,  and  j  +         (  -  5.6  +  0.057)  =  5.657. 

Therefore  5.657  will  be  a  third  near  value  of  the  fquare- 
root  of  (a  a  ■+-  b,  or  3 1.36  +  0.64,  or)  the  propofed 
number  32.  q.  e.  i.  s 

Now  let  5.657  be  raifed  to  it's  fquare  in  order  to  dif- 
cover  whether  the  faid  fquare  will  be  greater,  or  lefs, 
than  32,  and  confequently  whether  5 .657  itfelf  will  be 

greater,  or  lefs,  than  the  true  value  of  v'G*- 

Now  5.65-I2  is  =  32.001,649;  which  is  a  little 
greater  than  32.    Therefore  5  657  is  a  little  greater 

than  the  true  value  of  v^2-    We  will  therefore  fup- 

pofe  ^(32  to  be  between  5.657  and  5.656,  and  will 
raife  5  656  to  it's  fquare,  in  order  to  difcover  whether 
the  faid  fquare  will  be  greater,  or  lefs,  than  32,  and 
confequently  whether  5.656  wjll  be  greater,  or  left, 

than  ^(32. 

Now  the  fquare  of  5.656  is  =  31.990,336  ;  which  is 
lefs  than  32    and  confequently  5.656  muft  be  lefs 

than  ^(32. 

We  will  therefore  now,  in  the  3d  place,  make  a  = 
5.6565  and  we  (hall  then  have  aa      31.990,336,  and 
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b  (  =  32.000,000  —  a*  —  32.000,000  —  31.990,336) 

=  0.009,664.    Therefore  —  will  be  (=  °-°0<^6* 
n  2a  N       2  x  5.656 

=  °^|°^,|6^4  )  =  0.000,854,  and  confequently  a  + 
—  will  be  (=  5.656  +  0.000,854)  =  5.656,854. 

2d 

Therefore  5.656,854  will  be  a  fourth  near  value  of  the 
fquare-root  of  32.  0^  e.  i. 

This  fourth  near  value  of  the  fquare-root  of  32  is 
very  nearly  equal  to,  but  fomewhat  lefs  than,  it's  true 
value  For  the  fquare  of  5*656,854  is  =  31.999,997, 
177,316,  which  is  lefs  than  32  by  the  very  fmall  number 
0.000,002,82  2,68  4. 

Note.  If  we  had  cariied  the  divifion  of  b  by  2  ay  or 
of  0.009,664  by  1 1 .3 1 2}  to  two  figures  more  in  the 
quotient,  the  faid  quotient  would  have  been  0.000,854,31, 

and  confequently  a  +         wpuld  have  been  (=  5.656, 

-f-  0.000,854,31)  =  5  -56,854,31,  which  would  have 
been  greater  than  the  true  value  of  the  fquare-root  of  32, 
or  a  a  +  i>y  agreeably  to  what  is  (hewn  above  in  art.  56. 
But  by  carrying  the  divifion  to  only  the  three  fignificant 

figures  0.000,854,  of  the  quotient,  the  value  of  a  4- 

js  kept  under  the  true  value  of  v'lj** 

•  Since  5.656,854  is  lefs  than  the  true  value  of  */Cp% 
we  will,  in  order  to  obtain  a  nearer  value  of  the  faid 

fquare^ 
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fquare-root*  take  a  =  5.636,854.  And  we  (ball  then 
have  a  a  =  3i.999>997>I77>3l6>  and  b  (  =  3*  —  aa 
—  32.000,000,000,000  —  31-999>997>177>3l6  )  = 

6.000,002,822,684.    Therefore        will  be  (  = 

0.000,002,822,684  0.000,002,822,684. 

 ——z — —  =  3        )  =  0.000,000, 

2  x  5.656,854  11.313,-/08 

b 

249,492,  and  a  +           will  be   (  =    5.656,854  -f- 


0.000,000,249,49?)  —  5.656,854,249,492;  that  is,  the 
fifth  near  value  of  the  fquare-root  of  the  number  32, 
obtained  by  this  fourth  procefs  of  Mr.  Raphfon's  method 
of  approximation,  will  be  5  656,854,249,492.     q.  e.  i. 

All  the  figures  of  this  number  5.656,854,249,492  are 
exact,  and  agree  with  the  figures  of  the  fquare-root  of  32 
as  obtained  above  in  art.  6 1 .  by  the  common  method  of 
extracting  it.  But  it  appears  to  me  that,  from  the  ne- 
ccflity  of  fquaring  the  feveral  fucceflive  values  of  a,  in 
order  to  obtain  the  value  of  by  or  32  —  a  ay  and  more 
efpecially  that  of  fquaring  the  fourth  value  5.656,854, 
(which  confifts  of  feven  figures,)  and  from  the  number 
of  divifions  to  be  gone  through  in  order  to  obtain  the 

fucceffive  values  of  — ,  and  likewife  from  the  variety  of 

new  fuppofitions  made  in  this  method,  and  the  reafonings 
confequeht  upon  them,  there  is  more  time  and  trouble 
employed  in  obtaining  thefe  thirteen  figures  5*656,854, 
249,492  of  the  fquare-root  of  the  propofed  number  32 
by  this  method  of  approximation  than  there  is  in  ob- 
taining them  by  the  common  method  of  extracting  the 
fquare-root  in  the  manner  exhibited  above  in  art.  61. 

I  will 
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I  will  now  proceed  to  extract  the  fquare-root  of  this 
fame  number  32   by  means  of  the  expreflion  a  4- 

b  d b  lab 

 7-  >  or  a  +   7- ,  or  a  +   , 

b                               b  ±aa  -f-  b  9 

2  a  +  —                  *aa-\   T 

la  2 

given  us  by  Monfieur  dc  Lagny  and  Dr.  Halley  for  the 

near  value  of  the  fquare-root  of  a  a  +  b. 


The  Extraclhn  of  the  Square-Root  of  the  Number  32  by 
Jpproximation,  by  means  of  the  Exprejfton  given  us  for 
that  purpefe  by  Monfieur  de  Lagny  and  Dr.  Halley,  and 
itivtjligated  above  in  Art.  57. 


Art.  63.  Of  the  three  equivalent  expreflions  a  «f 

b  ab  zab 

 r  >  a  +   T  >  and  a  + 


b  b  4  a  a  -+■  b  9 

2 

found  above  in  art.  57,  for  a  near  value  of  ^(aa  +  b,  I 

7 


take  the  firft  expreflion,  a  +   - — ,  to  be  the  fit- 


21/  + 

2a 

m 

teft  for  calculation  ;  becaufe  it  does  not  require  our 
multiplying  h  into  a>  in  order  to  obtain  the  quantity  a  bt 
which  occurs  in   the   numerators   of   the  fractions 

a  b  lab..  , 

 —  and  ■ — 7  in  the  two  other  expreflions. 

b  ±aa  -\-  b  r 

2aa  -f   T 

2 

I  (hall  therefore  here  compute  the  near  value  of  the 

fquare- 
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fquare-root  of  32,  or  25  +  7,  or  a  a  +  i,  by  means  of 

the  faid  firfi  cxpreffion  a  +   -  . 

2  a  +   

2a 

Now,  fincc  a  a  is  =  25,  and  J  is  =  7,  wc  (hall  have 
«  =  5,  and  —  (=  -1—  =  -2-)  =  0.7,  and  21  + 

~  (—  2  X  5  +  0.7  =  10  +  0.7)  =  10.7,  and  con- 
fequently   (=  -2- )  =  0.65.  Therefore 

2  a  +    *' 

2a 

a  +   will  be  (=  5  +  O.65)  =  5.65  ;  that 

2a  +   

2a 

is,  the  fecond  near  value  of  the  fouare-root  of  32,  (ob- 
tained by  means  of  the  expreflion  a  +  <  - — —  ,  after 

2a 

fuppofing  it's  firft  near  value  to  be  a,  or  5,)  will  be  5.65; 
of  which  all  the  figures  are  exaft.  q.  e.  i. 

This  value  we  know  to  be  lefs  than  the  truth.  There- 
fore, to  obtain  a  third  near  value  of  v($2,  we  will  make  ufc 

of  the  fame  expreflion  as  before,  to  wit,  a  H  - — —  9 

'  i*a  +  — 

2a 

only  making  a  (which  before  flood  for  5,  or  the  firft 
near  value  of  now  ftand  for  5.65,  or  the  fecond 

near  value  ^2,  that  has  been  jufl  now  obtained. 

Now, 


r 
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Now,  if  a  is  =  5.65,  we  (hall  have  a  a  =  (5T65W 
*=  31.9225,  and  £  (-  32  -  flfl  =  32.0000  -  3I-9225) 

=  0.0775.    Therefore  —  will  be  (=  2  x  ,.6$  - 

°-°775 )  =  0.006,858,  and  2a  +        will  be  (=  11.30 
11.30  '  3 

+  0.006,858)  =  11.306,858,  and   j  will  be 

o«o779     .  _  0.006,854,24.    Therefore  a  + 
v  11.306,858 

 -         will  be  (=  5.65  +  0.006,854,24)  = 

2a  +  — 

5.656,854,24 ;  that  is,  the  third  near  value  of  the  fqtfare* 
root  of  the  number  32,  which  has  been  obtained  by 

means  of  the  expreflion  a  +  j-  >   will  be 

la  +  — 
2a 

5.656,854,24  \  which  is  exa£l  in  all  it's  nine  figures. 

0^  E.  1. 

We  might  now  proceed  to  compute  a  fourth  near 
value  of  this  fquare-root  by  means  of  a  third  application 

of  the  expreflion  a  ~\  - — j-  ,  by  putting  a  = 

20  +  — 
la 

5.656,854,24,  and  fquaring  the  faid  number  in  order  to 
obtain  the  value  of  a  a%  and  then  fubtra&ing  the  faid 
fquare  from  32,  in  order  to  obtain  the  value  of  N  —  a  d, 
or  32  —  a  My  or  b ;  and  by,  then,  dividing  b  by  2  a,  cr 
2  X  5.656,854,24,  or  by  11.313,708,4a,  and  adding 

tho 
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the  quotient,  (continued  to  eight,  or  nine,  figures,)  to 
2  a,  or  11.313,708,48,  and  dividing  b  by  the  fum  thence 
arifing,  and  adding  the  quotient  of  this  laft  divifion  to  a, 
or  5.656,854,24.    And,  if  we  were  to  do  fo,  the  near 

value  of  thereby  obtained  would  be  exacl  to  27, 

or  26,  figures.  But  the  labour  of  the  calculation  would 
be  very  great ;  partly  on  account  of  the  fquaring  of  the 
long  number  5-656,854,24,  and  partly  on  account  of 

the  divifion  of  b  by  2  a  +  —  ,  which,  it  is  obvious, 

would  be  a  mod  tedious  operation,  becaufe  that  divifor 
would  be  a  very  long  number,  confiding  of  17  or  18  fi- 
gures. And  therefore  I  confider  the  further  approxi- 
mation to  the  value  of  the  fquare-root  of  32  by  means 

of  this  expreffion  .  +  — i-_  ,  as  being  perfeftl, 

24  +   

2a 

inexpedient,  and,  in  a  manner,  impracticable. 

Art.  64.  It  remains  that  we  fhould  inveftigate  the 
fquare-root  of  the  fame  number  32  by  means  of  the 

third  expreflion  a  +  —  —  ~t  %  which  co-incides 

with  the  three  firft  terms  of  the  infinite  feries  for  ex- 

prefling  the  value  of  ^ a  a _  +  b,  or  a  a  +  b)ll9  derived 
from  Sir  Ifaac  Newton's  binomial  theorem.  Now  tins 
may  be  done  as  follows  : 
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The  Extraction  of  the  Square-Root  of  the  Numter  32  ly 
approximation  by  means   of  the  Trinomial  Exptejfton 
b  bb 


a  +  ■ 


2a  8  a* 


If  a  is  at  iirft  taken  equal  to  5,  (as  before,)  and  con- 
fequently  a  a  =  25,  and  b  (=  32  —  aa  =  32  —  25  ) 

=  7»  we  ^Uhave  a  +  —  —  (=  5  +  77^ 

-  ^  ,    =  5  +  X  _  =   *  +  0.7  - 

8  x  125  io        1000  J 

0.049  =  5.700  —  0.049)  =  5^51;  that  is,  5-651, 
or  (dropping  the  laft  figure  I,)  5.65,  will  be  the  fecond 

near  value  of  */ a  a  +  b9  or  vf  25  +  7,  or  ^(32,  that  is 
obtained  by  this  firft  application  of  the  trinomial  ex- 

b  bb 

predion  a  +  —  —  -g^- .  <fc  E.  1. 

Now  let  a  be  put  »  5.65.  And  we  (hail  then  have 
a  a  (=  5T17\1)  *=  3i-9225»  and  *  (  =  3*-°°00 

—  31.9225)  =  0.0775.   Therefore  ~  will  be  (= 

„?-*71*.  =  2f22L  )  =  0.006,858,40,  and  a  + 
a  x  5.65  11-30 

i-  will  be  (=  5-^5  +  0.006,858,40)  =  5-656>858>4°S 
aa 

and  JL  Will  be  (=  A  X  —  =  o.oo6,858"^oV)f 
444  a«  aa 
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i=  0.000,047,037,650,560,0,  and  y~T  °c   (  s 

-11         =  o.o°o,Q47,o;-,6;o,^o,o    =  6 

ia  x  4a a  1^30 

&c;  and  confequently  a  +   will  be  (  = 

5.656,858,40  —  0.000,004,16  &c)  =  5.656,854,24  i 
that  is,  the  third  near  value  of  the  fquare-root  of  32, 

which  is  obtained  by  this  fecond  application  of  the  tri- 

b  bb  ... 

nomial  exprefTion  a  +  —  —  -g-5- ,  will  be  5.656, 

854,24  •,  of  which  number  all  the  nine  figures  are 
exatt.  1:.  1. 


If  wc  were  to  carry  this  approximation  one  ftep  fur- 
ther, by  taking  a  —  5.656,854,24,  and  computing  a  a 
and  32  —  miy  or  b,   and  the  trinomial  expreflion 

,      b  bb  b  lb 

a  +    ~  ~   —     o  T  y   or   a   +   —  —  —  ,  we 

la 

fhould  obtain  the  value  of  the  fquare-root  of  32  exact 
to  26,  or  27,  figures.    But  the  labour  of  computing 

the  fecond  and  third  terms    —  and  ,  of  this 

»  2a  $aa 

expreflion  to  that  number  of  figures  would  be  very  great, 
though,  I  believe,  not  quite  fo  great  as  that  of  com- 
puting — —  ,   ( or  the  fecond  term  of  the  ex- 

2  a  +   

I, 

prcflion  a  +   —  given  by Monfieur  de  Lagnyand 

za  +  — 
za 

K  2  Dr. 


1 


r 
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Dr.  Halley  for  the  fame  purpofc,)  to  the  fame  number 
of  figures.  I  fhould  therefore  confider  both  thcfe  ex- 
preiTions  in  this  cafe  as  unfit  for  practice,  and  fhould 
think  it  would  be  much  more  advifeable,  if  the  fquare- 
root  of  32  was  required  to  be  found  exactly  to  more 
than  the  nine  figures  5.656,854,24  already  difcovered, 
to  find  the  next  nine  figures  of  it's  value  either  by  com- 
puting Mr.  Raphfon's  much  fimplcr  and  eafier  expreflion 

a  +  —  >  or  by  continuing  the  extraction  of  it  by  the 

comm  on  method  to  that  extent. 


Art.  65.  And,  indeed,  from  all  thefe  trials  of  thcfe 
different  expreflions  for  approximating  to  the  value  of 
the  fquare-root  of  a  given  number  N,  or  a  a  ■+  b,  I  am 
inclined  to  conclude  that,  in  performing  the  extractions  of 
the  fquare-roots  of  given  numbers  which  are  necefTaTy  in 
Dr.  Halley's  method  of  refolving  high  affeded  equations, 
it  will  a  1  moil  always  be  found  eafier  and  more  conve- 
nient to  proceed  by  the  common  method  of  extracting 
them  than  to  have  recourfe  to  either  of  the  fthree  ex- 
preflions above  mentioned,  not  excepting  even^  Mr. 


Raphfon's  fimple  expreflion  a  + 


2a 


End  of  the  Obfervations  cn  the  Extraclion  of  the  Square- 
Root  of  a  given  Number  by  the  Methods 
of  Approximation. 


A  ME- 
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A  METHOD  OF  DISCOVERING  WHETHER  THE 
THREE  EQUATIONS  THAT  HAVE  BEEN  RE- 
SOLVED IN  THE  FOREGOING  ARTICLES  HAVE 
ANY  OTHER  ROOTS  BESIDES  THOSE  ABOVE 
INVESTIGATED. 


Of  the  Number  of  Roots  in  the  Cubick  Equation  *3  —  17  ** 

+  54*  =  35°- 
Art.  66.  The  firft  of  the  three  equations  that  have 
been  refolved  in  the  foregoing  articles  is  the  cubick 
equation  xl  —  17  .r*  +  54*  =  350,  of  which  we 
have  found  one  root  to  be  =  14.954,068,61.  Now, 
as  there  are  two  changes  of  the  figns  +  and  —  prefixed 
to  the  terms  that  form  the  left-hand  fide  of  this  equation, 
it  may  be  fufpecled  that  there  may  be  either  one  or  two 
more  roots  to  it,  or.  values  of  x  that,  being  fubftituted 
inftead  of  a?  in  the  trinomial  quantity  xl  —  17  x~  +  54*, 
will  make  the  faid  quantity  be  equal  to  350,  or  the  ab- 
folute  term  of  the  faid  equation.  This  therefore  is  a 
matter  which  ought  to  be  inquired-irito  and  determined, 
before  the  refolution  of  the  equation  can  be  confidered 
as  quite  compleat. 

Art.  67.  Now,  if  this  equation  has  another  root,  that 
root  muft  be  either  greater  or  lefs  than  14.954,068,61, 
or  (omitting  all  the  figures  of  this  root  except  the  three 
firft,  14.9,  in  order  to  lefien  the  labour  of  the  following 
calculations,)  lefs  than  14.9.  .  Let  it  firft  be  fuppofed  to 
be  greater  than  14.9,  and  to  be  called  c  \  and  let  b  be 
put  s=  14.9, 

K  3  Then 
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Then'  we  (hall  have  bl  —  17  b1  -f  54  b  =  350, 
and  alfo  cl  —  17  cx  +  54  <r  =  350  •,  and  confequently 
<r3  —  17  r*  +  54^  will  be  =  b*  —  17  ^1  4-  54 
Therefore  (adding  17  cx  to  both  fides)  we  fliall  have 
c*  4-  54  r  =  b1  +  17  cx  —  17^  -h  54  3,  and  (fub- 
tra&ing  b*  +  54*  from  both  fides)  <rJ  —       +  54* 

—  54*  =  if  cx  —  17        or  f3  -  P  +  54  X 

c  —  b  =  17  X  cx  —  bx.  Therefore  ■  ^  +  54 
X  ^  will  be  =  17  X  ,  or     +  cb  + 

•   

+  54  will  be  =17  X  c  +  b  =  17  c  +  17^ 
Therefore  (fubflituting  14.9  inilead  of  b,)  c1  +  14.9 

X  r  +  14^9!*  +  54  w«W  be  =r  17  c  +  17  X  I4  9, 
that  is,  c*  +  H«9  X  c  +  222.01  +  54  will  be  =  17  r 
+  253.3.  Therefore  (fubtra&ing  222.01  from  both 
fides,)  we  (hall  have  cx  +  14.9  X  r  +  54  =  17  c  + 
31.29,  and  (fubtracling  31.29  from  both  fides)  cx  •+■ 
14.9  X  c  -f-  22. Ji  =  17^,  and  (fubtra&ing  14. gc 
from  both  fides,)  cx  +  22.71  =  2.1  X  c\  that  is,  the 
fum  of  c1  and  22.71  is  equal  to  2.1  X  c.  Therefore  cx 
alone  mud  be  lefs  than  2.1  X  r,  and  confequently  (di- 
viding both  fides  by  £,)  c  mull  be  lefs  than  2.1.  But  c 
was  fuppofed  to  be  greater  than  by  or  14.9,  which  is 
much  greater  than  2.1.  Therefore  c  or  the  fuppofed 
fecond  vaiue  of  x  in  the  equation  x*  —  1 7  at1  —  54  x 

—  350  will  be  both  greater  and  lefs  than  2.1  ;  which  is 
impoflible.  And  this  impofTible  conclufion  followed 
from  the  fuppofition  that  the  equation  a-3  —  17  xz  + 
54  x  =  350  had  another  root  c  that  was  greater  than  b$ 

cr 
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or  14.9.  Therefore  that  fuppofition  was  a  falfe  fuppofi- 
tion,  and  the  faid  equation  cannot  have  any  other  root 
that  is  greater  than  14-9. 

Art.  68.  It  remains  that  we  inquire  whether  the  faid 
equation  cannot  have  another  root  befides  or  14  9, 
that  (hall  be  lefs  than  14.9. 

Now,  if  this  be  poflible,  let  the  faid  root,  that  is  lefs 
than  b9  or  14.9,  be  called  a. 

Then  we  Ihall  have  b1  —  17  b1  +  54 5  =  350,  and 
a*  —  17  or  4-  54*1  =  350,  and  confequently  b2  —  17^* 
4-  54  £  =  a1  —  17  a1  +  54  a.  Therefore,  (adding 
17  b%  to  both  fides,)  we  (hall  have  bl  +  54  ^  =  ^  + 
17  b*  —  17  a*  +  54  a,  and  (fubtracling  c3  -f-  54  a 
from  both  fides,)  b*  —  a*  +  54*  —  54     =  17*2 

17  d%  or  £3  —  <z*  +  54  X  b  a  =  17  X  J*  -  a\ 
Therefore  tLzi£.  +  54  X  ^=-?  will  be  =  17  X 

 5  that  is,  b%      ba  +  aa  +  54  will  be  =  17 

b  —  a 

# 

X  7"+~*  =  17  £  +  1 7/1 ;  or  (fubftituting  14.9  inftead  of  b 
in  this  equation)  14.9]*  +  14.9  X  a  +  a  a  +  54  will  be 
3=  17  X  14.9  +  170*  or  222.01  +  14.9  X  a  ■+■  aa 
-f  54  will  be  =  253.30  +  170.  Therefore  (fubtrading 
222.01  from  both  fides,)  we  (hall  have  14.9  X  a  +  a  a 
+  54  =  31.29  +  17  a,  and  (fubtrading  31.29  from 
both  fides,)  14.9  X  a  •+•  a  a  +  22.71  =  17J,  and 

• 

(fubtrading  I4.9  X  a  from  both  fides,)  a  a  -f  22.71 
=  2.1  X  a;  and,  la(tly,  (fubtrading  a*  from  both, 

tides,)  2.1  X  a  —       =  22.71,  or  2.1—     X  a  =3 

K4  aa.7i| 
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22.71  ;  that  is,  the  product  of  the  multiplication  of 
2.1  —  a  into  a  will  be  equal  to  22.71.  But  the  greateft 
poflible  product  of  the  multiplication  of  2.1  —  a  into  a 
is  the  fquare  of  half  2.1,  or  the  fquare  of  1.05,  which 
is  1.1025.  Therefore  it  is  impoflible  that  the  binomial 
quantity  2.1a  —  a  a  (hould  be  equal  to  22.71.  And 
this  impoflible  conclufion  has  been  regularly  deduced 
from  the  fuppofition  that  the  equation  *3  —  1 7  x%  + 
54.  x  =  350  had  another  root  befides  14.9,  that  was  lefs 
than  14.9.  Therefore  that  fuppofition  was  a  falfe  fup- 
pofition, and  the  faid  equation  x3  —  17  x2  +  54* 
=  350  cannot  have  any  root  befides  14  9,  that  is  lefs 
than  14.9. 

But  it  was  (hewn  before,  that  the  faid  equation  cannot 
have  any  root  befides  14.9  that  is  greater  than  14.9. 

Therefore  the  faid  equation  cannot  have  any  other 
root  whatfoever  befides  14.9,  or  14.954,068,61  ;  and 
therefore  this  number  will  be  it's  only  root.        o^  e.  1. 

. 

Another  Method  of  proving  that  the  Equation  .rs  —  1 7  x2 
+  54>r  =  350  has  no  other  Root  but  the  Root 
14.954,068,61,  that  has  been  already  found. 

Art.  69.  In  the  two  foregoing  articles  it  has  been 
(hewn  that  the  equation  x*  —  17  x 2  +  54*  =  350 
cannot  have  any  othef  root  befides  14.954,068,61,  or 
14.9,  by  proving  that,  if  it  were  fuppofed  to  have  any 
other  root,  either  greater  or  lefs  than  14.9,  an  im- 
poflible conclufion  would  follow  from  fuch  fuppofition. 
This  indirect  way  of  proving  a  propofition  is  not  quite 
fo  fatisfactory,  or,  at  lead,  fo  pleafing  to  the  mind,  as  a 

direct 
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direct  proof.  I  will  therefore  now  endeavour  to  prov$ 
the  fame  thing  in  a  direct  manner,  by  (hewing,  J  ft,  that, 
if  we  fuppofe  x  to  increafe  from  14.9,  or  b,  to  any 
greater  quantity  c>  which  exceeds  149,  or  by  by  the  dif- 
ference d,  the  fum  of'  the  increments  received  by  the 
trinomial  quantity  *?  —  17**  +  54  x>  or  P  —  1 7  b% 
+  54  ^>  during  the  increafe  of  x  from  h  to  r,  or  b  + 
will  be  greater  than  the  fum  of  the  decrements  which  it 
will  fuffer,  or  the  fum  of  the  quantities  that  will  be  fub- 
tracled  from  it,  and  confequently  that  the  faid  trinomial 
quantity  x3  —  17  xz  +  54*  (which  will  then  be  equal 

to  c3—  ljc*  +  540  orb  +~5)3  —  17  X  ^T^i2  -f 

54  X  b  +  d)  will,  upon  the  whole,  be  greater  than  it 
was  before,  or  than  the  abfolute  term  350,  and  confe- 
quently that  c,  or  b  ■+■  d,  will  not  be  a  root  of  the  equa- 
tion  x*  —  17  xz  +  54*  =  350;  and  by  (hewing, 
2ndly,  that,  if  we  fuppofe  ,r  to  decreafe  from  14.9, 
or  by  to  any  lcffer  quantity  a,  which  falls  ihort  of  b  by 
the  difference  r/,  the  fum  of  the  increments  received  by 
the  trinomial  quantity  xz  —  17.V1  +  54  .r,  or  b3  — 
17  b2  •+•  54  during  the  decreafe  of  x  from  b  to  a% 
or  b  —  d9  will  be  lefs  than  the  fum  of  the  decrements 
it  will  fuffer,  or  the  fum  of  the  quantities  that  will  be 
fubtracled  from  it,  and  confequently  that  the  faid  tri- 
nomial quantity  xl  —  17  >r2  -f  54*  (which  will  then 

be  equal  to  a*       17a*  +  54<?,  or  b^~d\*  —  17  X 

b  —  dY  +  17  X  b  —  d9)  will,  upon  the  whole,  be 

lefs  than  it  was  before,  or  than  the  abfolute  term  350, 
and  confequently  that  <?,  or  b  —  dy  will  not  be  a  root 

of 
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of  the  equation  xl  —  17  xx  +  54*  =  350.  Thcfc 
things  may  be  proved  in  the  manner  following  : 

Art.  70.  If  x  is  fuppofed  to  increafe  from  b,  or  14.9, 
to  cy  or  b  +  d,  the  trinomial  quantity  x\ —  17** 
•  4-  54  a-,  will  be  changed  from  £3  —  17^  4-  54^  to 

<i  —  17  c*  4.  54^  or  b+2\l  —  17  X  b  4-  d}3  4- 
54  x  T+7,  or  +  3*2</  4-  3  3 d1  4-  </*  -  17  X 
b%  4-  2*</  4-  dx  4-  54  X  b  4  </?  or  £s  +  3*V  -f 
3^^*  4  </*  —  17^*  —  34*</  —  17^  +  54* 
+  54  or 

{b1  4-  3W  4-  3^</*  4-  </*  *\ 
—  17b1  —  $\bd  —  i*]  d1  V  ;  which 

4  54*   +  54<*  J 

contains  the  trinomial  quantity  b*  —  17  b1  4-  54* 
(which  is  equal  to  350)  together  with  the  four  quantities 
3  />*</,  3  bd2,  dly  and  54  d,  which  ars  marked  with  the 
fign  4-,  or  are  added  to  bl  —  17  bz  4  54^,  and  conse- 
quently tend  to  increafe  it,  and  the  two  quantities  34  b  d 
and  17^*,  which  are  marked  with  the  fign  — ,  or  are 
fubtrafted  from  b*  —  17  bl  4-  54^  and  confequcntly 
tend  to  dimini(h  it.  We  muft  therefore  demonflrate  that 
the  fum  of  the  four  quantities  3  bz  d>  3  bd*,  d*>  and 
54  d  will  be  greater  than  the  fum  of  the  two  quantities 
34  b  d  and  17  d\ 

■ 

Art.  71.  Now  the  quadrinomial  quantity  3     d  4- 
ibd1  +  d*  4-  54    ^  (=r  3  X  I4T9I2  x  //  4-  3  X 

i4<9 
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H-9  X  d1  +  dl  4-  54 </  =  3  x  222.01  X  d  + 
44-7  X  +  ^3  +  54  =  666.03  X  </  4-  44.7  x 
</*  +  4-  54  <0  =  720-03  X  J  4-  44.7  x  d% 
+  </J ;  and  the  binomial  quantity  l^b  d  4-  17  J1  is 
f=  34  X  X4.9  X  d  +  ly  d2)  =  506.6  X  d  +  17  ^/!. 

But  720.03  X  </  is  greater  than  506.6  X  d,  and 
44-7  X  d2  is  greater  than  17  d*.    Therefore  the  bi- 
nomial quantity  720.03  X  d  4-  44.7  X  d*  will  be 
greater  than  the  binomial  quantity  506.6  X  d  4-  17 
Therefore,  £  fortiori,  the  trinomial  quantity  720.03  X 
'  +  44-7  X  d1  +  d*  will  be  greater  than  the  binomial 
quantity  506.6  X  d  4-  17  d.     Therefore  the  quadri- 
nomial  quantity  3  b1  d  4-  3  b  d*  +  d*  4-  54^  (which 
-  is  equa\  to  the  trinomial  quantity  726.03  X  d  +  44.7 
X  dx  4-  diy)  will  be  greater  than  the  binomial  quan- 
tity 506.6  X  d  4-  l-jdy  and  confeqttently  than  it's 
equal,  the  binomial  quantity  34^^  4-  17  d\  There- 
fore the  trinomial  quantity  b  4-  d]2  —  17  x  b  4-~5)  * 
+  54.  X  £  +  </  will  be  greater  than  the  trinomial 
quantity  b*  —  1 7  b1  +  54  3,  or  the  abfolute  term  350 ;  " 
and  confequently  r,  or  £  4-  </,  cannot  be  a  root  of  the 
propofed  equation  x*  —  17  jrz  4-  54  a-  =  350. 

E.  D. 

-4r/.  72.  Secondly,  if  x  is  fuppofed  to  decreafc  from  b, 
or  14.9,  to  <7,  or  b — d,  the  trinomial  quantity  x*  — 
17      4-  54  x  will  be  changed  from  bl  —  17     4.  5^ 

to  a3  —  17^  4-  54  or  J>»  —  17  x  4- 
$4  X  *  -  4  or  J3  —         f  3^s  —  </>  -  17  x 
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bx  —  2bd  +  d*  +  54  X  b  —  iit  or  b*  —  3b2 d  + 
^bd*  —  d%  —  17^*  +  l\bd  —  i-jd2  +  545 
—  54  <*>  or 

b>  —  3b  d  +  3Ma  —  ^ 


—  Ibd  +  3^ 
—  17^  +  34^  —  17^ 
4-54*  -  54^ 


which 


contains  the  trinomial  quantity  b*  —  17^*  4-  54* 
(which  is  equal  to  350,)  together  with  the  four  quan- 
tities 3  bz  dy  di%  1 7  </%  and  54  d,  which  are  marked 
with  the  fign  — ,  or  fubtracled  from  the  quantity 
p  —  17^  +  54^,  and  confequently  tend  to  diminifti 
it,  and  the  two  quantities  $bd-  and  34  b  d,  which  are 
marked  with  the  fign  + ,  or  are  added  to  the  quantity 
b*  —  17^  •+•  54/;,  and  confequently  tend  to  increafe 
it.  We  muft  therefore  demonftrate  that  the  fum  of  the 
four  quantities  3^a</,  d39  17  d\  and  54*/,  which  are 
marked  with  the  fign  — ,  is  greater  than  the  fum  of  the 
two  quantities  3  b  dx  and  34  b  d,  which  are  marked  with 
the  fign  +, 

r 

Art.  73.  Now  the  quadrinomial  quantity  3  bz  d  ■+*  di 
+  17^'"  +  54  d  is  (  =  3  X  i^TtJl2  X  d  +  d*  + 
*7^2  +  54^  =  3  X  222.01  X  d  4-  d*  -f  17^  4- 
54  J  =  666.03  X  d  +  d*  +  17  dx  4-  54<//  =  720.03 
X  </  4-  17^  +  and  the  binomial  quantity  3^ 
■+-  34M  is  =  3  X  149  X  d*  4-  34.  X  14.9  X  </)  ~ 
44.7  X  d1  -f-  506.6  X  </.  Therefore,  if  we  can  ilicw 
that  the  trinomial  quantity  720.03  X  4-  17//"'  4-  '/J 
is  greater  than  the  binomial  quantity  4^.7  X  </*  4 

506.6 
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506.6  X  d,  or  506.6  X  d  4-  44.7  X  d\  it  will  follow 
that  the  quadrinomial  quantity  $b%  d  +  d1  4-  l*]dl 
4-  54.  will  be  greater  than  the  binomial  quantity  ^bd1 
4-  34.       and  confequently  that  the  trinomial  quantity 

as       jya*  +  54*,  or  b  —  d\*  —  17  X  b  —  d\%  4* 

54  X  £  —  </,  will  be  lefs  than  the  trinomial  quantity 
bl  — -  17  ^*  4.  54^  or  than  the  abfolute  term  350  of 
the  propofed  equation  xl  —  1 7  *2  +  54  *  =  350,  and 
confequently  that  a,  ox  b  —  </,  cannot  be  a  root  of  the 
faid  equation. 

■ 

Art.  74.  Now  that  the  trinomial  quantity  720.03  X  d 
+  17  d7  +  d*  muft  always  be  greater  than  the  binomial 
quantity  5 06. 6  X  d  4-  44.7  X  d2  may  be  demonftrated 
as  follows : 

The  trinomial  quantity  720.03  X  d  +  17^-  4-  d* 
will  be  greater  than  the  binomial  quantity  506.6  X  d  4- 
44.7  X  d*  if  the  quotient  of  the  diviGon  of  the  former 
quantity  by  d  is  greater  than  the  quotient  of  the  divifion 
of  the  latter  quantity  by  d>  that  is,  if  the  trinomial 
quantity  720  03  +  17*/  4  dz  is  greater  than  the  bino- 
mial  quantity  506.6  4-  44.7  X  d.  We  mull  therefore 
demonftrate  that  the  trinomial  quantity  720.03  4-17// 
4-  dd  is  greater  than  the  binomial  quantity  506.6  + 
44.7  X  d. 

*  *  •  . 

Now  the  trinomial  quantity  720.03  4-  17^  4-  dd 
will  be  greater  than  the  binomial  quantity  506.6  4- 
44.7  X  dy  if  720.03  —  506.60  4-  17  d  4-  dd  is  greater 

'  :  than 
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than  44.7  X  dy  or  if  720.03  —  506.60  +  d  d  is  greatef 
than  44.7  X  d  — *  17*/,  or  if  213.43  «+■  is  greatet 
than  27.7  X  dy  or  if  213.43  is  greater  than  27.7  X  i 
—  ddyox  than  .27.7  —  d  X  d.    But  the  greater!  poffible 

magnitude  of  27.7  ^ef)  X  d  is  the  fquart  of  half  27.7, 
or  the  fquare  of  13  85,  which  is  lcfs  than  the  fquare  of 
14 y  or  than  196.    Therefore  213.43  (which  is  greater 

than  196,)  muft  be  greater  than  27.7  d  Vx  df  or  than 
27.7  X  d  —  dd\  and  confequendy  the  trinomial  quan- 
tity 720.03  +  17  d  4-  dd  will  be  greater  than  the  bino- 
mial quantity  506.6  44.7  X  dy  and  the  trinomial 
quantity  720.03  X  d  17  d*  +  d*  will  be  greater  than 
/  the  binomial  quantity  506.6  X  d  +  44.7  +  dd. 

Q.  E.  D. 

It  appears  therefore  that  neither  b  -f-  dy  nor  b  —  J, 
that  it,  that  no  quantity  either  greater  or  lcfs  than  by  or 
J4.9,  or  14.954,068,61,  can  be  a  root  of  the  propofed 
equation  x*  —  17  x*  4-  54*  =  350. 

Of  the  Number  of  Roots  in  the  Biquadratic  Equation 
.v4  —  ix x  +  75  x  =  10,000. 

Art.  75.  We  wiH  next  examine  the  fecond  equation 
above-refolved,  to  wit,  the  biquadratick  equation  x4  — 
3**  +  75  *  =  i©>ooo,  of  wluch  we  have  found  one  root 
to  be  =  9.886,002,70,  and  will  proceed  to  inquire 
whether  the  faid  equation  has,  or  has  not,  any  other 
root,  or  whether  there  is  any  other  quantity  befides 
9.886,002,70,  which,  being  fubftituted  inflcad  of  x  in 
the  trinomial  quantity  x+  —  3  xx  -f*  75  *,  will  make  that 
quantity  be  equal  to  the  abfolute  term  io,coo. 

Now 


> 
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Now  this  inquiry  may  be  made  with  refpeft  to  (his 
equation  with  great  eafe  and  brevity  in  the  following 
manner  : 

If  x  is  fuppofed  to  increafe  from  o  ad  infinitum ,  it  is 
evident  that,  while  x  is  lefs  than  v%  and  x  x  is  confe- 
quently  lefs  than  3,  **  will  be  lefs  than  3**,  and  conse- 
quently the  whole  trinomial  quantity  x+  —  3  x  x  +  75  x 
muft  be  lefs  than  75*.  But,  while  x  is  lefs  than  ^3* 
7$x  will  be  lefs  than  75  X  V3,  or  75  X  1.732,  &c, 
or  129.9.  Therefore,  while  x  is  lefs  than  V3,  the  whole 
trinomial  quantity,  (which  is  lefs  than  75  x,)  will,  a  for- 
tiori)  be  lefs  than  129.9,  and  therefore  will  be  much  lefs 
than  10,000,  or  the  abfolute  term  of  the  equation 
x+  « —  $xx  +  75*  =  10,000.  Therefore  it  is 
plain  that  no  quantity  lefs  than  1-732,  or  can 
be  a  root  of  this  equation.  And,  when  x  is  greater 
than  4/3 »  and  x  x  is  greater  than  3,  it  is  evident  that 
x4  muft  be  greater  than  3  x  xy  and  that,  while  xx 
increafes  from  3  ad  infinitum,  the  compound  quantity 

x4  —  3 xx  (which  is  =  xx  X  xx  — -  3  )  will  increafe 
continually  at  the  fame  time  from  o  ad  infinitum,  and  the 
third  term  75  x  will  likewife  increafe  continually  from 
75  x  ^3  a*  infinitum.  Therefore  the  fum  of  thefc 
two  quantities  x*  —  3  x  x  and  75  x,  that  i.<,  the  trinomial 
quantity  x*  —  3  x  x  •+-  75  x,  will  likewife  increafe  from 
(o  +  75  X  4/3,  or  from)  75  X  V$  ad  infinitum  without 
ever  decreafing,  and  therefore  will  once,  and  but  once, 
become  equal  to  any  propofed  quantity  whatfoever  that 
is  greater  than  75  X  v^3>  and  confequently  will  once, 
and  but  once,  become  equal  to  10,000^  or^He  abfolute 

term 
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term  of  the  equation  x+  -  $xx  +  75*=  10,060; 
or,  in  other  words,  that  equation  will  have  one,  and  but 
one,  root.  9^  e.  i. 

This  eafy  method  of  proving  that  this  equation  can 
have  only  one  root  was  fuggefted  to  me  by  the  ingenious 
Mr.  William  Trendy  Fellow  of  Jefus  College,  Cambridge, 
and  author  of  a  valuable  Treatife  on  Algebra  in  one 
volume,  octavo,  intitled  Principles  of  Algebra,  in  which, 
he  has  explained  the  fubjeft  in  a  very  clear  and  fcientifick 

■ 

manner,  and  without  any  mention  of  the  obfcure  and 
ufclefs  doclrine  of  negative  quantities,  or  quantities  lefa 
than  nothing,  or  quanta ies  obtained  by  fubtracling  a 
greater  quantity  from  a  lefler. 

Of  the  Number  of  Roots  in  the  Equation  14,937  x  — 
1998  *.r  +  80  .r3  ~  x*  =  5000. 

Art.  76.  We  will  laftly  examine  the  third  equation 
above -refolved,  to  wit,  the  equation  14,937  x  —  1998*.* 
+  80  at*  —  jr4  =  5000,  and  inquire,  whether,  or  not, 
it  has  any  other  roots  be  fides  the  root  above  found,  to 
wit,  12.756,441,794,480,744,022. 

Now  let  h  be  put  for  the  root  12.756,  &c  that  is 
already  found,  or,  racher,  for  the  whole  number  13, 
(which  is  nearly  equal  to  it,)  in  order  to  facilitate  the 
calculations  which  we  (hall  have  occafion  to  make  in  the 
courfe  of  our  inquiry.  And  let  us  then  fuppofe  x  to 
increafe  from  13,  or  b,  to  fome  greater  quantity  which 
we  will  call  r,  and  which  (hall  exceed  the  known  root 
!3>  or  by  by  the  difference  d. 

Then 
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Then  it  is  evident  that,  when  x  is  increafed  from  13, 
or  bf  to  r,  or  b  +  d%  the  quadrinomial  quantity  14,937  b 
—  1998  bl  4  80  b*  —  b*  (which  is  equal  to  the  abfolute 
term  5000)  will  be  changed  into  14,937  c  —  1998 c%  + 

80  c'  —  r4,  or  into  14,937  *  b  +  d  "~  I998  x  h  + 
+  80  X  b  +  J\*  —  b  +^1%  that  is,  into  14,937  x 
b  +  d  —  1998    X   bl  4-  2£</  +  dx   +   80  X 
by  +  3  b%d  +  3         +  r5  — 

//*  4  b*  d  6  d2  4-  4  4-  or  into  the  com- 
pound  quantity 

» 

C      *4>937*  +  «4i937* 
I     —  1998^*  —  $996  bd  —  1998^* 

"\     +    80^   +  240W+  240  * //»  +  8c*/* 

I     -       b*    -     4^</  -  6b*  d>  —tfdi-d+i 

which  contains  the  quadrinomial  quantity  I4>937  ^ 
1998  A1  4-  80  b%  —  £*,  (which  is  equal  to  5000,)  to- 
gether with  the  four  quantities  14*937  240  £a 
240  bd\  and  8o//»,  which  are  marked  with  the  lign  -f , 
or  are  added  to  the  quadrinomial  quantity  149937  b  — • 
1998  +  80  bl  —  M,  and  consequently  tend  to  in* 
crcafe  it,  and  the  fix  quantities  3996  1998  d*, 
4.b*d,  bb*d\  +  bd\  and  d*,  which  are  marked  with 
the  (ign  ,  or  are  fubtra£ted  <  from  the  faid  quadrino- 
mial quantity,  and  therefore  tend  to  diminifh  it.  We 
muft  therefore  compare  the  fum  of  the  four  quantities 
14,937  </,  240  £V>  240^%  and  80  J3  with  the  fum  of 
the  fix  quantities  3996 bd,  7998*/*,  4W,  6b*d*9 

L  *bd\ 
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4  bd\  and  d4,  and  inquire  whether  the  former  fum  can 
ever  be  exa&ly  equal  to  the  latter  fum  (in  which  cafe 
/'  4-  d  would  be  another  root  of  the  equation  I4>937* 
—  1998X*  4-  80 .v*  —  x4  =  5000,)  or  whether  it 
irjuft  not  be  always  either  greater  or  lefs  than  the  faid 
latter  fum,  in  which  cafe  it  will  be  impofiible  for  c%  or 
h  +  d,  or.  any  quantity  greater  than  b,  or  13,  to  be  a 
root  of  the  faid  equation.  „ 

Art.  77.  Now,  fince  b  is  =  13,  we  (hall  have  b2 
(=73  :)  =  169,  and  b*  (=  I?3)  =  2197,  and  con- 
fequently  240  b*d  (=  240  X  169  X  d)  =  4°>5&°4 
and  240 (=  240  X  13  X  dz)  =  3120//1,  and 
2$g6bd  (=  3996  X  13  X  d)  =  51,9484  and  +  ll d 
(  =  4  X  2197  X  d)  =  8783  4  and  6lrd%  (  =  6  X 
169  X  </;)  =  1014^,  and  4£//3  (=4X13  X<*3) 
~  52//*.    Therefore  the  four  quantities  I4>937^  + 
240^//  +  2+cbd*  +  8o</3  will  be  (=  1 4*937^  + 
40,560//  +■  31 W  +  .80*)  =  55»497^  +  3«<>^ 
4  '8oi/s;  and  the  fix  quantities  3996  £  d  4-  1998//* 
.+  4*J</  4-  bbl<r-  4-  4*</J   +         wiU  1x5  (  = 
51,948//  4-  1998.*/*  4-  8^88//  +  1014^  +  S*i% 
,+  d4)  -  60,736//  4-  3oi2<l*  4-  52^  +  d\  We 
muft  therefore  compare  the  trinomial  quantity  55*497^ 
4-  3120  d%  4-  80  d*  with  the  quadrinomial  quantity 
60,736  </  4-  3012  <T-  4-  52 //3  +  d4y  in  order  to  dif- 
covcr  whether  it  is  poflible  that  they  mould  be  equal  to 
each  other. 

Now  the  trinomial  quantity  55,497^  +  3120 d' 
4-  So>/3  will  be  equal  to  the  quadrinomial  quantity 

60,736// 
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6*0,736 d  4  3012  4-  52//*  4  d4  if  the  binomial 
quantity  3120  d2  4-  80  d3  is  =  to  60,736^  —  55,497^ 
4-  3012  d1  4  52^  4-  </4,  or  to  5239  d  4  3012*/* 
4-  52*/'  4-  rf%  or  if  the  quantity  3120^*  — 
3012*/*  4-  80  d3,  or  the  binomial  quantity  108  </* 
4-  Sod1  is  =  to  the  trinomial  quantity  5239 d  4 
52  d*  4-  d4,  or  if  the  quantity  108  d*  4-  8o<** J  —  52*/% 
or  the  binomial  quantity  108  +  28  d*,  is  =  the  bi- 
nomial quantity  5239^  +  d4%  or  (dividing  all  the 
terms  by  d)  if  the  binomial  quantity  108  d  4-  2%dd  is 
equal  to  the  binomial  quantity  5239  4-  d\  or  if  the 
trinomial  quantity  108  d  +  a8  —  d3  is  equal  to  the 
Cngle  quantity  5239. 

■ 

But  the  trinomial  quantity  108  <f*  4-  2%dd  —  d3 
will,  in  the  courfe  of  the  increafe  of  x  from      or  13, 

■ 

ad  infinitum,  or  of  the  increafe  of  d  (or  the  excefs  of  ct 
or  b  4-  above  £,)  from  o  infinitum  become  equal 
to  5239;  as  will- appear  from  the  following  confide- 
rations : 

'  '  .     '  ' 
Art.  78.  While  d\%  increafing  from  oto  r,  </J  will  be 

lefs  than  d\  but  when  d  is  greater  than  1,  d3  will  be 
greater  than  d ;  and,  while  d  increafes  from  1  ad  infi- 
nitum, d3  will  become  equal,  firft,  to  ic8*/,  and  then  to 
108  d  4  %%dd>  and  afterwards  will  be  greater  than 
lo8</  +  2$dd,  and  will  fo  continue,  to  whatever 
greater  magnitude  it  may  be  fuppofed  to  increafe.  Now, 
when  d 3  is  become  equal  to  i  08  d  4  28  </  </,  the  trino- 
mial quantity  108 d  4  28  dd  —  d3  will  be  =  o.  There- 
fore, while  d  increafes  from  o  to  the  value  which  it  has 
when  d3  is  equal  to  108  d  4  2$dd>  the  trinomial  quan- 
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ttty  108  d  +  iSdd  —  d*  will,  firft,  increafe  from  o  to 
a  certain  magnitude,  and  then  decreafe  from  that  magni- 
tude to  o.  And  confequently,  if  that  greateft  magnitude 
of  the  trinomial  quantity  108  </  4-  28  dd  —  d%9  during 
the  faid  increafe  of  d  from  o  to  the  value  which  it  has 
when  ds  is  equal  to  108  d  ■+■  2$dd,  is  greater  than 
5239,  the  faid  trinomial  quantity  108  d  -f  28  dd  —  d  * 
will,  at  two  different  inftants  of  time*  the  one  before  it 
attains  it's  greatefl  magnitude,  and  the  other  after  it  has 
attained  it,,  and  is  decreafing  to  o,  be  equal  to  5339  * 
and  confequently  there  will  be  two  values  of  d  which, 
being  added  to  by  will  make  the  compound  quantity 

M>937  xT+7-  1998  X  b  +  J\z  +  80  X  b  +  dx* 

— fi  4.  d)*  be  equal  to  14,937  £  —  1998^  +  80  b3 
—  b\  or  to  the  abfolute  term  5000  of  the  propofed 
equation  14,937*  —  I998.tr*  -f  80  —  «4  =  500c, 
or  there  will  be  two  values  of  b  +  d,  or  two  quantities 
greater  than  b,  or  13,  that  will  be  roots  of  that  equation. 
Now  it  will  be  found  upon  examination  that  the  grearcft 
magnitude  which  the  faid  trinomial  quantity  108  d  + 
2%dd  —  d  *  will  attain  during  the  faid  increafe  of  d 
from  o  to  the  value  which  it  has  when  d*  is  equal  to. 
108  d  +  28  dd,  will  be  greater  than  5239,  and  therefore 
there  will  be  two  values  of  b  4-  d,  or  two  quantities 
greater  than  b%  or  13,  that  will  be  roots  of  the  propofed 
equation  14,937  x  —  1998  x2  +  80  .v3  —  xA  =  5000. 
Thefe  things  may  be  (hewn  in  the  manner  following : 

Art.  79.  In  the  firft:  place  we  will  inquire  into  the 
magnitude  of  d  when  d*  is  equal  to  108  d  +  28^/. 

Now 
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Now  this  value  of  d  may  be  determined  by  refolvirfg  a 
quadraticlc  equation.  For  when  d3  is  =  \Q&d  -+  2&dd9 
we  fliall  (by dividing  all  the  tcjms  by  d)  have  a= 
108  4-  2%d,  and  confeqvwtly  </</  -  2*  d  =  108. 

Therefore  dd  —  2%d  +  ijjKwffl  *e  <ic8  4-  => 
log  +  196)  «  304,  and  </  —  14  wiJl  be  (=  V304)  = 
17.4,  and  if  will  be  (=  17.4  +14)  =  31.4,  or  31.4 
will  be  the  magnitude  of  d  when  d3  is  equal  to  108  d 
+  22  dd.  <k  e.  i. 

• 

Therefore,  while  d  rncreafes  from  o  to  31.4,  the  tri- 
nomial quantity  ictid  -f  28  d d —  d*  will,  firft,  increafe 
from  o  to  a  certain  magnitude,  and  then  will  decreafc 
from  that  magnitude  and  become  equal  to  o  again. 

"We  will  next  inquire  what  that  magnitude  is,  to  which 
the  faid  trinomial  quantity  108  d  +  2%dd  —  will 
have  increafed,  and  from  which  it  will  afterwards  have 
decreafed  to  o,  during  the  faid  increafe  of  d  from  o  to 
31.4,  in  order  to  difcover  whether  that  magnitude  is 
greater,  or  lefs,  than  5239.  For,  if  it  is  greater  than 
5739,  it  is  evident  that  the  trinomial  quantity  loSd  -f- 
28  dd  —  d*  will,  at  two  different  inftants  of  time  during 
the  increafe  of  d  from  0  to  31.4,  namely,  once  before  the 
faid  trinomial  quantity  has  attained  it's  greatcft  magni- 
tude, and  a  fecond  time  after  it  has  attained  it's  greateft 
magnitude,  and  while  it  is  decreafing  from  that  magnitude 
to  o,  become  equal  to  5239. 

Now  let  us  fuppofe  d,  or  the  letter  d  with  a  point 
placed  over  it,  to  denote  fome  extremely  f.nall  part  of 
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31*4,  (or  of  the  value  of  d  when  the  trinomial  quantity 
loSd  +  28  dd  —  d*  is  become  a  fecond  time  equal  to  o,) 
as,  for  example,  the  io,oco,ooo,oooth,  or  ten-thoufand 
millionth,  part  of  it.  Then  it  is  evident  that  while  d,  in 
.it's  increafe  from  o  to  ,31,4,  receives  one  of  thefe  fmall 

♦ 

increments  denoted  by  d,  the  fquare  of  d  will  receive  the 
fmall  increment  2  dd,  and  d%,  or  the  cube  of  d,  will  re- 
ceive the  fmall  increment  3  and  the  quantities 
108  d  and  28  d  d  will  receive  the  fmall  increments 

108  X  d  and  28  X  2  d  d,  or  56  </</.  Therefore  the 
increment  of  the  binomial  quantity  ic8  d  +  l%dd  will 

be  108  d  +  s^dl 

Now  this  increment  loSd  +  56  dd  will  at  firft  be 

greater  than  3  dz  d,  the  contemporary  increment  of  d%  ; 
becaufe  108  +  56  d  will  at  firft  be  much  greater  than 
$dd.  But,  as  d  increafes,  the  ratio  of  108  +  56*/  to 
3  dd  (which  at  firft  is  a  very  great  ratio  of  majority,) 
will  for  fome  time  continually  grow  lefs  arid  lefs  and 
approach  to  a  ratio  of  equality,  and  will  then  become  a 
ratio  of  equality,  and  afterwards  will  become  a  ratio  of 
minority.    And  when  this  ratio  is  a  ratio  of  equality,  or 

4  a. 

108  +  56^/  is  =  3</</,  we  {hall  have  —   -h  -1^— 

3  3 

=  dd,  or  36  18.66  X  d  =  dd,  and  confequently  • 
dd  —  18.66  X  d  =  36,  and  dd  —  18.66  X  d  + 

9^3? *  (=  36  +  9^331*  =  36  +  87-°439)  =  123.0489, 
und  d  —  9.33  (=  ^123.0489)  =  1 1. 09,  and  d  (  = 

U.09  +  9.33)  =  20.42.    Now,  fo  long  as  the  incre- 
ment, 
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ment,  lovd  +  56  dd,  of  the  binomial  quantity  108  d 

m 

+  2$  d d  is  greater  than  3*/V,  the  contemporary  in- 
crement of  d3%  it  is  evident  that  the  trinomial  quantity 
108  d  +  2%dd  —  d3,  or  the  excefs  of  the  binomial 
quantity  108  d  +  iSdd  above  d3}  will  increafe ;  but, 
when  the  increment  of  d 3  becomes  greater  than  the  in- 
crement of  loSd  +  2%dd>  the  faid  trinomial  quantity 
will  decreafe.  And  confequently  the  greatell  magnitude 
of  the  faid  trinomial  quantity  io8</+28*/</  —  d3  will 
be  that  which  it  has  when  the  faid  increments  are  equal 
to  each  other,  or  when  d  is  =  20.42. 

But,  when  d  is  =  20.42,  we  (hall  have  icSd  (=  ic8 

X  20.42)  =  2205.36,  and  2$dd  (=  28  X  20,42V  = 
28  X  4+6.9764)  =  11,675.3392,  and  d%  (=  dd  X  d  =r 
416.9764  X  20.42)  =  8514.658,088,  and  confequently 
the  trinomial  quantity  ic8  d  +  28  dd  —  d3  will  be  (  = 
2205.36  +  1  irO-5.3392  —  8514.658,088  =  13,88c. 
.6992  —  8514.658,088)  =  5366.041,112.  And  confe- 
quently this  quantity  5306.041,1 12  will  be  the  greateit 
magnitude  of  the  faid  trinomial  quantity. 

Now  this  quantity  5366.041,11?,  or  (dropping  the 
fractional  part  of  it,  as  inconfiderable)  5366,  is  a  little 
greater  than  5239.  Therefore,  while  d  increafes  from  o 
to  31.4,  the  trinomial  quantity  108^  +  2%dd  —  d3  will, 
at  two  different  times,  become  equal  to  the  quantity  5239, 
namely,  once  a  little  before  it  attains  it's  greattft  magni- 
tude 5366, *and  a  fecond  time  a  little  after  it  has  attained 
it's  faid  greateft  magnitude,  and  is  decreafing.  And 
therefore  there  will  be  two  values  of  </,  the  one  a  little 
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lefs  than  20.42,  and  the  other  a  little  greater  than  20.42, 
that  will  make  the  quantities  b  +  d  be  roots  of  the  pro- 
pofed  equation  14,937  —  1998**  +  804:*  —  x4 
=  5000.  So  that  this  equation  will  have  two  roots  that 
will  be  greater  than  13,  of  which  the  one  will  be  fome- 
what  lefs*  than  b  +  20.42,  or  13  +  20.42,  or  33.42, 
and  the  other  will  be  fomewhat  greater  than  33.42. 

0^  e.  1. 

An  Inquiry  >  whether  the  Equation  1 4,937  x  —  1998  xx  •+■ 
80  xs  —  or4  =  5000  may  not  have  a  fourth  Root  left  than 
the  Root  12.756,441,         already  found* 

ArU  80.  We  will  now  inquire  whether  the  faid  equa- 
tion M>937#—  1998^  -h  80  x%  —  x*  =  5000  may 
not  have  a  fourth  root  that  (hall  be  lefs  than  the  root 
12.756,441,794,480,744,022,  which  has  been  already 
inveftigated,  as  well  as  the  two  roots  that  are  greater 
than  that  root,  and  not  very  different  from  the  number 
3342- 

i 

We  will  therefore  fuppofe  x  to  decreafe  from  12.756, 
&c,  or  13,  or  by  to  fome  leffer  quantity  which  we  will 
call  a,  and  which  (hall  fall  fliort  of  b,  or  13,  by  a  differ- 
ence called  d. 

Then  It  is  evident  that,  when  *  has  decreafed  from 
or  13,  to  a,  or  b  —  dy  the  quadrinomial  quantity  14,937* 
—  1998  x1  +  80  *s  —  x\  will  be  changed  into  the  qua- 
drinomial quantity  14,937  a  —  1998  a*  +  80  <23  —  a\ 

or  into  the  quadrinomial  quantity  14,937  *  ^  ' — & — 

1998  X        2>a  +  80  X  />  —  d)*  ~(i>  —  dl*,  or  into 

the  quadrinomial  quantity  14,937  X  k  —  d  —  1998  X 
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p  —  2bd  +  d*  +  80  x  b*  —  $Pd  +  $bd*  —  d'A— 

ib*  —  +b3d  +  6bxdz  —  4t>d>  —  d\  or  into  the  muU 
tinomial  quantity 

(     1*937  *  -  M>937  ^ 
I    —  1998  J*  +  3996         1998  c/1 

*\     +    80  *J  -  a4o&*</  +  »4oi<^  -  %od* 

I     _  +    4*i</  _  6  W»  +  4&/»  -  J*5 

which  contains  the  quadrinomial  quantity  14,937  £  — 
1998     +  80  b3  —  £4,  (which  is  equal  to  5000,)  together 

with  the  fix  quantities  14,937  ^>  *998  24°  80 
(>  b2  d9  and  </4,  which  are  marked  with  the  fign  — ,  or 
are  fubtratled  from  the  quantity  14,937  b  —  1998^  + 
80  b*  —  and  confequently  tend  to  diminifh  it,  and 
the  four  quantities  3996  b  d9  240  b  d\  4&*d,  and  \b  d*9 
which  are  marked  with  the  fign  +,  or  are  added  to  the 

quantity  14,937  ^  —  *998  ^  +  80  ^  —  ^>  and  conse- 
quently tend  to  increafe  it.    We  muft  therefore  compare 

the  fum  of  the  fix  quantities  14,937^,  l99%d*>  240  b2d% 
80  d39  6brd\  and  d+  with  the  fum  of  the  four  quantities 
3996  2\obd\  4  b3  d,  and  $bd39  and  inquire,  whe- 
ther the  former  fum  can  ever  be  exactly  equal  to  the 
latter  fum,  (in  which  cafe  b  —  d  would  be  another  root 

of  the  equation  14,937*  1 998* 2  -f  80  x  3  —  .v4 

=  5000,)  or  whether  it  muft  not  be  always  either  greater 
or  lefs  than  the  faid  latter  fiim,  in  which  cafe  it  will  be 
impoflible  for  a,  or  b  —  d9  or  any  quantity  lefs  than  ^t 
.  or  1 3,  to  be  a  root  of  the  faid  equation. 

Art.  Si. 


■ 
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Art  8 1.  Now,  fince  b  is  =  13,  wc  (hall  have  bl  =r 
269,  and  £3  =  2197,  and  240  b1  d  =  40,560  </,  and 
240  bd1  =  3120  </*,  and  3996  bd  =  5  ,948//,  and  4b1  d 
=  8788  </,  and  6  £2  </2  =  ioi4</\  and  $bd*  =  52  </3. 
Therefore  the  fix  quantities  14,937*/  +  iqcfid*  + 
240  b*d  +  8o</3  4-  6 * V1  4-  </♦  will  be  (=~i4>937^-r 
1998^  4-  40,560*/  4-  Bod3  4-  1014^  +  d*)  =x 
55,497  </ 4-  3012  d%  +  $od3  4-  */♦•,  and  the  four  quan- 
tities 3996^-f  240^^i  +  4^i+  ±bd*  willbe(  = 
51,948// 4-  3120^  4-  8788// 4-  52  d3)  =  60,736*/  + 
3120^*  4-  52 d3.  We  muft  therefore  compare  the 
quadrinomial  quantity  55,497//  4-  3012*/*  4-  8o*/J  +  d* 
with  the  trinomial  quantity  60,736//  +  3120*/*  4-  52  //', 
and  inquire,  whether  it  is  poiDble  for  the  former  quantity 
to  be  equal  to  the  latter. 

Now  the  quadrinomial  quantity  55,497  </  +  3012  d* 
4-  %od3  +  //*  will  be  equal  to  the  trinomial  quantity 
60,736  d  +  31 20  J2  +  52  d3  if  the  trinomial  quantity 
301 2 dz  +  Sod3  +  </4  is  equal  (to  the  quantity  60,736// 

—  55*497^  +  3/20^*  +  52 </J,  or)  to  the  trinomial 
quantity  5239*/  4-  3120/3P  4-  52  d3,  or  if  the  binomial 
quantity  80  d3  4-  d*  is  equal  (to  the  quantity  5239*/  4- 
3 1 20//"- —  3012  d2  4-  52  d3,  or)  to  the  trinomial  quan- 
tity 5239//  4-  io$d2  +  52 //J,  or  if  (the  quantity  Sod3 

—  52  d3  4-  d+y  or)  the  binomial  quantity  28  d3  4-  dA  is 
equal  to  the  binomial  quantity  5239//  +  108  d\  or  if 
the  binomial  quantity  28  d d  -f-  a'3  is  equal  to  the  bino- 
mial quantity  5239  4-  ic8  d.  Wc  muft  therefore  in- 
quire whether  it  is  polTible  for  the  binomial  quantity 

2$<M 
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28  dd  +  dl  to  be  equal  to  the  binomial  quantity  5239  + 
108  d. 

t 

Art,  82.  Now  d  mufl  in  this  cafe  be  lefs  than  b,  bs- 
caufe  it  is  to  be  fubtraded  from  it.  We  may  therefore 
fuppofe  d  to  increafe  from  o  to  b,  or  12.756,  or  13,  but 
no  further.  -  * 

Now,  when  d  is  =  b,  or  13,  we  (hall  have  108  d  (  = 

108  X  13)  =  1404,  znd  dd  ( =  b  b  =  13I1)  =  169, 

and  d1  =  T3I3)  =  2197,  and  2$dd  (=  28  X 

169  )  =  4732.  Therefore  in  this  cafe  the  binomial 
quantity  28  dd  +  d3  will  be  (=  4738  +  2197)  =  6929, 
and  -tlte  binomial  quantity  5239  +  108  </  will  be  (  =s 
5239  +  1404)  =  6643  s  which  is  lefs  than  6929. 
Therefore,  while  d  increafes  from  o  to  13,  or  b  —  d 
decreafes  from  b  —  o,  or  b,  to  b  —  b>  or  o,  the  binomial 

quantity  2%dd  +  d*  will  increafe  (from  28  X  c|2  +  o)», 
or)  from  o  to  6929,  and  the  binomial  quantity  5239  + 
108  d  will  increafe  from  (5239  -h  108  X  o,  or  5239  +  o, 
or)  5239  to  (5239  +  14°4>  or)  6643,  which  is  lefs  than 
6929,  or  the  greateft  value  of  28  dd  +  dl.  And  confe- 
quently  there  will  be  an  inftant  of  time  during  the  in- 
creafe of  the  binomial  quantity  28  dd  +  a*  from  o  to 
6929  at  which,  after  having  been  much  lefs  than  the  other 
binomial  quantity  $239  +  108^,  ft  will  become  equal  to 
it :  and  therefore  there  will  be  fome  value  of  d  during  it's 
increafe  from  o  to  by  or  13,  which  will  make  the  quantity 
b  —  d,  or  a>  be  a  root  of  the  propofcd  equation  14,937  x 
—  1998  x%  -f  80*1  —  x4  =  5000,  or,  in  other  words, 
the  faid  equation  will  have  a  fourth  root  that  will  be  lefs 
than  b)  or  13,  or  12.756,441, 794,480,744,022,        e.  i. 
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An  Ittvtjllgation  of  a  firfi  near  Value  of  a,  or  the  fourth,  or 
leofly  Root  of  the  Equation  14,937*—  1998**  +  8orf* 
—  x*  =  5000.  % 

Art.  83.  And,  becaufe  6643,  or  the  value  of  the  bioo^ 
mial  quantity  5239  +  \o%d  when  d  is  =  1 3,  is  but  little 
lefs  than  6929,  or  the  vahie  of  the  binomial  quantity 
28  d  d  +  d*  at  the  fame  time,  it  is  evident  that  d 
will  be  but  little  lefs  than  /<,  or  1 3,  when  the  binomial 
quantity  i%dd  +  d*  is  cxaclly  equal  to  the  bino- 
mial quantity  5239  +  108//;  and  confequently  we  may 
conclude  that  b  —  d,  or  a,  will  be  but  little  greater  than 
•l>  —  h>  or  o ;  that  is,  the  fourth  root  of  the  propofed 
equation  14^937  x  —  1998  x*  +  80 .v3  —  x4  =  -5000 
will  be  but  little  greater  than  o,  or  will  be  only  a  very 
fmall  quantity. 

<  • 
Art.  84.  And  as  a  further  proof  that  this  fourth,  or 
leait,  value  of  x  will  be  only  a  fmall  quantity  and  lefs 
than  1,  we  need  only  fuppofe  a  to  be  =  1,  and  fubflitutc 
I  inftcad  of  it  in  the  terms  of  the  compound  quantity 
J4i937*  —  1998  .v-  -f-  80*3  —  *\  For,  if  this  be 
done,  we  (hall  find  the  laid  compound  quantity  to  be  (  = 
14,937  X  1  —  1998  X1X1+80X1X1X1  — 
I  X  I  X  l  X  I  =  I4>937  —  1998  +  80  —  I  = 
15,017 —  1999)  =  13,018,  which  is  almoft  triple  of 
5000,  or  the  abfolute  term  of  the  equation  14,937*  — 
1998**  +  %ox3  —  .v4  =  5000,  or  of  the  true  value  of 
the  compound  quantity  14,937.1*  —  19^8  a1  +  8o.v3 
—  *4  in  that  equation  j  and  confequently  1  mud  be 
much  greater  than  the  faid  true  value  of  .r,  or  the  lead 
root  of  this  equation.  i- .  d. 

7  Art.  85. 
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Art.  85.  Since  .v  is  confiderably  lefs  than  1,  and  pro- 
bably not  much  greater  than  or  0.33,  the  feveral 
powers  of  *,  to  wit,  x\  x3,  and  a4,  will  be  much  lefs 
than  .v  itfelf;  and  therefore  the  three  terms  1998*% 
Sox9,  and  a4  will  be  much  lefs  than  14,937**,  or  tnc 
firft  term  of  this  equation ;  whence  we  may  infer  that, 
in  order  to  obtain  a  tolerably  near  value  of  x,  we  may 
fafely  fuppofe  the  firft  term  alone  of  the  compound 
quantity  14.937*  —  199B.V2  4-  So*'  —  a*  to  be  equal 
to  the  whole  four  terms,  and  confequently  to  the  abfolute 
term  5000,  and  may  deduce  the  value  of  a*  from  that 

fuppofition.    And  then  we  mail  have  x  —    5000.  •  = 

M>937 

c.33.  Therefore  0.33  will  be  a.  firft  near  value  of  the 
lcaft  root  of  the  equation  14,937  x —  J998**  4-  80  a* 
  X*  =  ccco. 

Now,  in  order  to  difcover  whether  0.33,  or  this  firft 
near  value  of  a-  is  greater  or  lefs  than  it's  true  value,  let 
it  be  fubitituted  inftead  of  a*  in  the  compound  quantity 
14,937  x  —  1998  **  -f  80  x3  —  x*.    And  wethall  then 

have  x1  (=  C.33I1)  =  0.1089,  and  a*  {  =  0.331*)  = 

o°35»937>  3Iul  x*  (  =  o-33i4)  =  0.011,859,21,  and 
'4.937 *  (  =  14^937  *  0.33)  =  4929.21  and  1998V 
(=  1998  x  0.1089)  =  217.5822,  and  80^  (  =  80  X 
0.035,937)  =  2.874,960.  Therefore  the  whole  com- 
pound quantity  14,937  r  —  1998  *2  4-  80  a-3  —  x4  will 
be  (=4929.21  —  217  5822  +  2.874,960  —  0.011, 
859,21  =  4932.084,960  —  217.594,059,21)  =  4714. 
.490,900,79,  which  is  confidcrably  lefs  than  5000,  or  the 
abfolute  term  of  the  propofed  equation  I4>937#  — 
1998  x*  +  8c  .\3  —  a4  =  5000.    Therefore  0.33  will  be 

lefs 
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lefs  than  the  true  value  of  x>  or  the  leaft  root  of  that 
equation.  And  therefore  it  feems  reafonable  to  conjec- 
ture that  the  faid  true  value  will  be  more  nearly  equal  to 
0.35  ;  and  this  fecond  near  value  will  be  very  near  the 
truth,  and  will  be  an  excellent  bafis  for  a  further  ap- 
proach to  the  true  value  of  x  by  Mr.  Raphfon's  method 
of  approximation,  which  may  be  made  in  the  manner 
following : 


A  further  Inveftigation  of  the  Value  of  the  leafl  Root  of  the  Bi- 
quadratic Equation  14,937*  —  1 99**  +  8o.vJ  —  x* 
=  5OCO  by  Mr.  Raphforis  Method  of  Approximation. 


Art.  86.  Since  0.35  has  been  found  to  be  a  near  value 
of  the  leaft  root  of  this  equation,  let  it  be  fubftituted 
inftead  of  x  in  the  terms  of  the  compound  quantity 
14,937  x  —  1998  x1  +  80  x3  —  at4,  in  order  to  difcover 
whether  the  value  of  the  faid  compound  quantity  refus- 
ing from  fuch  fubftitution  will  be  greater,  or  lefs,  than 
5000,  or  the  abfolute  term  of  the  faid  equation,  and  con- 
sequently whether  0.35  will  be  greater,  or  lefs,  than  the 
true  value  of  the  leaft  root  of  that  equation. 

Now,  if  x  is  =  0.35,  we  (hall  have  xx  (=  0.35!')  = 
0.1225,  and  a3  (=         3 )  =  0.042,875,  and  *4  (  = 

c^V)  =  0.015,006,25,  and  confequently  14,937*  (  = 
14,937  X  0.35)  =  5227-95>  and  1998  **  (=  1998  X 

0.1225) 
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0.1225)  =  244.7550,  and-8o.r3.(=  3o  X  0.042,875)  sz 
3.430,000,  and  cojifequemly  14,937*  1998* 2  + 
80  —  x*  (  =  5227.95  —  244.7550  f  3.430,000  — 
0.015,006,25  =  5231-380,000 —  244.770,006,25)  = 
4986.609,993,75  ;  which  is  fomewhat  lefs  than  5000,  or 
the  abfolute  term  of  the  equation  14,937*  —  1998** 
4-  80  —  x4  =  5000.  Therefore  0.35  is  fomewhat 
lefe  than  the  true  value  of  x%  or  the  lead  root  of  the 
faid  equation.  o^  e.  i. 

Art,  87.  Now  let  2  be  put  for  the  unknown  difference 
by  which  the  true  value  of  x  exceeds  it's  near  value  0.35. 
And  we  (hall  then  have  x  =  0.35  +  2,  and  xx  (  = 

°-35  +  *V  =  °»35l5  +  2  *  0.35  X  z  +  5cc)  = 

■ 

0.1225  -f  0.70  X  2  -f-  &c, 

and  .v*  (=r  0.35  4-  i,3  =  0.35V  +  3  x"oTJfl»  X  z  +  &c 
rzr'0.3^3  4-  3  x  0.122?  x  2  +  &c 

'=^3?l3  +  °-36?5  *  %  +  &c) 

=  0.042,875  +  0.3675  x  2  +  &c, 
.  ;    k 

and  x*  (  =  0.35  4-  -)*  =  o.^l*  +  4X  03?)3  x  z  +  Sec 

—  o«3 5 14  +  4  X  0.042,875  + 

—  o^3?i4  4-        0.171,500  x  2  4-  5fc) 
=  0.015,006,25  4-  0.171,500  x  *  +  Sec. 

Therefore  14,93 7. v       ke  l  —  '4*937  x  a35  +  z  = 

14,937  X  °-35  +  1 4*937  *  sj  =  5227-9S  +  i4»937  X  *> 
and  1998.VX  willbe(=3  1998  X  0.1225  4-  c.70  X  2  +  &c 
=  1998  X  0.12254- 1998  X  O.70  X  2 4- ice)  =  244.7550 
+  1,398.60  X  z  +  &c, 

and 
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-  244.7550         -    1,398.60  x  %  -  Sec 


(    i*>  ) 

and  8ojt»  will  be  (=  80  X  0.042,875  +  0.3675  X  z  +  &c 

=a  80  X  0.042,875  +  80  X  P.3675  X  Z  +  &C) 

=  3430,000  +  29.4000  X  z  +  &c ;  and  confequently 
the  compound  quantity  14,937*  —  1998**  +  80** 

—  x+  will  be  equal  to  the  following  compound  quantity, 
to  wit, 

1 

+  3-43°i00°  .  +  29.4.000  x  z  +  &c  I 
—     0.015,006,25—         0.171,500  x  z-&c,  J 

f    5231.380,000,00  +  14,966.400,000  x  z  +  Sec  "1 

~~    \  ^244.770,006,25    —      I,398.77X,50O  X2-&C  J 

=    4986.609,993,75  +  13,567.628,500  X  as  &c. 

But  the  compound  quantity  14,937  *  —  1998**  + 
80*3  —  x+  is  =  500c. 

♦ 

Therefore  the  binomial  quantity  4986.609,993,75  + 
13,567.628,500  X  z  will  alfo  be  =  5000.  And  confe- 
quently  13,567.628,500  X  z  will  be  (  =  5000.000,000,00 

—  4986.609,993,75)  =  13-390,006,25,  and  z  will  be 

<=  >  "  °°°°^>*  Therefore, 

0.35  +  z,  will  be  (r=  0.35  +  0.000,986,9)  =  0.350, 
986,9,  or,  very  nearly,  0.350,987;  that  is,  0.350,987 
will  be  a  third  near  value  of  *,  or  the  leaft  root  of  the 
propofed  equation  14,937*  —  1998^  -f  8o*J  — 
=  5000.  q.  e.  1. 

Note. 
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Note.  All  the  fix  figures  of  this  value  of  x  are  exa£V. 
For,  if  we  were  to  go  through  a  fecond  procefs  of  Mr, 
Raphfon's  method  of  approximation,  by  fuppofing  x  to 
be  equal  to  0.350,987  ■+•  z,  and  proceeding  as  above, 
we  fhould  find  2  to  be  =  0.000,000,045,866,14,  and 
confequently  the  more  accurate  value  of  x  to  be  (0.350, 
987  +  .0.000,000,045,866,14,  or)  0.350,987,045,866,14; 
of  which  all  the  figures  are  probably  cxad.  But  I  fliall 
content  myfelf  on  the  prefent  occafion  with  having  in- 
vert igated  this  leaft  root  of  the  equation  14J937*  — 
1998  a1  -h  SoAfJ  —  *♦  =  5000  to  the  foregoing  fix 
figures,  0.350,987. 


Of  the  Two  Greateft  Roots  of  the  Equation  14,937  *  ~" 
1998  x*  ■+•  80  xl  —  *4  =  5000,  of  which  the  Lefer 
is  fomewhat  lefs,  and  the  greater  is  fomewhat  Greater, 
than  3242. 


ArU  88.  We  will  now  proceed  to  inveftigate  to  a 
moderate  degree  of  exaftnefs  the  two  greateit  roots  of 

the  equation   14,937*  —  1998  xx  •+■   80  *s    x4 

=  5000,  which  have  been  (hewn  above,  in  art.  79,  to 
be  nearly  equal  to  33.42,  the  one  being  a  little  lefs,  and 
the  other  a  little  greater,  than  that  number.  And,  firfr, 
we  will  endeavour  to  find  the  letter  of  the  faid  roots. 

Now,  fince  the  lefler  of  thefe  roots  is  lefs  than  33.42, 
I  will,  firft,  fuppofe  it  to  be  nearly  equal  to  32,  and  will 

M  fubftitute 
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fubftitutc  32  inftead  of  x  in  the  compound  quantity 
Hj937  x  —  1998  **  -f  80  x*  —  *4,  in  order  to  dif- 
cover  whether  the  value  of  the  faid  compound  quantity 
refulting  from  this  fuppofition  will  be  greater  or  lefs 
than  5000,  or  the  abfolutc  term  of  the  equation  i4>937-v 
—  J998.V*  +  80  x*  —  xK  =  5000. 

Now,  if  x  is  =  32,  we  (hall  have  xx  (=32)')  = 
1024,  and  x*  (=^2l5)  =  32,768,  and  x+  (=  32)  4  j  = 
1,048,576,  and  14,937*  (=  14,937  X  32)  =  477*9*4* 
and  1998  .v*(=  1998  X  1024)  =  2,045,952,  and  80  *5 
(  =  80  X  32,768)  =  2,621,440,  and  confequcntly 
M»937  r  —  1998  .r»  +  80  *J  —  x4  (  =  477>984  — 
2,045,952  4-  2,621,440  —  1,048,576  =  3>°99>424  — 
3,094,528)  =  4,896  •,  which  is  a  very  little  lefs  than 
5000,  or  the  abfolute  term  of  the  propofed  equation. 
Therefore  32  will  be  a  very  little  lefs  than  .v. 

We  will  next  fuppofe  x  to  be  =  32.1,  and  fubftitute 
32.1  inftcad  of  x  in  the  compound  quantity  14,937* 
— !•  1998  x*  +  80  .v3  —  **,  in  order  to  try  whether 
that  value  of  x  will  make  the  value  of  the  faid  compound 
quantity  approach  nearer  than  the  laft  value  4896  to  the 
abfolute  term  5000. 

Now,  if  a?  is  =  32.1,  we  (hall  have  xx  (=  32. i]1) 
1030.41,  and*3  (=  32TTI1)  =  33*076.161,  and  x* 

(=  32-il4)  =  1,061,744.7681,  and  14,937*  (  = 

I4i937  X  32-0  =  479>477-7>  and  1998 «*"*(=  *99s 
X  1030.41)  =  2,058,759.18,  and  80  *J  (=  80  X 

33,076.161  )   =    2,646,092.880,  and  confequently 

>4>937* 
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14,937  x  —  1998*1  +  So*s  —  **  =  (479*477-7  - 
2,058,759.18  +  2,646,092.880  —  1,061,744.7681  = 
3,125,570.580  —  3,120,503.9481)  =  5066.6319; 
which  is  a  little  greater  than  the  abfolute  term  5000  of 
the  propofed  equation  14,937*  —  1998**  +  80  xs  — 
.x4  r=  5000,  but  differs  lefs  from  it  than  the  former 
number  4896,  arifing  from  the  fubftitution  of  32,  did. 
Therefore  the  true  value  of  x  will  be  greater  than  32, 
but  lefs  than  32.1,  and  will  probably  be  nearer  to  32.1 
than  to  32. 

■ 

Art,  89.  We  are  now  in  poffefBon  of  three  different 
values  of  the  compound  quantity  14,937  x  —  1998  x% 
80 x*  —  to  wit,  4896,  5000,  and  5066.6319, 
which  refult  from  the  fubftitution  of  the  number  32, 
and  of  the  true  value  of  x,  and  of  the  number  32.1  in 
the  faid  compound  quantity.  We  will  now  therefore,  in 
order  to  obtain  a  more  accurate  value  of  x  than  either 
32  or  32. 1,  have  recourfe  to  the  do&rine  of  the  Scholium 
contained  above  in  art.  44,  45,  46,  &c  -  -  -  54,  and 
fuppofe  that  the  excefs  of  the  grcateft  value  of  #,  to  wit, 
32.1,  above  the  leaft  value  of  x,  to  wit,  32,  will  be  to 
the  excefs  of  the  true  value  of  x  above  32,  in  nearly 
the  fame  proportion  as  the  excefs  of  the  greateft  value  of 
the  compound  quantity  14,937  x  —  1998.x*  +  80** 
—  jr4,  (correfponding  to  32.1,)  to  wit,  the  number 
5066.6319,  above  the  leaft  value  of  the  faid  compound 
quantity,  to  wit,  the  number  4896,  (correfponding  to 
32,)  is  to  the  excefs  of  the  middle  value  of  the  faid 
compound  quantity,  ( correfponding  to  the  true  value 
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of  at,)  to  wit,  the  abfolutc  term  5000  of  the  equation 
'4>937*  —  1998  x1  +  80  x3  —  x4,  above  the  lead 
value  of  the  faid  compound  quantity,  to  wit,  the  num- 
ber 4896,  which  correfponds  to  32;  that  is,  we  will 
fuppofe  32.1 —  32  to  be  to  x  —  32  in  nearly  the  fame 
proportion  as  5066.6319  —  4896  is  to  5000  —  4896, 
or  0.1  to  be  to  x  —  32  in  nearly  the  fame  proportion 
as  170.6319  is  to  104.    And  then  we  (hall  have  x  — 

0.1  x  104 

32  =,  nearly,   ^q  fc^  ,  or  (neglecting  the  decimal 

fraclion  0.6319  of  the  denominator  170.6319,)  = 
0.1  x  104  '  10.4, 

  =  ■  =  0.06  ;  and  confequently  x  will 

i-jo  .  1,0  n  3 

be  (=  0.C6  +  32,  or)  32  06.  Now  this  will  be  very 
nearly  equal  to  the  true  value  of  x>  and  will  therefore 
be  an  excellent  bafis  to  a  further  approach  to  the  faid 
true  value  by  means  of  a  procefs  of  Mr.  Raphfon's 
method  of  approximation,  which  may  be  performed  as 
follows  : 


An  Invefiigation  of  a  nearer  Value  of  the  Third  Root  of  the 
Equation  14,937.1-  —  1 998  a*2  +  $0  x3  —  x+  =  5000 
(which  is  a  little  greater  than  32,)  by  Mr.  Raphfon's 
Method  of  Approximation. 


Art.  go.  Let  the  lad  near  value  of  .v,  to  wit,  32.06, 
be  fubftituted  inftcad  of  x  in  the  compound  quantity 

*4>937* 
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?4>937*  —  1998  *l  -f  80*3  —  .v4,  in  order  to  dis- 
cover whether  the  value  of  the  faid  quantity  refuhing 
from  fuch  fub*(litution  will  be  greater,  or  lefs  than  5 coo, 
or  the  abfolute  term  of  the  propofed  equation  14,937  x 
—  1998  x*  -f  80  x*  —  x+  —  5OCO,  and  confcquently 
to  determine  whether  32x6  is  greater,  or  lefs,  than  the 
true  value  of  x. 

-     l    *  '•  i  '  ■  '      1  ;  •       t     ,•  \  ♦ 

Now,  if  we  fuppofe  .r  to  be  =  32. 06,  we  (hall  have 
*x  (=•  32.06V)  —  1027.8436,  and  .r3  (=  32/5Tl3)  = 

32,952.665,816,  and  .r4  (=  32.06I4)  =  1,056,462.466, 
060,96,  and  14,937  x  (=  x4>93'  x  3^.o6)  = 
478,880.22,  and  1998  x1  (=  1998  X  1027.8436)  = 
2,053,631.5128,  and  80  x*  (=  80  X  32,952.665,816) 
=  2,636,213.265,280,  and  confequently  14,937*  — 
1998**  80*3  —  a4  =  478,880.22  —  2,053,631.5128 
+  2,636,213.265,280  —  1,056,462.466,060,96  = 
3,115,093.485,280  —  3,110,093.978,860,96  =  4999. 
.506,419,04 ;  which  is  a  very  little  lefs  than  5000,  or  the 
abfolute  term  of  the  equation  14,937  at  —  1998  + 
80  x*  x*  =  5000.  Therefore  32.06  muft  be  a  very 
little  lefs  than  the  true  value  of  x  in  th«jt  equation. 


Art.  91.  Now  let  2  be  put  for  the  unknown  difference 
by  which  the  true  value  of  x,  or  the  third  root  of  the 
equation  14,937*  —  1998**  80  *3  —  x*  =  5000, 
exceeds  it's  near  value  32.06.    And  we  {hall  then  have 

x  =  32.06  +  z,  and  confequently  xx  ( =  32.06  +~2)  * 

=  32.06  *  +  2  X  32.06  X-2  +  &c  =  33-o£) %  + 
64.12  X  2  +  &c)  =  1027.8436,  +  64.12  X  2  +  &c, 

M  3  and 
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and  x*  (=  32.06  +  z>  x  32.06)*  +  3  X  32.06)*  X  z  + 
=  32^06)*  +  3  X  1027.8436  x  z  +#&c 

=  32.06V  +        3083.5308  X  z  +  &c) 
=  32,952.665,816,  +  3083.5308  X  *  +  &c; 

and  x4  (=  32.06  +  z\4  =  32.06V  +  4  x  33  06)'  X  z  +  &c 

=  32.06^  +  4  x  32,952.665,816  x  z  +  &c 

=  32.06V  +        131,810.663,264  X  z  +  &c) 

=  1,056,462.466,060,96+  13 1,810.663,264 +Z+&C. 

Therefore  1 4,937 x  will  be  (=  14,937  X  32.06  +  z 
=r  14,937  X  32.0b  +  I4i937  Xz)  =478,880.22  +  14,937X25 

and  1998X1  willbe(=  1998  X  ^027.^436  +  64.12  Xz+ &c 
=  1998  X  X027.8436  +  1998  X  64.12  X  z  +  &c) 
=  2,053,631.5128  +  128,111.76  X  Z  +  &CJ 

and  80*'  will  be  (=  80  X 

/32,952.66578T6  +  3083.5308  X  z  -+  &c  =  So 
X  32,952.665,816 '+  80  X  3083.5308  X  z  +  &c) 
=  2,636,213.265,280  +  246,682.4640  X  z  +  See; 

and  consequently  the  compound  quantity  14,937* 
1998  x 2  +  80  xl  —  a*  will  be  =  the  compound 
quantity 

{478,880.22       +    14,937  x  z 
-  2,053,631.5128    -  128,111.76  x  z  -  kc 

f  +  2,636,213.265,280  +  246,682.4640  X  z  +  &c 
\  —  1,056,462.466,060,96 i3i,8io.663,264Xz~&c 
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m  f      3,115,093.485,180      +  261,619.4640  x  as  -f  &c  1 
^  —  3,110,093.978,860,96  —  259,922.423,264  XZ-&C  J 

=  the  binomial  quantity  4999.506,419,04  +  1,697.040, 
736  X  z  &c. 


But  the  compound  quantity  14,937  .v  —  1998**  + 
80  x*  —  ^4  is  =  5000. 

Therefore  the  binomial  quantity  4999*506,419,04  + 
1,697.040,736  X  z  will  alfo  be  =  5000.  And  confe- 
quently  1697.040,736  X  2  will  be  (  =  5006.000,000,00 
■—  4999*506,419,04)  =  0.493,580,96,  and  z  will  be  = 

1697.040,736    =   0-°co,290,848.    Therefore  or 

32.06  +  z,  will  be  (  =  32.06  +  0.000,290,848  )  = 
32.060,290,848.  e.  1. 

Of  this  value,  32x60,290,848,  of  the  third  root  of 
the  propofed  equation  14,937*  —  1998*2  ■+-  8o;t' 
—  x4  =  5000  I  am  confident  that  the  firft  eight  figures 
32.060,290,  are  exad  ;  and  the  ninth  figure  8,  is  cither 
exa&,  or  too  little  only  by  an  unit,  the  faid  root  having 
•been  found  by  another  invert  igation  of  it  to  be  32.060, 
290,901,  &c. 
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» 

Of  the  Fourth,  or  Greatcjl,  Root  of  the  Equation  14,937* 
—  1998      +  80*3  —  *4  =  5000. 


Art,  92.  The  fourth,  or  greateft,  root  of  the  equation 

I4>937*  —  1998*  $r-x*  —  =  500°  ^as  *>een 
(hewn  above,  in  art.  79,  to  be  fomewhat  greater  than 
33.42.  Now,  if  we  fuppoie  it  to  be  as  much  greater 
than  33.42  ns  the  third  root  32  06  is  lefs  than  33.42,  it 
will  be  =  34.78,  or  nearly,  ^  34.8.  We  will  therefore 
fuppofe  it  to  be  equal  to  34.8,  and  will  fubftitute  34.8 
inftead  of  x  in  the  compound  quantity  I4>937  *  — 
1998  .r*  4-  80  x«  —  x4,  in  order  to  difcover  whether 
the  value  of  that  quantity  refulting  from  this  fubfli- 
tution  will  be  greater,  or  lefs,  than  5 coo,  or  the  abfo- 
lutc  term  of  the  equation  14,937*'  —  1998**  +  80 
—  x*  zz  5000,  and  thence  to  determine  whether  32.8 
will  be  greater,  or  lefs,  than  the  true  value  of  the  greateft 
root  of  this  equation. 

Now,  if  we  fuppofe  x  to  be  equal  to  34.8,  we  (hall 
have  xx  (  34.8/=)  =  1211.04,  and  .r3  (  =  34I*)3)  = 

42,M4-«9*>  and  (=  34"8]*)  =  1,466,617.8816, 
Therefore  14*937*  wil1  be  (=  i4>937  x  34-8)  = 
519,807.6,  and  1998**  will  be  (=  1998  X  1211.04)  = 
2,419,657.92,  and  80  xl  will  be  (  =  80  X  42,144.192) 
=  3>37I>535*300  >  anc*  confequently  the  compound 
Quantity  14,937.*  —  1998**  ■+■  80  *3  —  x4  will  be 

(= 
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(  =  5T9>8°7'6  —  M«9>6s7-9*  +  &37WS-3*0  — 
1,466,617.8816  =  3,891,342.960  —  3,886,27s. 8016) 

=  5067.1584;  which  is  fomcwhat  greater  than  5000, 
or  the  abfolute  term  of  the  equation  14,937  *  —  1998** 
-f-  Sox*  —  *♦  =  5000.    And  hence  we  may  conclude 
that  34.8  is  Iefs  (inftead  of  being  greater,)  than  the  true 
value  of  this  greateft  root  of  this  equation  -,  becaufe, 
after  *,  in  it's  increafe  from  o  ad  infinitum^  is  become 
greater  than  33.42,  the  compound  quantity  14,937  *  — 
1998  x2  •+-  80     —  x4-  decreafes  to  o,  while  *  increafes 
from  3 3 .42  to  the  magnitude  which  it  has  when  the* 
compound  quantity  14,937*  —  1998**  +  80  *3  —  ** 
is  =  o,  or  when  1998  x*  +  x4,  afier  having  been  lefs 
than  14,937*  +  80  x3,  becomes  equal  to  it,  or  1998* 
+  *3  becomes  equal  to  14,937  +  80**,  or  *3  —  80  a** 
+  1998*  becomes  equal  to  the  known  quantity  14,937, 
or  while  x  increafes  from  33.42  to  the  quantity  that  is 
the  root  of  the  cubick  equation  *3  —  Sox  -f   1998  * 
=  I4>937»    And,  when  x  is  greater  than  the  root  of  this 
cubick  equation,  and  increafes  from  thence  ad  infinitum^ 
the  binomial  quantity  a4  -4-  1998* 2  will  always  be 
greater  than  the  binomial  quantity  80  *3  «+■  I4>937*, 
^nd  the  quadrinomial  quantity  x4      1998      —  80  ** 
—  14,937*,  or  *4  —  80  *3  4-  1998**  —  14,937*,  or 
the  cicefs  of  x4  -f-  1998  x*  above  80 **  -f-  14,937*, 
will  increafe  continually  ad  infinitum.    But,  not  to  dwell 
longer  on  this  nice  fubje£l  of  the  alternate  increafe  and 
decreafe  of  the  compound  quantity  14,937*  —  1998** 
+  80  x5  —  x4  during  the  increafe  of  *  from  o  to  a 
certain  magnitude,  the  decreafe  of  this  compound  quan- 
tity while  *  increafes  from  34.8  tp  fomc  quantity  a  little 

greater 
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An  Invfligation  cf  a  Nearer  Value  cf  the  Fourth ,  or  Greatejl 
Root  of  the  Equation  14,937*  —  1 998  Jf*  4*  80  x*  — 
*a  —   500O,    (ivhkh  is  greater  than   34.8,)  by  Air* 

Raphfoiis  Mvthcd  cf  Approximation.  \  ^ 

\  >  l.  ,  .'  :l,  r .  • 

\  »  \ 

Art.  95.  Let  the  laft  near  value  of  xf  to  wit,  34.832, 
be  fubftituted  inftcad  of  .v  in  the  compound  quantity 
14,9:7*  —  1998  .1-  4-  80  *3  —  v4,  in  order  to  dif- 
cover  whether  the  value  of  the  laid  quantity  rcfulting 
from  fuch  fubftitution  will  be  greater,  cr  lefs,  than  50C0, 
or  the  abfolutc  term  of  the  propofed  equation  14,937* 
—  1998.1s  ■+•  8c  .v5  —  coco,  and  confequently 

to  determine  whether  34  S32  will  be  greater,  or  Jefs, 
than  the  true  value  of  .v,  or  the  grcatelr  root  of  that 
equation,  which  we  are  now  inveiligating. 

•.  ■         "...  .  »«.*  'i  j  f  1  -i 

Now,  if  we  fuppofe  x  to  be  =  34.832,  we  (hall 
have  xx  (=  34-832)*)  =  1213.268,224, 
and  *3  (=  34  832I3)  =  42^60.558,778,368. 

and  a*  (=34^83^4)  =  i»472>0,^783>368>1'4»«7^ 
and  i4>937  *  (=  H>937  X  34.832)  =  520,285.584,' 
and  1998  a-1  (=  1998  X  1213.268,224)  =  2,424, 

109.911,552, 

and  80  a3  (=  80  X  42,260.558,778,368)  =  3,380. 
844.702,269,440.  Therefore  the  compound  quantity 
14,937  *  -  1998**  +  80*3  —  will  be  (  = 
520,285.5^4  -  2,424,109.911,552  +  3,380,844. 702, 

2^9,440 
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269,440  —  ^>472»OI9-783>368*»I4»i76  =  3>9Oi,i30. 
.286,269,440  —  3^96, 129. 694,920, 114, 176)  = 

5000.591,349,325,824;  which  is  a  little  greater  than 

5000,  or  the  abfolute  term  of  the  equation  14,937  x  — 

1998*-  +  80  .v3  —  x+  =  5000. 

It  appears  therefore  that,  while  x  increafes  from  34. 8 
to  34-832,  the  compound  quantity  14,937  *  ~"  l99%  x% 
4-  80 xl  —  a-*  will  decreafe  from  5067.1584  to  5000.591, 
349,325,824,  and  that,  while  x  increafes  further  from 
34.832  to  34.9,  the  faid  compound  quantity  will  de- 
creafe further  from  5000.591,349,325,824  to  4892.8799. 
And  therefore  when  the  faid  compound  quantity  is  ex- 
actly equal  to  5000,  the  value  of  x  will  be  greater  than 
34.832*  but  lefs  than  34.9;  that  is,  the  true  value  of  the 
fourth,  or  greateft:,  root  of  the  equation  14,937*  — 
1998**  +  80  x 3  —  *4  =  5000  will  be  fomewhat 
greater  than  34.832. 

Art.  96.  Now  let  z  be  put  for  the  unknown  difference 
by  which  the  true  value  of  x,  or  the  fourth,  or  greateft, 
root  of  the  equation  14,937*  —  J998**  -f  80  x 3  — 
A4  =  5000,  exceeds  it  s  near  value  34.832.  And  we  (hall 
then  have  x  =  34.832  +  s,  and  confequemly 

xx  (=  34-832  +  ^j2  =  34.832V  +  2  x  34.832  x  a  +  &c 

=  34*832)*  +  69.664  x  s  +  &c) 

=  1213.268,224  +  69.664  X  z  -f  &c, 

and*1  (=  34-832  +  *V  =  .^4^7)5  +  3  x  34.832V  X  z 

+  &c  =.  34^7)3  +  3  x  1213.268,224  x  x  +  &c 
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~  34^1^  *  +  3639.804,672  X  2  4-  &c) 
=  43,260.553,778,368  4-  3639.804,67a  X  z  +  &C, 

and  *♦  (=  34.832  +  z>  =  34.832^  4-  4  x  34.83 j>  X2  + 
&c  =  34^8^2)*  +  4  x  42,260.558,778,368  x  *+  &c 

=  U^JA4  +  169,042.235,113,472  x  z  +  &c) 

=  1,4;  1,019.783,368,1 14,176  4-  169,042.235,113,472 

X  as  +  &c. 

Therefore  14,937  .v  will  be  (=  14)937  X  34.832  4-  z 
=  M>937  X  34  **32  +  M>937  X  z)  =  520,285.584 
+  M»937  X  2  ;  and   1998  x1  will  be  (=  1998  X 

1213.268,274  -f  69.(64  X  z  -f  &c  =  1998  X  1213* 
.268,224  +  1998  X  69.664  X  z  4-  &c)  =  2,424,109. 
.91 1,552  4-  139,188.672  Xs+^c;  and  80  xJ  will  be 
(=  80  X  42,260.558,778,368  3639.804,672  X  z  = 
80  X  42,260.558,778,368  4-  80  X  3639.804,672  X  z 
+  &c)  -  3,380,844^2,269,440  4-  291,184.373,760 
X  z  4-  &c  •,  and  confequently  the  whole  compound 
quantity  14,937.1-  —  1998**  4-  80  x1  —  x4  will  be 
equal  to  the  compound  quantity 

520,285.^4  +  14,937  x  z 

—  2,424,109.911,552  -139,188.672  x  z  —  &c 
4-3,380,844.702,269,440      4-291,184.373,760  x  %  4-  &c 

—  1,472,019.783,368,114,176-169,042.235,113,472x2—^ 

f    3,9OI^30-286",269,44o     +306,121.373,760  x«  +  &c 
1—3,896,129.694,920,114,176  — 308,230.907,113,472  XZ—&C 

■ 

=  5°°°'59i.349>325>824  -  2>IOO-$33»353>472  X  z  &c. 

But 
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But  the  compound  quantity  14,937*  —  1998**  + 
80  *3  —  .r*  is  =  5000. 

Therefore  the  binomial  quantity  $000,591,349,325,824 

—  2,109.533,353,472  X  z  will  alfo  be  =  5000  ;  and 
confequently  5000.591,349,325,824  will  be  =  5000  ■+• 
2>I09-533>353>472  X  z,  and  (fubtracling  5000  from 
both  fides)  2,109.533,353,472  X  z  will  be  =  0.591, 

349,325,824,  and  z  will  be  =  2J^*™*1±  = 
^y  J  J  2,109.533,3^3,472 

0.000,280,32.  Therefore  *,  or  34  832  +  z  will  be  (= 
34.832  +  0.000,280,32)  =  34-832,280,32,  or  the 
fourth,  or  greateft,  root  of  the  propofed  equation  14,937* 

—  1998**  +  80^  —  x*  =  5000  will  be  very  nearly 
equal  to  34.832,280,32.  0^  E.  1. 

Of  this  number,  34.832,280,32,  I  am  confident  that 
the  firft  eight  figures,  34.832,280,  arc  ex  aft,  having 
found  this  root,  by  another  inveftigation  of  it,  to  be  =s 
34^32,280,264,  &c. 

Art.  97.  It  appears  therefore  that  the  four  roots  of 
the  propofed  equation  14,937*  —  1 99?  jr2  -f  80  .r3  — 
a*  =  5000  are  0.350,987,  &c,  and  12.756,441,794,480, 
744,022,  &c,  and  32x60,290,8  &c,  and  34.832,2^0,  &c. 

o^  E.  1. 
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OF  THE  DIFFERENCE  BETWEEN  THE^  ACCURATE 
METHODS  OF  Rt  SOLVING  ALGEBRAICK  EQUA- 
TIONS AND  THE  METHODS  OF  RESOLVING 
THFM  BY  APPROXIMATION. 

■ 

■ 

in     •  - 

Art.  98.  An  accurate  method  of  refolving  an  algebriiick 
equation  is  a  method  of  refolving  it,  or  investigating  the 
value  of  the  unknown  quantity  contained  in  it,  to  any 
pvopofed  degree  of  cxaftnefs  by  a  fingle  procefs,  or  fet 
of  arithmetical  operations  of  addition,  fubtra&ion*  mul- 
tiplication, divifion,  or  extraction  of  the  fquare-root, 
carried  to  a  fuilicient  number  of  figures  to  attain  the 
propofed  degree  of  exact nefs.  And  a  method  of  refolding 
en  algebriiick  equation  by  approxirnatkn  is  a  method  of 
finding  a  near  value  of  the  unknown  quantity  contained 
in  it  by  a  certain  procefs  of  arithmetical  operations 
which,  if  continued  to  ever  fo  great  a  number  of  figures, 
will  not  approach  nearer  to  the  faid  value  than  to  a  cer- 
tain limited  diftance  from  it,  fo  that  the  further  conti- 
nuation of  the  faid  operations  after,  a  certain  number  of 
the  figures  of  the  faid  near  value  have  been  obtained, 
would  be  intirely  ufelefs  :  and  in  this  circumftance  con- 
fids  the  inferiority  of  the  methods  of  refolving  equations 
by  approximation  to  the  accurate  methods  of  refolving 
them.  Neverthelcfs,  by  repeating  the  proccfles  pre- 
fcribed  by  the  methods  of  approximation  we  may  obtain 
a  fecond  and  a  third  and  other  following  near  values  of 
die  unknown  quantity  in  an  equation,  that  (hail  approach 

continually 


Digitized  by  Google 


(   »77  ) 

4 

continually  nearer  and  nearer  to  it's  true  value,  till  they 
agree  with  the  faid  true  value  to  as  great  a  degree,  or  to 
as  many  decimal  places  of  figures,  as  we  pleafe  >  fo  that 
the  repetition  of  the  procefTes  in  the  methods  of  appro- 
ximation anfwers  precifely  the  fame  purpofe  as  the  con- 
tinuation of  the  arithmetical  operations  of  the  fingle 
procefs  in  the  accurate  methods  of  resolution,  by  enabling 
us  equally  to  attain  the  true  value  of  the  unknown  quan- 
tity to  the  fame  degree  of  exaclnefs.  Of  this  the  refo- 
lutions  of  the  foregoing  three  equations  by  Dr.  Halley's 
and  Mr.  Raphfon's  methods  of  approximation  have  af- 
forded fufficient  proofs.  And  therefore  the  methods  of 
refolving  equations  by  approximation  are,  in  point  of 
practical  utility,  as  valuable  as  the  accurate  methods  of 
refolving  them  ;  and  fometimes  they  are  even  to  be  pre- 
ferred to  them,  as,  for  example,  in  the  cafe  of  fuch  cubick 
equations  as  come  within  Cardan'3  two  rules,  and  in 
that  of  fuch  biquadratick  equations  as  admit  of  being 
refolvcd  by  the  intervention  of  cubick  equations  that 
come  within  thofe  rules.  For  fuch  cubick  equations  and 
biquadratick  equations  may,  for  the  mod  part,  be  more 
eafily  refolved  to  any  propofed  degree  of  exactnefs  by 
two,  or  three,  procefTes  of  Mr.  Raphfon's  method  of 
approximation  than  by  the  application  of  thofe  rules  of 
Cardan  ;  as  has  been  fliewn  in  fome  examples  of  the 
refolutions  of  biquadratick  and  cubick  equations  in  my 
-Appendix  to  Mr.  Frend's  Principles  of  Algebra. 

But  in  the  refolution  of  afTet"led  equations,  (or  equa- 
tions confiding  of  more  than  one  term  involving  the 
unknown  quantity,)  that  arc  of  a  higher  order  than  bi- 
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quadratick  equations,  or  that  involve  the  5th,  or  6th, 
or  7th,  or  any  higher  power  of  x9  or  the  unknown 
quantity,  the  methods  of  approximation  are  the  only 
methods  to  which  we  can  refort,  there  having  been  no 
general  methods  hitherto  difcovered  of  rcfolving  fuch 
equations  accurately,  or  of  obtaining  their  roots  to  any 
propofed  degree  of  exaclnefs  by  a  fingle  procefs,  or 
courfe  of  arithmetical  operations.  And.  therefore  thefe 
methods  of  rcfolving  equations  by  approximation  muft  be 
allowed  to  be  of  the  greateft  and  moft  extenfive  ufe  in 
the  bufinefs  of  refolving  algcbraick  equations,  and  the 
ingenious  perfons  who  invented  them  ought  to  be 
reckoned  amongft  the  greateft  improvers  of  this  branch 
of  mathematical  knowledge.    Now  the  hiftorv  of  the 

O  J 

moft  celebrated  of  thefe  methods  is  briefly  as  follows  : 

■ 

:  !   gg-gagggag? 

A  SHORT  ACCOUNT  OF  THE  PRINCIPAL  ME- 
THODS OF  RESOLVING  ALGEBRAICK  EQUA- 
TIONS BY  APPROXIMATION  THAT  HAVE 
HITHERTO  BEEN  PUBLISHED,  AND  OF  THE 
TIMI<S  OF  THEIR  PUBLICATION. 


99.  The  oldeft  of  thefe  methods,  as  I  believe,  is  that 
of  the  great  French  Algebraift  V'uia^  or  Monfieur  Viett, 
who  flourifhed  about  the  year  1580,  and  died  in  the  year 
1603  at  the  age  of  63  years,  and  who  is  defcrvedly  called 
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¥he  Father  of  Algebra,  on  account  of  the  great  Variety 
and  importance  of  his  difcoveries  and  improvements  iri 
that  fcience.  It  is  contained  in  a  pretty  long  diflertation* 
or  chapter  in  his  Algebra,  intitled,  De  numerofd  potejlattm 
purarum  otque  adfeftarum  ad  Exegejtn  refolutionc  Tracfutuff 
which  may  be  feen  in  Schootcn's  edition  of  his  works, 
publilhed  at  Leyden  in  Holland,  in  the  year  1646,  of 
which  it  takes  up  66  pages,  from  page  163  to  page  228, 
inclufively.    This  method  of  refolvirtg  equations  is  a 
very  juft  and  compleat  one,  and  will  enable  us  to  find 
the  root  of  any  equation  whatfoever  to  as  great  a  degree 
of  exacinefs  n  s  w  c  pleafe,  by  repeating  the  procefles  fuf- 
ficiently  often  for  the  purpofe,  and  is  founded  on  the 
fame  principle.as  the  common  method  of  extracting  the 
fquarc-root  of  a  given  number.    But  it  is  extreamly 
laborious  in  the  application  of  it,  on  account  of  the 
number  of  fubftitutions  that  are  to  be  made  in  every 
new  procefs ;  and  it  therefore  requires  a  great  deal  of 
calculation  to  determine  the  root  of  the  propoled  equa- 
tion to  any  confiderable  degree  of  exa&nefs.    And  for 
this  reafon  it  has  feldom  been  made  ufc  of  by  mathema- 
ticians in  the  refolution  of  equations  for  more  than  a 
century  pafl,  during  which  time  the  Publick  have  been 
in  pofieflion  of  other  methods  of  doing  the  fame  thing 
with  equal  certainty  and  exacinefs,  and  with  much 
greater  eafe  and  expedition. 

Mr.  Thomas  Harriot,  the  great  Englifli  Algebraift, 
who  died  in  the  year  1621,  and  whofe  works  were  pub- 
lilhed after  his  death,  in  the  year  163 1,  and  Oughtred, 
Who  died  at  more  than  So  years  of  age  in  the  year  1660, 
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fcem  to  have  rcfolved  high  equations  by  Vieta's  method. 
And  fo  did  Dr.  Pell  and  Dr.  Wallis  in  his  Algebra, 
(which  was  publiflied  in  the  year  1685,)  and  in  all  his 
former  works  publifhed  in  the  preceeding  30  years. 

100.  The  next  method  of  revolving  high  afFe&ed 
equations  by  approximation  after  that  of  Vieta^  was,  I 
believe,  that  of  Sir  Ifaac  Newton,  which  is  briefly  de- 
fcribed  in  his  mod  learned  little  tract,  intitled  Analsfis 
per  tquationes  numero  ter minor um  infinitasy  which  he  wrote 
about  the  year  1666,  when  he  was  only  24  years  old, 
and  which  he  communicated  to  Dr.  Ifaac  Barrow,  (at 
that  time  a  Fellow  of  Trinity-College,  Cambridge,  and 
the  fird  Lucafian  Profeflbr  of  Mathematicks  in  that 
Univerfity,)  in  the  year  1669.  This  tract  of  Sir  Ifaac 
Newton  was,  in  the  fame  year  1669,  communicated  by 
Dr.  IJ arrow,  with  the  author's  permiflion,  to  Mr.  John 
Collins;  and  Mr.  Collins,  probably,  (hewed  it  to  many 
of  the  mod  learned  mathematicians  of  the  Royal  Society. 
Hut  it  was  not  publiflied  for  above  forty  years  after, 
when  it  made  part  of  a  very  valuable  collection  of  ma- 
thematical pieces  written  by  Sir  Ifaac  Newton,  which 
was  publilhed  in  a  thin  quarto  volume  in  the  year  1711 
by  Mr.  William  Jones,  an  eminent  mathematician  in  the 
beginning  of  the  prefent  century,  and  author  of  the  ma- 
thematical work  intitled,  Syt::pf;s  palmariorum  Matkcfecs.  > 
And  it  was  printed  a  fecond  time  in  the  following  year 
1712  in  the  little  ccTavo  volume  intitled,  Ccmmercium 
Jy  .jhln-uw  dc  Analxft  promote  which  was  printed  by  the 
order  of  the  Royal  Society  in  confequence  of  the  difpute 
between  Sir  If/.ac  Newton  and  Mr.  Leibnitz  concerning 
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the  fir  ft  invention  of  the  Method  of  Fluxions,  or  infinitely 
fmall  Differences.  And  it  is  therefore  probable  that 
many  of  the  excellent  inventions  of  Sir  Ifaac  Newton 
contained  in  that  little  tract  intitled,  Attaints  per  aqua- 
tlones  numero  termittorum  infinites,  remained  unknown  to 
the  generality  of  mathematicians  until  the  year  171 1. 
Some  of  them,  however,  had  been  communicated  to  Dr. 
John  Wallis,  Savilian  Profeflbr  of  Geometry  in  the 
Univerfity  of  Oxford,  feveral  years  before,  and  were 
mentioned  and  defcribcd  by  him,  in  a  very  concife  and 
fummary  manner,  in  his  Algebra,  which  was  publiflied 
in  one  volume  folio  at  London  in  the  year  1685.  And 
amongft  thefe  we  find  the  above-mentioned  method  of 
refolving  affected  equations  of  all  degrees  by  approxi- 
mation.   See  Wallis's  Algebra,  pages  338,  339. 

1 01.  The  next  method  of  approximating  to  the  roots 
of  afFe&ed  equations  that  was  made  publick  to  the  world 
was  that  of  Mr.  Jofeph  Raphfon.  This  method  was 
publifhed  in  the  year  1690,  under  the  title  of  Analxfts 
JEquatlonttm  Univerf alts,  feu  ad  JEquaikncs  Algebraic  as  rc- 
folvcndas  Methodtts  generalis  et  expedite  in  a  thin  quarto 
volume  containing  about  53  pages.  It  is  a  very  excellent 
method  of  refolving  all  forts  of  equations  by  approxima- 
tion in  a  much  more  eafy  and  expeditious  manner  than 
that  of  Vieta,  and  is  illuflrated  by  a  great  number  of 
curious  and  judicious  examples.  But  it  difnrrs  fo  little 
from  that  of  Sir  Ifaac  Newton,  of  which  Dr.  Wallis  had 
publifhed  a  fpecimen  in  his  Algebra  in  the  year  1685, 
that  one  can  hardly  avoid  conjecturing  that  it  was 
fuggefted  to  it's  ingenious  inventor  by  the  perufal  of 
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that  fpccimen.  But,  from  whatever  fourcc  it  might  take  It*i 
rife,  it  was  a  very  valuable  treatife,  and  was  fo  fully  illuf* 
trated  by  examples  that  it  appears  to  have  been  very  gene- 
rally read  and  adopted* by  mathematicians,  and  defervedly 
confidcrcd  by  them  as  a  great  improvement  in  Algebra. 
And  accordingly  it  foon  after  became  the  bafts,  or 
ground-work,  of  two  further  improvements,  or  fuppofed 
improvements,  in  this  branch  of  Algebra,  the  one  in 
France,  and  the  other  in  England,  to  wit,  the  method  of 
refolving  equations  by  approximation  publifhed  in  the 
Memoirs  of  the  French  Academy  of  Sciences  in  a  year 
or  two  after,  by  Monfteur  de  Lugnyy  a  Profeflbr  of  Mathe- 
maticks  in  the  Univerfity  of  Paris,  and  that  of  the  cele- 
brated Mr.  Edmund  Halley,  (afterwards  Dr.  Haliey,) 
publifhed  at  London  in  the  Philofophical  Tranfa&ions 
for  the  year  1694,  and  afterwards  in  the  year  1708  in 
the  fecund  volume  of  the  Mifcellaneu  Cutiofay  and  which 
is  now  publifhed  again  at  the  beginning  of  this  difcourfc. 
For  both  thefe  methods  of  approximating  to  the  roots  of 
equations  feem  manifeftly  to  have  been  arrived  from  Mr. 
Raphfon's  method  ;  and  Dr.  Halley  confefles  his  to  have 
been  fo.  And,  indeed,  they  are  little  more  than  varia- 
tions of  Mr.  Raphfon's  method,  and  arife  fo  obvioufly 
from  it,  that  one  would  naturally  fuppofe  that  they  mull 
have  occurred  to  Mr.  Raphfon  himfeif  after  he  had  dif- 
covered  and  perfectly  undcrftood  his  own  method.  And 
therefore  it  fecms  probable  that,  after  he  had  carefully 
examined  thefe  methods,  he  did  not  think  them,  upon 
the  whole,  fo  convenient  and  fit  to  be  adopted  in  practice 
as  his  own  method.  And  this,  (as  he  informs  us  in  3 
fubfequent  edition  of  his  book  publifhed  in  the  year  1697, 
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after  the  publication  of  this  tract  of  Dr.  Flalley,)  was 
really  the  cafe;  he  being  of  opinion,  u  that  the  greater 
"  fimplicity  of  his  own  method,  which  proceeds  by  the 

"  refolution  of  only  fimp!e  equations,  iiiulIc  it  preferable 
u  to  the  methods  of  Ahnfieur  dc  Luguy  and  Dr.  Halley, 
"  which  proceed  either  by  the  ad  million  of  the  fquare  of 
"  the  unknown  quantity  of  the  fecond,  or  transformed, 
"  equation  into  the  cxprcfiion  that  denotes  the  ntar  value 
"  of  it,  after  having  fir  it  -found  the  laid  cxprelhon  for  the 
"  near  value  by  the  refoluticn  of  a  fimple  equation,  or  by 
"  refolviug  a  quadratic!;  equation  at  fir!*  iultead  of  a 
*'  Ihnp'e  equation."  And  in  this  opinion,  after  a  good 
deal  of  attention  to  the  fubject,  and  many  trials  of  thefe 
diii'ercnt  method*  of  approximating  to  the  roots  of  equa- 
tions, I  am  much  inclined  to  agree  with  him  i  and  I  pre- 
lumc  that,  after  the  perufal  of  the  refolutions  of  tlie  three 
equations  above-mentioned  both  by  Dr.  Hailey  s  and  by 
Mr.  Ra:  hfon's  methods  of  approximation,  which  have  been 
given  at  j^reat  length  in  this  Appendix,  a  majoriry  of  the 
readers  of  this  tracl  will  alio  be  of  the  lame  opinion. 


THE  END. 
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An  Arithmetical  Problem^  propofed  to 
Drf  Walus  by  Colonel  Silas  Titus. 


Art'ide  r.  JN  the  foregoing  tracl  of  Dr.  Halley  on  the 
resolution  of  high  affected  equations  by 
approximation,  the  third  example  adduced  by  him  to  iJ« 
luilratc  his  method  of  approximation,  is  the  biquadratic^ 
equation  14,9372  —  1998s1  +  8oz5  z+  =  5000, 
pr  14,937*  —  199SV  -f  8o.r:  —  .r4  =  5000-,  which, 
he  informs  us,  was  obtained  by  Dr.  Wallis  in  the  62nd 
chapter  of  his  Algebra  as  the  rcfult  of  his  folution  of  3 
very  diilieult  arithmetical  problem,  and  which  Dr.  YV'allis 
li.is  there  rcfolved,  to  a  great  degree  of  exactnefs,  by  the 
method  of  refolving  numeral  equations,  taught  by  Victa 
in  pages  163,  164,  &c  to  page  228,  of  Schootcn  s  edition 
of  his  mathematical  works,  publifhed  in  the  year  1646. 
Sec  above,  page  17.  Now,  as  this  equation  has  been  fo 
much  the  object  of  our  attention  both  in  Dr.  Hallcy's  own 
trait  above-mentioned  on  the  refolution  of  equations  by 
approximation,  and  in  my  appendix  to  it,  (in  which  latter 
tract  I  have  invettigated  all  it's  four  roots,  0.350,987,046, 
c\c,  12.756,^41,794,480,744,02  <5cc,  32.060,290,8  &c, 
and  34  832,280^2  &c,)  i  prefumc  that  my  readers  will 

7  not 
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not  be  forry  to  fee  Dr.  Wallis's  Solution  of  the  Problem 
that  gave  rife  to  it ;  more  efpecially  as  I  mail  endeavour 
to  fet  forth  every  ftep  in  the  folution  (which  is  very  long 
and  intricate,)  in  the  fulleft  and  cleared  manner  poflible, 
fo  that  the  folution  will  be  much  more  intelligible,  as  it 
will  be  here  exhibited,  than  as  it  is  exhibited  in  Dr. 
Wallis's  own  book,  and  my  readers  will  therefore  be 
fpared  a  great  deal  of  time  and  pains  that  I  have  found  it 
neceflary  to  beftow  on  it  before  I  could  thoroughly  un- 
dcrftand  it. 

Art.  2.  This  problem  was  propofed  to  Dr.  Wallis  in 
the  year  1662,  by  Colonel  Silas  Titus,  a  gentleman  of  the 
bed-chamber  to  King  Charles  the  Second,  who  was  dif- 
tinguifhed  for  his  knowledge  of  the  Mathematicks,  as  well 
as  of  other  branches  of  ufeful  learning  ;  and  it  had  been 
originally  propofed  to  Colonel  Titus  (as  the  Colonel  in- 
formed Dr.  Wallis,)  by  Dr.  John  Pell,  the  famous  A1- 
gebraift  of  that  time.    It  was  as  follows  : 


AN  ARITHMETICAL  PROBLEM. 


There  are  three  numbers  of  fuch  magnitudes  that  the 
fquarc  of  the  firft  number  together  with  the  product  of 
the  multiplication  of  the  fecond  and  third  numbers  into 
each  other  is  equal  to  the  number  16 ;  and  that  the  fquare 
of  the  fecond  number  together  with  the  product  of  the 
multiplication  of  the  firlt  and  third  numbers  into  each 

other 
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other  is  equal  to  the  number  17 ;  and  that  the  fquare  of 
the  third  number  together  with  the  product  of  the  mul- 
tiplication of  the  firft  and  fecond  numbers  into  each 
other  is  equal  to  the  number  18.  It  is  required  to  find 
the  faid  three  numbers. 

"  ■       ■  ■  1  1  ■  -u— a 

THE  SOLUTION. 

■ 

BY  DR.  JOHN  IVALLIS, 

SAVILIAN  TROIESSOR  OF  GEOMETRY  AT  OXFORD,  IN 

JUNE,  l662. 


Art.  3.  Let  a  be  put  for  the  firft  of  thefe  numbers, 
h  for  the  fecond,  and  e  for  the  third.  Then  will  the 
equation  an  +  he  =16  exprefs  the  firft  condition  of  the 
problem;  and  the  equation  hb  +  ac  —  17  will  exprefs 
the  fecond  condition  of  it ;  and  the  equation  c c  4-  ah 
=  18  will  exprefs  it's  third  condition  :  fo  that  each  of 
the  three  equations  that  exprefs  the  three  conditions  of 
the  problem  will  involve  in  it  all  the  three  unknown 
quantities  a,  />,  anci  c.  And  hence  arifes  the  great  diffi- 
culty of  folving  the  problem  ;  it  being  neceflary  to  per- 
form a  great  number  of  laborious  Algebraical  operations, 
before  we  can  difentangle  thefe  three  unknown  quantities 
from  each  other,  and  derive  from  the  three  aforefaid  ori- 
ginal equations  a  a  «+*  be  —  16,  bb  -f  ae  =  17,  and 
ec  +  ah  =  18  (each  of  which  involves  all  the  three  un- 
known quantities,)  an  equation  that  (hall  involve  only 
one  of  them. 

Art,  4* 
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Art.  4.  The  firft:  thing  to  be  (hewn  concerning  tfcefe 
three  unknown  numbers  is,  u  that  each  of  them  is  differ- 
ent from  the  other  two,"  or  "  that  no  two  of  them  are 
equal  to  each  other."  This  Dr.  Wailis  proves  in  the 
following  manner. 

In  the  firft  place,  the  firft  number  d  cannot  be  equal 
to  the  fecond  number  b.  For,  if  it  were  fo,  aa  would  be 
equal  to  bb^  and  be  would  be  =  ac,  and  confequently 
aa  +  be  would  be  =  bb  4-  ac.  But,  by  the  ift  condition 
of  the  problem,  aa  +  be  is  =  16  j  and,  by  the  2nd 
condition  of  the  problem,  bb  +  ac  is  =  17.  Therefore 
16  would  be  =  17  j  which  is  impoflible.  Therefore  the. 
fuppoGtion  "  that  a  is  equal  to  b"  from  which  this  im- 
poflible conclufion  is  deduced,  cannot  be  true.     0^  e.  d. 

Secondly,  the  firft  number  a  cannot  be  equal  to  the 
third  number  e.  For,  if  it  were  fo,  aa  would  be  =  cc, 
and  be  would  be  =  bay  and  confequently  =  ab,  and 
confequently  aa  -f-  be  would  be  =  cc  +  ab.  Bur,  by 
the  ift  condition  of  the  problem,  aa  +  be  is  =  16  j 
and,  by  the  3d  condition  of  the  problem,  cc  +  ab  is 
=  18.  T  herefore  16  would  be  =  18  j  which  is  impof- 
fible.  Therefore  the  fuppofition  <c  that  a  is  equal  to  c," 
from  which  this  impoflible  conclufion  is  deduced,  cannot 
be  true.  o^.  k.  d. 

Thirdly,  the  fecond  number  b  cannot  be  equal  to  the 
third  number  c.    For,  if  it  were  fo,  lb  would  be  equal 
to  cc,  and  ac  would  be  equal  to  ab,  and  confequently 
bb  +  ac  would  be  =  cc  +  ab.    But,  by  the  fecond  con- 
dition 
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die  ion  of  the  problem,  bb  4-  ac  is  =  17 ;  and,  by  the 
third  condition  of  it,  cc  +  ab  is  =  18.  Therefore  17 
would  be  =  18;  which  is  impoflible.  Therefore  the 
fuppofition  "  that  b  is  equal  to  c9u  from  which  this  im* 
poflible  conclufion  is  deduced,  cannot  be  true.     o^  e.  d. 

Art*  5.  Having  thus  (hewn  that  the  three  unknown 
numbers  a,  b>  and  c  mud  be  all  different  one  from  the 
other,  it  will  be  expedient,  in  the  next  place,  to  (hew 
that  cy  or  the  third  number,  of  which  the  fquare  cc  occurs 
in  the  third  equation  cc  +  ab  =  1 8,  will  be  greater  than 
either  of  the  other  two  numbers  a  and  b.  Thjs  may  be 
proved  in  the  manner  following : 

Since  the  three  unknown  numbers  a,  b>  and  c  are  all 
different  from  each  other,  let  the  leaft  of  them  be  denoted 
by  the  fmall  Greek  letter  a ;  and  let  the  excefs  of  the 
middle  number  above  the  leaft  be  denoted  by  the  fmall 
Greek  letter  C,  and  the  excefs  of  the  greateft  number 
above  the  middle  one  be  denoted  by  the  fmall  Greek 
letter  y.  Then  will  the  fecond,  or  middle,  number  be 
=  a  -f  C,  and  the  third,  or  greateft,  number  will  be  = 
a  +  0  +  y. 

Therefore  the  product  of  the  multiplication  of  the 
middle  number  into  the  greateft  number  will  be  = 

*  +  X  a  +  Q  +  y  =  a2  +  a&  -f  ay  +  Ca  +  Cl  + 
Cy)  =  az  +  7*Q  +  ay  +  Cy  +  C2,  and  the  fum  of  the 
fquare  of  the  leaft  number  and  the  faid  product  of  the 
other  two  numbers  will  be  (az  -f  az  +  2a€  +  ay  +  Cy 
+  CJ,  or)  2az  +  2«C  +  ay  +  Qy  +  €\ 

The 


Digitized  by  Google 


10,2  I>R.  \VALLlb*S  SOLUTION  OP 

The  fquarc  of  the  middle  number  a  4-  C  will  be  a2  -f- 
2a£  4-  £: ;  and  the  product  of  the  multiplication  of  the 
other  two  numbers  a  and  a  +  f  +  y  into  each  other 
will  be  +  +  ay.  Therefore  the  fum  of  the  faid 
fquare  and  product  will  be  2a1  4-        +  C*-  4-  ay. 

The  fquare  of  the  greateft  number  a  4-  C  +  y  wilt  be 
(a*  4-  aC  +  ay  4-  Cx  4-  C;  4-  Qy  +  ya  4-  yC  4-  y%  or) 
a1  +  2aC  4-  2ay  4-  £J  4-  2Cy  4-  y; ;  and  the  product 
of  the  multiplication  of  the  other  two  numbers  *  and 
a  4-  C  into  each  other  will  be  az  4-  aC.  Therefore  the 
fum  of  the  faid  fquare  and  product  will  be  =  2a"  4 
3aC  +  2ay  +  C'  4-  2Cy  4-  y\ 

And  this  lad  fum  is  greater  than  either  of  the  two  for- 
mer fums,  2a1  4-  2a£  4-  ay  4-  ?y  4-  and  2a1  4-  ta^ 
4-  ~J  4-  *,  it's  excefs  above  the  firft  of  thefe  fums,  to 
wit,  2a2  +  2a*.  +  ay  4-  *y  4.  being  a?  4.  ay  + 
Cy  4-  y\  and  it's  excefs  above  the  fecond  fum,  to  wit, 
7az  +  3a0  +  £z  4-  «7,  being  ay  4-2*7  4-  72« 

Now  the  leaft  of  thefe  three  fums  muft,  by  the  con- 
ditions of  the  problem,  be  equal  to  16,  and  the  leaft  but 
one  mull  be  equal  to  1 7,  and  the  greateft  muft  be  equal 
to  18. 

Therefore,  fmce  the  laft  fum  2*'  +  3a*  4-  2<*y  4-  "l 

4-  2C7  4-  7  >  (which  is  =  a  4-  £  -Fy)7  4-  a  X  a  4-  s) 
is  greater  than  either  of  the  other  two,  it  muft  be  =  18  ; 

that  is,  a  +  C  F~y, 1  +  a  x  a  +  C  muft  be  =  18. 

But 
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But  cc  +  ab  is  =  18. 

1 

■ 

Therefore  a  +  C  +  y  *  +  a  X  a  +  ?  muft  be  = 
+  t/^;  and  consequently  r  muft  be  =  a  +  C  +  y,  or 
muft  be  the  greateft  of  the  three  unknown  numbers  a,  bt 
and  c .  Qi  e.  d. 

■ 

♦ 

Art.  6.  But,  whether  the  firft  unknown  number  a  (of 
which  the  Square  occurs  in  the  firft  equation  a  a  -f  be 
=  16,)  or  the  fecond  unknown  number  (of  which  the 
fquare  occurs  in  the  fecond  equation  bb  -f  oc  =  17,)  is 
the  greater,  or  is  equal  to  the  binomial  quantity  a  +  £, 
does  not  yet  appear.  But  Dr.  Wallis  proves  that  b  is  the 
greater,  or  is  equal  to  a  +  *,  and  consequently  that  a  is 
equal  to  a,  or  the  leaft  of  the  three  unknown  quantities 

by  and  r,  by  the  following  train  of  reafoning. 

Since  the  fextinomial  quantity  2a2  +  3a?  +  2ay  + 
V  +  2£y  +  yx  (which  is  =  «  +  C  +  y\x  +  a  X 
a  •+■  e )  is  =  l8,  and  either  the  quinquinomial  quantity 

la1  +  2af  +  ay  a-.Cy  +  e1  (which  is  =  a2  +  a^Hh?) 
X  a  +  f  +  y),  or  the  quadrinomial  quantity  2a2  •+» 

3a"  +  C*  +  ay,  (which  is  =  a  +  £] s  +  a  X  a  +  £  +  y,) 
is  =  17,  and  the  other  of  the  faid  two  quantities  is  = 
16;  and  the  numbers  18,  17,  and  16  form  an  arithmetical 
progreflion,  (the  excefs  of  18  above  17,  being  equal  to  the 
excefs  of  17  above  16,  to  wit,  1)  — it  follows  that  the 
three  quantities  2a*  +  3a?  +  2ay  +  C*  +  %ty  -f  y\ 

O  and 
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and  2a1  +  2<*Z  +  ay  +  ty  +  C:  and  2a2  +  3a?  +  C* 
4-  ay>  (of  which  the  firft  is  equal  to  18,  and  either  the 
fecon!  or  the  third  is  equal  to  17,  and  either  the  third  or 
the  fecond  is  equal  to  16,)  mu(t  alfo,  if  the  fecond  and 
third  were  to  be  placed  in  their  proper  order,  form  an 
arithmetical  progreffion.    Therefore,  if  from  thefe  three 
quantities  we  fubtracl  the  quantity  2a*  +  2at  +  ay 
4-  ?\  which  is  common  to  them  all,  the  remainders  after 
fuch  fubtracYions  muft  alfo,  when  the  fecond  and  third 
remainders  are  placed  in  their  proper  order,  form  an 
arithmetical  progreffion  j  that  is,  the  quadrinomial  quan- 
tity, at  +  ay  -f  ity  -f-  y\  the  fingle  quantity  Cy,  and 
the  fingle  quantity  at,  will,  when  Cy  and  at  are  placed  in 
their  proper  order,  ,  form  an  arithmetical  progreffion.  It 
remains  only  to  be  determined,  whether  Cy  is  to  be  placed 
immediately  after  the  quadrinomial  quantity  at  +  aY  + 
2*Y  +  7  »  an<*  before  at,  or  is  to  be  placed  third  in  order 
and  after  at.    Now,  if  Cy  was  to  be  placed  fecond,  or 
immediately  after  at  -f  ay  -f-  ity  +  y2,  and  before  at, 
it  would  follow  from  the  nature  of  an  arithmetical  pro- 
greffion (in  which  twice  the  middle  term,  when  the  num- 
ber of  terms  is  odd,  is  always  equal  to  the  fum  of  the 
two  terms  adjoining  to  the  middle  term),  that  ity  would 
be  equal  to  the  fum  of  at  +  ay  -f  ?Cy  -f-  y'  and  at, 
that  is,  to  7  at  4  ay  4-  ity  +  y\    But  this  is  impof- 
fjble,  becaufe  ity  makes  only  a  part  of  that  quantity. 
Therefore  ty  mull  not  be  placed  next  to  a?  +  «y  + 
ity  4-  y*,  but  muft  be  third  in  order,  and  muft  come 
after  at  \  and  confequently  the  three  terms  of  this  arith- 
metical progreffion  muft  be  firft,  at  +  ay  4-  ity  +  y1, 
and,  fecondly,  at,  and  thirdly,  ty.  Therefore  the  former 

arithmetical 
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arithmetical  progreflion,  (from  which  this  progreflion  was 
derived  by  fubtra&ing  the  quadrinomial  quantity  2a1  4- 
2a?  +  C*  4-  ay  from  each  of  it*s  terms,)  will  confift  of 
the  three  following  terms,  to  wit,  firft,  2a  4-  3a*  4-  lay 
4-  2Cy  +  Cl  +  y\  and,  fecondly,  2a1  4-  3a?  4-  ?l  4-  ay, 
and  thirdly,  2«*  4-  2ft£  +  f1  +  «/  +  fy.  Therefore 
2ft*  4-  3<xC  4-  £l  +  ay  will  be  =  17,  and  2a*  +  2a? 

4-  C*  4-  ay  +  Cy  will  be  =  16  ;  that  is,  ft  4- cl*  4-  a 

X  a  +  C  +  Y  will  be  =  17,  and  a*  4-  «  +  f  X 

a  +  C+  y  will  be  =  16.    Therefore  a~+^2  4-  a  X 

a+S'+y,  or  a  +  fl*  4-  a  X  r,  will  be  (=  17)  = 
4-  <zr ;  and  confequently  b  will  be  =  a  4-  C,  or  will  be 
the  fecond  of  the  three  quantities  a,  a  4-  C,  and  a  +  C 

4-  y,  or  a%  £,  and  c  \  and  a*  +  a  +  f  X  a  +  C  f  y, 
or  a*  4-  £  X  f ,  or  a*  4-  ^>  will  be  ( =  16)  =1  aa  4-  £r, 
and  confequently  *  will  be  =  «,  or  will  be  the  leaft  of 
the  three  unknown  quantities  a,  a  4-  C,  and  a  +  C  +  y, 
or  a>  b,  and  r.  o^.  e.  d. 

We  may  therefore  now  conclude  that  a  will  be  lefs 
than  by  as  well  as  that  b  will  be  Jefs  than  c  \  which  con- 
clufion  will  be  found  ufeful  in  the  courfe  of  the  following 
inveftigation  of  the  value  of  a9  or  the  firft  of  the  three 
unknown  quantities  ay  b9  and  r,  which  is  that  which  Dr. 
Wallis  makes  the  objeel  of  his  purfuit,  and  by  means  of 
which  he  afterwards  determines  the  two  other  quantities 
b  and  r,  and  gives  a  compleat  folution  of  the  problem. 

jfrt.  7.  Now,  for  the  fake  of  brevity,  let  the  letter  /  be 
fubftituted  inftead  of  If)  in  the  equation  aa  4-  be  =  J  6, 

O  2  and 
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and  the  letter  m  be  fubflituted  mftead  of  1 7  in  the  equa- 
tion  bb  +  ac  =  1  \79  and  the  letter  n  be  fubflituted  in- 
flead  of  18  in  the  equation  cc  +  ah  =  l8*  And  then 
thofe  three  original  equations  will  be  aa  4  be  =  /, 
+      =  m,  and  cc  +  ah  =  ». 


Now,  fmcc  aa  +  &  is  =  /,  we  (hall  have  ^  =  /  - 


and  confequently  *  =  — jf?,  and     (=  — ) 

I  — -  2 /ii    ~r  <7* 


Secondly,  fince  rr  +      is  as  ir,  we  foall  hare  cc  =1 

;j  —  ah,  • Ji      ; '};:r,  ,  *   i>  ?t) 

. r  -..  ■  ' '  -  ■  ■ '  '  ' ■  v>  +  **  t-  t-     a  +  **  ~i 

Therefor c^dly,  n  —  ah  will  be  =  iLzJ^jtfl , 

and  confequently  >///'  —  abl  will  be  =  /"      2/a2  -h  <A 

Therefore  (adding  a/'  to  belli  fides)  abb  will  be  = 
—  2/<r  +      +         and   (adding  2/^  to  both  fides,) 
+  2U.:  will  be  ~      +  *4  +         and  (fubtratfing 
/:  4-  a*  from  bcth  fides,)  ab*  will  be  n         —  /J  -f 
2/*.'2  - — ■  r;4,  End  coiifcqutntly       v> ill  be  — 

»M      /»  +  2 /a1  -  «« 

But  £/>  +  ac  is  =  w,  and  confequently  bb  is  = 
;«  —  ac* 

Therefore 


! 
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•  Thc«fow  y   (which  is  =  *ty 

«rili  aifo  be  =  m  -  ^. 


But  k  kas  been  ftewn  that  r  U  s=  7  -  g« 


Therefore  ac  will  be  (=  *  X  f!^*f)   =   U  ~  a\ 


And  m  —  ac  will  be  =  m  — 


la— a*  t  _    ml  — *  la  — a3 


m£  —  fa  »f»  a? .  —       -f-  a* 


_         «m  ^  /»  4.    » —  a* 

Therefore   ■ — -7  ,  (which  has  been 

(hewn  to  be  m  -  ac,)  will  be  =  >H±l^±Jl  ,  and 

consequently  (multiplying  both  Gdes  into  *£)  nbb  —  l%  + 
_  a4  will1  be      ma*  w  /a*  +  fl*. 

Therefore  (adding  /*  +  a4  to  both  fides,)  we  (hall 
have  nbb  +  a/j*  =  ma£  —  la*  +  +  ^>  and  (fub- 
tra£Hng  2 /a*  from  both  fides,)  nbb  =  mab  —  3/5*  4- 

- 

Now,  finee  a  has  been  (hewn  in  art.  6  to  be  lefs  than 
b9  and  m  is  lefs  than  »,  (m  being  =  i7^and  n  =  18)  it 
follows  that  mab  will  be  lefs  than  nbb9  and  confequently 
than  the  quadrinomial  quantity  mab  —  3/***  +  2a4  +  /*, 
which  is  e(jual  to  nbb.   Therefore  mab  may  be  fubtTa&ed 

O  3  from 
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from  both  (ides  of  the  lad  equation  nbb  =  mab  — 

4-  2a4  4-  /\    Let  it  be  fo  fubtra&ed.   And  we  (hall 

then  have  nbb  —  mab  =  2a4  —  3/**  4-  /*.  Therefore 

(dividing  both  fides  by  «,)  we  (hall  have  bb  ~  X  b 

2a*  -       4.  1% 


Art.  8.  Now  let  or  the  fquare  of  be  addl- 
ed to  both  fides  of  the  lad  equation*  And  we  {hall  then 
have  33  —           x  b  +   =  3 — —  + 

71  4«*  A 


*****         4»  x  2a4  4-  /* 

4**     "  4*  x  a  4«l  "~ 

8/4*  —  T1//.0*  4-  4/*/!  m%ax 

 _-_  2 — .    Therefore  (extracting 

the  fquare- roots  of  both  fides,)  we  (hall  have  b  ■ 

=  —  - — ,  and  consequently 

.           ma           s'Xna4  —  i  2 4-  ib1^*  4-  4/* a 
0   =    +   • 


Therefore  (fquaring  both  fides  of  this  equation,)  we 
(lall  have  U  =  ^  +  »2lZJ^Jtjf£jLtS 

4*  * 
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+    X   = 

2/1  2* 

$na*  —  u/jMa  4-  2»\j*  4-  4/**  2aw 

■  4~    X 

4/1*  21 

V^im*  —  4-  J*1**  4-  4/*/T 

an 

Sna4  —  i2/no»  4-  2ro*<a*  4-  4/^ 

  + 

2//ra  X  v8r/a4  —  Itlrta*  4-  w*<ix  4-  4/*« 

But  bb  4-  <rc  is  =  w.    And  «v  has  been  (hewn  to  be 
/*  - 


Therefore  ££4-  la  ~     will  be  =  m. 


Therefore  the  foregoing  value  of  bb  together  with 
In  — 

— - —  will  be  =  in. 
But  b  has  been  (hewn  to  be  = 

ma  ^Haa*  ~  ulna*  4-  i^d1  4-  4/1* 

uttf  4-  -  -f          +  4/** 

™" — — — — ■ —————— — — —  , 

m 


» 

lj    mm   <j3  - 

Therefore  — j —  will  be  s  x  the  reci- 

procal  of  this  value  of  b9  that  is,  to  la  —  a1  X  the 

O  4  f ration 
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fraaion  — ^         .  ,  ==,ortothe 

ma  +  V&na*  -  ulna*  +  mxa*  +  4/^1 

fraction 


Therefore  the  foregoing  value  of  bb  together  with  thi 
laft  fraaion  will  be  =  m  \  that  is,  the  quantity 

 5? — 1  + 


4»* 

 Will  be 


ma  +  ^8M*  _  ia/na»  «{-  **a»  + 

ArU  9".  To  abridge  this  long  expreflion,  let  E*  be  put 
$na*  —  \7.  In  a1  +  mza1  +  4/1//,  and  consequently 

£  —  \/8«a4  —  n/zw'  +  mV  4-  4/"/!.  And  then  we 
fliali  have  8;m*  -  +  2m  V  +  4/*«  (=  %„a4  _ 
1 2/«  +  m*<*z  +  V2"  +  ™'a*)  =  E*  +  «  V  >  and  con- 

fequently  the  laft  equation  will  become  E  + 
w-Jli  +  i/""  -  2°a>  =  ,„.    Therefore  (if  we 
multiply  both  fides  of  the  equation  by  4a2,)  we  (hall  have 

El+wV  +  2ifl<JET  — ma     g      =  4;««2^  and  (mul- 

♦ 

tiplying  both  fides  by  ma  4-  e)  we  (hall  have  matf  + 
m'a1  +  2#wVe  +  EJ  +  #wlfl2E  -f  2mjE*  +  Wn'a  — 
2nlal  =  $m'ln*a  --h  4m«*B;  and  (fubtra&ing  ^mzn7a 
from  both  fides)  w<?e\+  mV  +  2w2j:e  -f  e3  +  #»Ve 

+ 


Digitized  by  Google 


COLONEL  TITUs's  ARITHMETICAL  PROBLEM.  201 

4*  2maE2  +  %ln*a  —  2n3a*  —  4m*//20  4mwaE,  or  EJ 
4-  3m<zE3  +  301VE  4-  w3as  +  %/n*a  —  8«  V  —  qm'rfa 
=  4»i/i2Ei  and  (fubtracting  E*  4-  3m  Ve  from  both 
(ides)  3«flE2  4-  +  dWa  —  8fl3a3  —  4?n2n*a  == 

4iw«2E  —  3m*j2E  —  E*>  ana"  (fubftituting,  inftcad  of 
E2  in  the  term  ynah1^  it's  value  Una*  —  12/wa*  ■+•  m*a% 
tf-  4/*")  Mmna*  —  36/w/ffl3  +  3m  V  4-  iil*mna  +. 
ffj5^1  +  .8/«Jtf  —  8»3a3  —  4Vf2/j'^  =  4im/i2b  —  3JW2tf2E 
r-r  e3,  or  nmna$  —  -$blmnal  +  4#n5a3  —  8«3tfs  + 
\ll%mna  +  8//i3«  —  4m2w\i  =  4W«'e  —  3*i\?2B  —  E*. 
Therefore  the  fquare  of  the  feptinomial  quantity  iqmncP 
—  26lmna*  +  4>»,tf,  —  8/i3tfs  +  i2J*mna  +  8//*3<?  — 
4w1«,a  will  be  equal  to  the  fquare  of  the  trinomial  quan- 
tity 4//f»*E  -r  3»i*fl*E  —  e3j  that  is,  the  compound 
quantity 


+     K)2»/*na*    4-  $6olmn4a* 

-  a88/i»*,/a« 

+  64a6** 
4-  i44/4/»*«2d* 
4-  ig2i*mn*a* 

4-  64i**V 

-}-    1 6m4n+a% 


-  864/V2/i2i2* 

•f  3Sa/w3ii3fl4 
+  o67V.W 

—  I28/«664 

4.  64i«l«^4 


jjrill  be  equal  to  the  compound  quantity 
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+    am6  a6 

+     96V*  *•   -  M*/"4™6 
—   ^  1 2»**af    +      6  m6a* 

-p  J28«*«*a6 

+    288/m'ji5**    -  l02/»***a* 

—  24m*****    +   i6«^a*  +  6j[hM*ni 
+    I28WV*4     +  96/ViVa* 

4-     48/>**W   -  64^«5»V     i*8/*/»»«  +  e*. 

—  »  8/«5/iaa* 

■ 

or  to  the  compound  quantity 

38^V*,°   +   ibS/w^'     -  252/«W« 

+  i248/l^2«*flt 

+    fZ+Pm+na*   —  i6o/*fnsn3a* 
+    48o/«W  -  192/^a* 

—  3aws«1tf4  -f-  i6w4»4a* 

-1664/*/™^*  +  4 

I28/W   +   E  • 


1 
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Laftly,  Gnce  e2  is  =  8*<j4  —  iiB<?  +  wV  +  4/1", 

and  e4  is  =  the  compound  quantity 

- 

{6411V  -  l9iMa6    +  20%t-n*a*  -  96/*/^  V 

C               +  +  i6«4a*,  J, 

...         >...-.,  .  . 

we  (hall  have!  Etf  to  the  produ&  of  the  multiplication 
of  this  compound  quantity  into  the  quadrinomial  quantity 
2na+  —  12/wa2  +  roV  +  4/^,  that  is,  to  the  compound 
quantity  ■       -  j  - 

51211V1  -  ^304/^'°     +  4234/Va8   >    #  . 
.  -  4032/V;^6    +  aiii/**1*4       -  576/»W       '  > 


+  «6a6 


Therefore  the  compound  quantity 


J         —  2jt»>n9a*R*  —  8m/i2E4      +  E6  > 

I      +  i6/;vVe2  .  J 


+  6wVE4 

E4      -h  !.e 


will  be  equal  to  the  following  very  numerous  compound 
quantity,  to  wir, 


,12 
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4.     72«*^a'    —  iQWm*na* 
4-    o  «6  « 6 

—  igimtn*^ 
$§±mrn2aX0    —  II $ilmhi%a*  4-  ii^^m^tfi 

4-     96***  «•   -  X44/w4/ia6 
—   512^^    -f      6  m6  a6 

+  $6km*na*  —  96JWa* 
+    288/«5«'«4    -  I92/w***a* 

4-    11801V*4     +  9&PmWaz 

—  576PotV<j«  +  768/3/wnV 
4-     48A^/ifl*   -  64?/«5»V      i28/4/w*«  -f  e*. 

—  »  8/&5«aa4 

or  to  the  compound  quantity 

f       384m  V0.10    +    1 68*74™'      -  2)2/«4wjs 

—  II52/w2*,a,    +  l$m6tf# 

4-  i248/l^,»*A§ 
4-  1536/W46 

4-    g4/s/w4/wi4  —  i6o/lwi»n3a^ 
4-    48o//w»«^4  -  lgilmWa* 

—  3a/K$«ltf4  4"  l^w4^1 
4-     l28/7;*n*a4  4-  96/4roln*a* 
"  576/W*4  4-  768W«*  .  .   f  a 
.1664/Wa4                          +  ***** 

—  128/W  4- 


Laflly, 


Digitized  by  Google 


COLONEL  TITUS  S  ARITHMETICAL  PROBLEM.  20£ 

Laflly,  Cncc  E*  is  =  8««4  —  tilifa2  +  roV  +  4/**, 
and  E*  is  =  the  compound  quantity 

— •  i.  -  j  , 

we  (hall  have!  e6  =s  to  the  produ&  of  the  multiplication 
of  this  compound  quantity  into  the  quadrinomiai  quantity 
8«a*  —  12/wa1  +  mV  +  4/2«,  that  is,  to  the  compound 
quantity  - r   „  P.  -  .  f  ♦ 


-f  i\m*na% 


.7-4032/^3^      +31,2/4,^4         _  576/W  ' 
+        «6*6  +  64^. 


r      *  1 

-  » 


Therefore  the  compound  quantity 

<        —  24w;3»Ve*  —  8w«2£*     +  e* 

will  be  equal  to  the  following  very  numerous  compound 
quantity,  to  wir, 


1 


$\2n 
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4-  4224/*»»af 

—  S7dlmxn2a% 

4-  *69m**aP 

—  5i20m4as 

4-  48/4«j»»1«1 

—  l6o/sfliijr>tfs 

4-  i6«4«4*i* 

4.  96/*«,«*«t 
4-  768/,mn*a1 

+  64/V 
+  64/,i&V 

—  I28/W, 

5i2»V*   —  2304//1V0    +  42  z^1*3**     —  403  a/**3<a* 
+  576l»l1a2a,0  —  i728/«*/»*a8  -f  i872/>MHrV 

+     io,**4/!*'     —  28%lm+ma* 
r  —    5l2«i»4tf'     +  i6m6a6 

—  32C«f3a1tf* 
+   1 536/m*4a6 
+  2Xi2/*«J<a4       —  576V**3**         +  6+1*** 

—  864/J*1***4    4-  i44/4«*«2tf*     4-  64/*/w1** 
4-     96/t/n4flj4     -  i6o/**i3*3tf4      -  i28/4/n»4- 
4-    48o/#n*»,j4      —  if)llmxn%ax 

—  3a»s«*a4      4.  i^*4*4*!* 
4-    I28»*n**4     +  768**4111+0*. 

—  1 664/ W*  4 

Therefore 


5i2»Jal*        —  2  304/fl»a,° 

+  JO,***!!**10 

* 


—  403iP#V  4*  aii2/4«,ii* 
4-    62^m%Mxa6  -  »881»*i'iiftfl4 

—  $6lm*na*  4-  i2/*m4«a4 

—  i$ilm+na6  4-  ,  84/*m<««4 
4*     ij»6«6  4-  48o/w3»J<j4 

4-  i28/**j|S*4 

4-  X248/*m***tf6  —  576/s/»*«*a4 

4-  i536Z»»4(jd  —  i664/*wtt4fl4 


or  to  tie  cothpound  quantity 
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Therefore  the  compound  quantity  which  forms  the 
ilrft,  or  left- hand,  fide  of  the  equation  fet  down  at  the 
end  of  art.  9,  to  wit,  the  compound  quantity 


+    192/tt4 1,  a%      -f-  96o.W;4jtf 

—    384/»«4<jf      —  itbmirfa6 

+  l6m6a* 

+  64/*  a6 
•f  16/0 


—  i28Z»*d4 


(which  is  equal  to  the  compound  quantity 


—  24m*"**9**  —  8w**E4  +  e«)  will  be  equal 
+  i6mV*E* 


to  the  compound  quantity 
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i 
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■ 

>  ■ 

—  CX2»a4ai 

403»/3«'tf»  +  2II2/V<2* 

+      16  a*6  a6  +  48o/«>a»tf« 

—    320m*n*a*  —  32m5«*a4 

+  I5j67i»a4ad  +  I28«*»5fl* 

+  144/V/i*^ 

*  ■  .  . 

+    16  •      +  64fartiS 

+  768/W^  -  128/W. 

Art.  1 1.  Now  the  following  eleven  terms  occur  in  both 
thefe  compound  quantities,  and  with  the  fame  figns  4* 
and  —  prefixed  to  them,  to  wit,  the  terms 

* 

+  l6m*a6, 

—  864/sm,«V,    +  I44/»«Va% 

+  $612m4na+9  +  i6m*n+a\  Therefore,  if  thefe 
— -  32w$«*fl4, 

terms  are  omitted,  the  remaining  terms  of  thefe  two 
compound  quantities  will  dill  be  equal  to  each  other ; 
that  is,  the  compound  quantity 
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» 

—  2$6w3«Vs    +  $$ilm>n*<z* 
+    64  «6  a6      -  \2Wa* 
-f-  64*n?«5<i4 

+  1 92/%^ J2 

■f    64 /V5** 
—  64/^/**** 


will  be  equal  to  the  compound  quantity 


5i2aVx    —  2304/«V°    +  4224/*/!  V 

—  4O32/*j!>0*     +  2U2/*n3a4       —  576/5»3j* 

—  32o«Va6  +  480/^^  _  loofrnVa* 
4-  i536/»/i4<26   +    128/wVtf4      —  i92/«l«5<2z 

+  64/M 
+  64y*m1«$ 


Add  5i2w«V  32ow3/;3a6  H-  1664/2 m/i4*4  + 
i6o/:w3«3a2  -f-  iqilfjfn'a*  to  both  fides.  And  we  fhall 
then  have  the  compound  quantity 
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I  zSmn4a*     -f  96c //wwV5      4-  8<)GP;rw4u4 

4-  64w,/i5.{4 

+  igzl3mn4dz 
4-  i28//»2/is#a 


the  compound  quantity 

4-  21  ul*n*a*      —  yf6Pn>a* 

4.    480/r/^V    +  768/3w/;*/i*  +  64/V 

4-    i28«V*4  4-    64/**  V 


Now  let  gbolmt&a*  4-  i^lm1  n} a*  64 w5/?5^4  + 

i()2Ptnn*az  be  fubtraclcd  from  both  fides.  And  we  {hall 
then  have  the 'compound  quantity 

i2Sm«4a8  +  fym3/^6  +  8c;6/W<i4  +  64/^^1^* 
4-  ^4/z6*6     -  laS/aV 


4-  64/*»i»A»d*  «\ 
+  64JW  I 
4-  J  28/«»»'fl*  J 


=  the  compound  quantity 
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—  2304fa3«»°       4.  4224'*/*  V 


+  -f-  I2$lmbi3d4 


> 


+  64/V 
4- 

-  128/^*; 


and  (dividing  all  the  terms  by  the  compound 

quantity 

I2$mna*    +  64m  V  -f  896/*/*^ 

+  64;^  _  128/^  j 

+  64/»/K3aa 

+      64/ V**  . 

+  i2S/ms/.\i» 


will  be  equal  to  the  compound  quantity 

512a™    —  2  304&10    4-  4224/**'    —  4932/^ 

+  21 1 2/4^      -  576/5** 
-f-     ll8/mJa*     4-  $-fi\imna*    4-  64/* 
+      64«l«^*  4.  64^/^s2«a 


and  (dividing  all  the  terms  by  32,)  the  compound 
quantity 

P  2  '  tynna* 
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qnna*     +  2tn*a6      +  s8/*;w«a4 
+  2tt*a6      —  4/n3a4 

+  a/*«*a* 

■ 

will  be  equal  to  the  compound  quantity 

- 

"     16<Z12     -    72/a10     +    13  2/V     -  I26/V5 

+  i8/««a6 

+  66/4a4       -  i8/*aa         +  2/° 
+  4/w^4      +  Mhnnaz     +  jfrwV 


and  (fubtra&ing  the  former  of  thefe  compound  quan- 
tities from  the  latter,)  we  (hall  have  the  compound 
quantity 

"    16a1*    -  jzla10    +  132/V    -  I26/3A6 

4-    i8/jMr<i°  . 

> 

-  2/i*a6 

H-  66/4<i4 

+    2m*n*a4    +  iSI^mna1       -f  2/* 
-  2&/'w»a4    -  +  2/»w*»* 

+     4/«*/a4      -  a/Va*  -  Apmn 

—  4/m*»*tf* 

xs  C. 

Art,  12. 


uigiiize 
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Art.  12.  Now  let  all  the  terms  of  this  equation  be  di- 
vided by  16,  in  order  to  free  the  higheft  power  of  the 
unknown  quantity  a  from  it's  co-efficient.  And  we  (hall 
then  have 

«"  —  —  /a10  +  ii  Pa*  -  4r  /J'6    +  4r  /4*4 
2  4  8  8 

—  —  mna*       ~  Imna6  +  —  //n3fl4 
48  4 

o  0 

—  —  —  l2mna+ 

8  4 

4* 

D  O 

—  -4-  Pm\r        —  —  /4m/j 
8  4 

 *  PnW 

8 


 L  jm*„*a* 

4 

=  o. 


_  This  laft  equation  may  be  free'd  from  fractions  by 

taking  et  =  fcia,  or  —  =  aa,  and  fubftituting  ~- 

P  3  .  inftead 
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inflead  of  aa  in  it's  terms.    For,  if        is  =  aa,  we 

e4  *6  «       j    e%  8 

{hall  have  —  =  a4,  and  —  -  a  ,  and  —  =    a  , 

and  i!L  =        and  4~  =  And  confequcntly, 

32  64 

by  this  fubftitution  of  indead  of  a*,  the  laft  equa- 
tion  will  be  converted  into  the  following  equation,  to  wit, 

^-7X/X]T  +  TX    XT6  -  8  x/  x  8 

_  —  x  ffifl  x  —  +  ~-  x  for*  x  -g- 

-  8  x  w  X  T 

_  «5  x   

8  8 


33 
8 

x  /*  x 

<4 

4 

- 

9 
8 

X  A  X   

1 

+ 

1 
4 

x  /w3  x 

t4 
4 

+ 

9 
8 

l% 

X  /3m«  X   ■ 

2 

1 

4- 

1 

x  »*«2  x 

4 

1 

~r 

X  lzm>  X  — 
2 

4 

X  X 

t4 

4 

1 

T 

X  /2«3  X  — 
2 

+ 

1 
4 

X  In*  X 

4 

j 

1 

T 

•  xlm-rrx   

2 

^8 


> 


8 
1 

7 


=  0.  or 

6+ 
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.12 


6+ 


9'< 


10 


33 /V 
64 


\  ) 


64 


IT" 

16 
~ 8 

0,  OT 


63^         -  33/^ 


<*4 
64 


32 


8 


k 
16 

* 


P4 


64 
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e>*  0/,10  33/^  63/V> 

64  64      ^64  64  64 

1 

*  

64  64 
+  _6T 


64 

+ 

64 

+ 

64 

< 

+ 

64 

4/2«»V* 

\6J*mn 

6+ 

64 

■ 

64 

1"^  1  m  ft  t 

64 

■ 

=.  o ;  and  consequently  (multiplying  all  the  terms  by 
64)  we  (hall  have 
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*  e"    -  air10    +  33/V    -  63/V    +  667M 


-  4pm 


+ 

+ 


8/* 


—  l6l*mn 


=  o. 


Reduction  of  the  foregoing  Equation  of  the  Twelfth  Order 
to  an  Equation  of  the  Eighth  Order  by  dividing  it  by  the 
Trinomial  Quantity  e*  —  4k 2  +  4A 

■ 

ArU  1 3.  This  equation  may  be  reduced  to  an  equation 
of  the  eighth  power  by  dividing  it  by  the  trinomial 
quantity  e+  —  +  4/1,  or  the  fquare  of  2/  —  j 
which  Divifion  is  fet  down  by  Dr.  Wallis  in  his  Algebra, 
chapter  6i,  and  is  a3  follows  : 


The 
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Therefore  the  quotient  arifing  from  the  divifion  of  the 
foregoing  dividend,  (which  was  the  firft,  or  left-hand,  fide 
of  the  laft  equation,  and  was  equal  to  0,)  is  the  compound 
quantity 


f 


e%  —  5/p6   +  9/V    —  7/V       4-  2I4 

—  mne*    +  $lmtte%    —  tfmn 


And  confequently,  as  the  faid  dividend  was  equal  to  0, 
this  laft  compound  quantity,  which  arifes  from  the  di- 
vifion  of  it  by  the  trinomial  quantity  e*  —  4/r  +  4/*, 
mud  be  equal  to  o  likewife ;  and  therefore  the  final 
equation,  by  the  refolution  of  which  the  value  of  ee>  aud 
confequently  thofe  of  aa  and  a  in  Colonel  Titus's  Pro- 
blem, is  to  be  obtained,  will  be  the  equation 


—    mVa      -f  2iw1«s 


Art.  14.  Now  let  the  values  of  the  three  letters  /,  w, 
and  ft,  be  fubftituted,  inftead  of  thofe  letters  themfelves, 
in  the  terms  of  this  equation,  to  wit,  16  inftead  of  /, 
17  inftead  of  m9  and  18  inftead  of  n,  .And  then  we 
Avail  have  5//  (=r  5  X  16  X  c*)  =  Hoe6;  and  o/V*  (  = 
9  X  16  X  16  X  e*  =  9  X  256  X  e+)  =  2304**,  and 
mne*  (=  17  X  18  X  e4)  =  306*%  and  confequently 
—  mm*  (=  2304^  —  306*4)  ss  1998*4;  and 

7/V 
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7/v»  (  =  7x16x16x16x^=7x256x16 

X  e*  =  7  X  4096  X  e%)  =  28,67  ic\  and  5W1  (  = 
5  X  16  X  17  X  18  X  e2  =  80  X  17  X  18  X  e2  =  80 
X  306  X  **)  =  24,480*-,  and  mV  (=  17  X  17  X  17 
X  *»  =  289  X  17  X  ex)  =  4913*4,  and  «V  (  =  18  X 
18  X  18  X  **  =  324  X  18  X  **)  =  5832**,  and  7/V 
+  »V  +  »V  (=  28,672**  +  4913**  +  5832**)  = 

39j4i7'S  and  consequently  7/V  +  mV  +  w3**   

5W(=  39.417^  -  24,480**  =  14,937**;  and,laftly, 
2/4  (=  2  X  />  X  /  =  2  X  4096  X  16  =  2  X  65,536) 
=  I3f>°72>  and  2wV  (=  2  X  17  X  17  X  18  X  18 
=  2  X  289  X  324  =  2  X  93,636)  =  187,272,  and 
2/4  +  2i»V(=  131,072  +  187,272)  =  318,344,  and 
+l2mn  (=  4  X  256  X  17  X  18  =  4  X  256  X  306  = 
4  X  78,336)  =  313,344,  and  confequently  2/*  + 

2w,flt  —  ^mn  (  =  3l8>344  —  3*3>344)  =  5000. 
Therefore  the  equation 


—  Sie6  +  9/V  —  7/V 
—  ww* 


4   +  —  4/2»;/i  f 

—  »v  J 


I' 

I 

*=  O,  will,  when  the  values  of  /,  m,  n  are  fubftituted 
inftead  of  thofe  letters  in  the  feveral  terms  of  the  equa- 
tion, and  the  feveral  necefl'ary  additions  and  fubtra&ion* 
of  the  terms  involving  the  fame  powers  of  **  have  been 
duly  made,  become  e9  —  80*6  +  1998*4  —  M>937*"  + 
5000  =  05  and  therefore  (adding  8c*6  «+•  i4>937^z  to 
J>oth  Wes)  we  (hall  have  e9  +  1998*4  4-  5000  == 

I4.937'2 


■ 
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,4>937'3  +  So*6;  and  (fubtradting  e*  +  1998K  from 
both  fides,)  we  (hall  have  5000  =  14,937**  +  80*6  — 
e*  —  I99&"4,  or  14,937^"  —  1998^  +  80*6  —  e%  = 
5000.  And  laftly,  fubftituting  x  inftead  of  ee>  we  {hall 
have  the  equation  14,937*  —  1998**  +  8ox3  —  .r4 
=  5000,  which  has  been  refolved  by  Dr.  Halley  in  the 
foregoing  trad,  and  more  fully  in  the  Appendix  to  the 
faid  trac"t,  in  which  all  it's  four  roots  have  been  invefti- 
gated,  and  have  been  fhewn  to  be  0.350,987,046,  and 
12.756,441,794,480,744,02,  &c,  and  32.060,290,8,  and 
34.832,280,2. 


Another  Method  of  reducing  the  fort  going  Equation  of  the 
T welfth  Order  to  an  Equation  of  the  Eighth  Order  by  means 
of  two  Divftons  ly  the  fame  Divifor  as  before. 

JrU  15.  The  foregoing  reduction  of  the  equation  of 
the  twelfth  power  to  an  equation  of  the  eighth  power  by 
means  of  the  divifion  of  it  by  the  trinomial  quantity  e*  — 
4/p2  +  4/  that  is  fet  forth  in  art.  13,  may,  perhaps,  be 
thought  to  be  in  fome  degree  obfeure  and  unfatisfactory, 
becaufe  the  dividend  is  a  fet  of  quantities  that,  all  taken 
together,  are  equal  to  nothing  and  it  may  be  faid,  with 
fome  appearance  of  truth,  "  that  operations  performed 
upon  nothing,  or  a  non-entity,  can  lead  to  no  rational 
conclufion."  I  will  therefore  now  feparate  the  quantities 
that  compofc  that  dividend,  and  place  fome  of  them  on 
the  fecond,  or  right-hand,  fide  of  the  equation,  and  then 

divide 
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divide  both  fides  of  the  equation  fo  prepared  by  the  fame 
trinomial  quantity  e4  —  4/^  -h  4/*  as  before  ;  by  which 
means  we  fhall  obtain  two  quotients  which  will  be, — not 
equal  to  nothing,  as  the  former  quotient  was,  but, — of 
finite  magnitudes  and  equal  to  each  other:  and  then,  I 
apprehend,  no  doubt  can  be  entertained  of  the  juftnefs 
of  the  reafoning  and  the  truth  of  the  conclufion  ob- 
tained by  it.  This  may  be  done  in  the  following 
manner : 


The  compound  quantity 
fci*  _9/,io  +  33/V  -  63A?6     +  66/4<r4     -  - 

-     m*c6    +    2m1n*c*  - 
~     ffe*     -  2$  J1  mm*  -  4/1«^» 

+  8Z6 
-  i6/*«« 


is  equal  to  the  trinomial  quantity  exz  —  4k10  4-  4/V 
together  with  the  multinomial  quantity 

•  -  s!e*°  +  ao^V  -  63P*6     +  66/4*4     -  $6l*ex 

—    aitf*1  +    9/mne6   +    4/w3^4    •+*  ybPrnne* 

—  «r3*6    -f    2«l»V  —  4/2^3rl 

-  «V     -  28/W  -  4/t«»tf* 
+    4/«3^     -  8Zw*«V 

+  8,* 
+  8/*JW?n* 

3  Therefore 
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Therefore  the  trinomial  quantity  cyz  —  4/f10  -f  4/*^ 
will  be  equal  to  the  faid  multinomial  quantity  when  the 
figns  of  all  it's  terms  (hall  be  changed,  that  is,  to  the 
following  multinomial  quantity,  to  wit, 

- 

f  +  57,10  _  29/t,«  4.  63/V>     -  66/***     +  36/5** 

+    mnc*  —    9/OT«ftf  —  —  $6l*mne% 

+     aiV*    —    3m«aM  4-  4/*^* 
+     »3tf6     4.  iWnme*  +  V2«ar* 
.    -  4-  8//»x«V 

1 

4-  i6l+mn. 

For  otherwife  the  former  multinomial  quantity,  which 
confided  of  the  trinomial  quantity  e1'  —  4/?'°  +  4/V 
with  this  latter  multinomial  quantity  fubtra&ed  from  it, 
could  not  have  been  equal  to  nothing. 

Now  let  both  fides  of  this  equation  be  divided  by  the 
trinomial  quantity  e*  —  4/f2  4-  4/* :  and  it  will  follow- 
that  the  quotients  of  thefe  two  divifions  mufl  be  equal  to 
each  other. 

But  the  quotient  of  the  divifion  of  the  trinomial  quan- 
tity  e11  —  4/?10  4-  4^V  by  the  trinomial  quantity  e4  — 
4/**  +  4^*  »s  e*.  And  the  quotient  of  the  divifion  of  the 
fecond,  or  right-hand,  fide  of  this  equation,  or  of  the  laft- 
mentioned  multinomial  quantity,  may  be  found  in  the 
following  manner ; 

3> 
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COOOO 


oc  c  oo 
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It  appears  therefore  that  the  quotient  of  the  divifion  of 
this  laft  multinorriiai  quantity  by  the  trinomial  quantity 
#♦  —  4/,*  4.  4/*  is  the  compound  Quantity 

I  +    »V  Ji 

Therefore  this  compound  quantity  will  be  equal  to 
which  is  the  quotient  of  the  divifion  of  the  quantity 
f«*  —        +  4/V  by  the  fame  divifor  *  -       +  V*  J  > 
and  therefore  -we  have  now  obtained  by  intelligible  means 
an  equation  between  two  finite  quantities,  to  wit,  the 
equation  *•  = 

{5/^     _  9/V       +7^*  —  2* 

+  —  $tmnt*     -f  4/*m/i 

■ 

which,  by  fubtracling  the  fecond,  or  right-hand,  fide  of 
it  from  **,  or  the  left-hand  fide  of  it,  will  produce  the 
former  equation  obtained  by  Dr.  Wallis,  to  wit,  the  ( 
equation 

_  5/<r*  +  9/V*  —  7*1      +  2/* 

—  mn**  +  $lmne%  —  A^xmn 
—    wV     +  2llfV 
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The  Application  of  the  Number  12.756,441,794,480,744,  or 
the  fecond  Value  of  ee,  or  the  leaf}  Value  of  it  but  one^  in 
the  Equation  14,937^  —  1 998V  +  doe*  —  e9  =  50OO, 
to  the  Solution  of  Colonel  Titus's  Problem. 

Art.  16.  Having  now  at  lad,  after  many  tedious  and 
laborious  Algebraick  operations,  obtained  the  equation 
_  5/,«  +  9/V   —  jle*       +  2/4 

—   mne4  +  $lmne%  —  ^mn 
—  +  2m  V 


or  (by  fubftituting  the  values  of  l>  m,  and  n  in  the  terms 
of  the  equation  inftead  of  thofe  letters  themfelves,  and 
making  the  proper  additions  and  fubtra&ions  of  the 
terms  that  involve  the  fame  powers  of  ee)  the  equation 
t-8  —  80*6  -h  1998^  —  14,937/-  +  S000  —  °>  or  tnc 
equation  I4>937"  —  1998*4  +  8o*6 —  el  =  5000,  we 
will  now  proceed  to  apply  one  of  the  values  of  ee  to  the  dif- 

covery  of  the  value  of  aa>  or  —  ,  and  of  a,  the  firft  of 

the  three  unknown  quantities  a,  b,  and  r,  which  are  re- 
quired to  be  found  in  Colonel  Titus*s  Problem. 

Now,  if  we  fuppofe  ee  to  be  s»  12.756,441,794, 
480,744,  (which  is  the  fecond,  or  leaft  but  one,  of  the 
four  values  of  ee  in  this  equation  that  have  been  found  in 
the  foregoing  Appendix,)  this  value  of  ee  will  enable  us 
to  find  the  values  of  the  faid  three  numbers  a,  b%  and  c 
required  by  the  Problem. 

For,  if  tils  =  12.756,441,794,480,744,  we  (hall  have 
aa{=  JL=  'MS6,44-m9-MS°,744    =  6.378>a20, 

897, 
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897,240,372,  and  confequently  a  (=  \/6- 378,220,897, 
240>372)  ==  2.525,513,986.  Therefore  a,  or  the  firft 
and  leaft  of  the  three  unknown  quantities  a,  by  and  c 
required  to  be  found  in  the  faid  Problem,  will  be  = 
2-525>5i3j986.  e.  i. 

Having  thus  found  the  value  of  a>  or  the  firft  of  the 
three  numbers  a,  b,  and  r,  we  may  derive  from  it  the 
value  of  by  or  the  fccond  of  thofe  numbers,  in  the  man- 
ner following  : 

It  has  been  (hewn  above  in  art.  8  that  b  is  = 

ma  s/tina*  —  \2lna1  +  m%a%  +  $i*n 

~~~~  mjm  — ^— — — — — — — —  — — — — •  , 

zn  in 

Now  aa  is  =  6.378,220,  &c,  and  confequently  a* 

will  be  ( =  6.378,220,  )  =  40.681,690,368,400, 
and  Sna*  will  be  (=  8  X  18  X  a*  =  144  X  a4-  =  144 
X  40.681,690,3^8,400)  =  5858.163,413,049,600;  and 
mV  will  be  (=  17  X  17  X  ar  =  289  X  a1  —  289  X 
6.378,220,  &c)  =  1843.305,580,  &c  ;  and  \ilriax  will  be 
(=  12  X  16  X  18  X  ax  =  3456  X  <?  =  3456  X 
6.378,220,  &c)  =  22,043.128,320  j  and  4/V2  will  be  (  = 
4  X  16  X  16  X  18  =  4  X  256  X  18  =  1024  X  18)  = 
18,432.  Therefore  the  quadrinomial  quantity  $na+  — 
Ulna1  +  mzaz  +  4/*//  will  be  (=  5858.163,4.13,049,600 
—  22,043.128,320  +  i843-3c5>58c>  &c  *  *■  **32  = 
26,133.468,993,049,600  —  22,013.128,320)  4090. 
•34°>673,049,6oo.  Therefore  Vow*-i2is(ji+/«  u^^a 
will  be  (=  vr4c90.340/)73,C4  ;,6co)  =  63  955,77];  and 

Vtinj*  —  12/na1  +  wy  +  4/'*    .„  ,    ,  62.qcc,77i 

1  will  be  ( =  ■  .  7J  J-'LL- 

*n  K  in 

0-3 


*3° 
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63«Q.l$»77i        63.055,771  *         *  A    .  m* 

=  ■   VJJ  J     =    ■  yj:  ■     )  1.776,540/.    And  — 

x?*  _  17Xi.$2$>;ij>g86     4*-933>737>76*  % 
nil  be  (-         -  —  ^  ^  > 


=  1.192,603,826.  Therefore 

- —  —  will  be  (=  1.192,603, 

826  +  1.776,549)  =  * 969i*52>826,  or,  nearly,  2.969, 
153  5  that  is,  b,  or  the  fecond  of  the  unknown  quantiti< 
a,  b,  and  <r,  required  to  be  fpund,  will  be  =,  nearly, 
2.969,153.  Q.  f.  1. 

LallJy,  Gnce  aa  +  be  is  =  /,  we  (hall  hare  be  *=  / 

,       -         ,  /— tftf  ,     16— 6.378,1 20,&C 

—  <7<z,  and  confequently  *  =  — j—  (=    ^  t — » — • 

a  .9  99  ^53 

—  9'         °  )  =  3.240,5805  that  is,  the  third  unknown 

number  c  which  was  required  to  be  found  will  be  = 
3.240,580,  Therefore  the  three  numbers  fought  are 
2-525,513,986,  &c,  or,  nearly,  2.525,514,  and  2*969,153, 
and  3.240,580.  0^  e.  1. 

Art.  17.  Thefe  numbers  will  anfwer  the  conditions  of 
the  problem.  For,  if  a  is  =  2.525,514,  and  b  is  = 
2.969,153,  and  r  is  =  3.240,580,  we  {hall  have  aa  = 
6.378,220,8,  and  bb  =  8.815,869,5,  and  cc  =  10.501, 

358.7,  and  be  (=  2.969,153  X  3.240,580)  =  9.621, 

778.8,  and  ae  (=  2.525,514  X  3.240,580,)  =  8.184, 
130,1,  and  ab  (=  2.525,514  X  2.969,153)  =  7.498, 
637,4.  Therefore  aa  +  be  will  be  (=  6.378,220,8  -f> 
9.621,778,8)  =  15.999^998,6  *,  which  is  very  nearly 
equal  to  16,  agreeably  to  the  fir  ft  condition  of  the  Pro- 
blem. 
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blem.  And  bb  +  ac  will  be  (=  8.815,869,5  +  8.184, 
130,1)  =  16.999,999,6;  which  is  very  nearly  equal  to 
1  7,  agreeably  to  the  fecond  condition  of  the  Problem. 
And  cc  +  ab  will  be  (=  10.501,358,7  +  7-498>637>4> 
=  17.999,996,1  ;  which  is  very  nearly  equal  to  18, 
agreeably  to  the  third  condition  of  the  Problem,      B.  D. 

Art.  18.  Dr.  Wallis  has  inveftigated  the  values  of  the 
numbers  a,  b,  and  c  to  fixtecn  places  of  figures,  and 
found  them  and  their  fquares  and  produces  to  be  as  fol- 
lows   to  wit, 

* 

a  =  2.525,513,986,744,158,  and  aa  =  6.378,220, 

897>240,37*> 

b  =  2.969,152,768,619,848,  and  bb  =  8.815,8^8, 

163,402,909, 

c  =  3.240,580,681,617,174,  andrr  =  10.501,363, 

154,070*30, 

and  be  =  9.621,779,102,759,628,  and  ac  =  8.184,131, 

836,597,093, 

and  ab  =  7498>636>845»9*9>567  >  and  confequcntly 
aa  +  be  to  be  = 

» 

{6.378,220,897,240,372,  °\ 
+    9.621,779,102,759,628  J 

=  16.000,000,000,000,000,  agreeably  to  the 

firft  condition  of  the  Problem 5 

- 

bb  +  ac  to  be  = 

{8.815,868,163,402,909  ^ 
+      8.184,131,836,597^93  J  ; 

17.000,000,000,000,002^  which  is  very 
<^4  nearly 
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nearly  equal  to  1 7,  agreeably  to  the  fecond  condition  of 
the  Problem  5 

and  cc  +  ab  to  be  = 

C         10.501,363,154,070,430  ^ 
\    +    7-498,636,845,929,567  J 

=  I7-999»999>999>999»997>  which  is  *CI7' 
nearly  equal  to  18,  agreeably  to  the  third  condition  of 

the  Problem.  - 


The  Application  of  the  Number  0.350,987,045,866,14,  or 
the  leajl  Value  of  ee  in  the  Equation  14,937^  —  1 998^ 
•+  8c<?6  —  e9  =  50OO,  to  the  Solution  of  Coionei  Titus's 
Problem. 

Art.  19.  But  there  is  another  fet  of  values  of  the  un- 
known numbers  /i,  b>  and  c  that  will  anfwer  the  condi- 
tions of  the  Problem.  And  thefe  values  may  be  derived 
from  the  lead  value  of  ee  in  the  final  equation  14*937** 

—  1998^  +  80  e6  —  e*  =  5000  refulting  from  the 
foregoing  folution  of  the  Problem.  For  the  leaft  value 
of  ee  in  that  equation,  or  of  x  in  the  equation  14,937* 

—  i998jr.r  +  8ox3  —  #4  =  5000,  has  been  found  in 
the  foregoing  Appendix  to  Dr.  Halley's  Tradt,  page  160, 
to  be  =  0.350,986,9,  or  nearly,  0  3 50,987  ;  and,  if  it 
had  been  inveftigated  to  a  greater  degree  of  exatlnefs,  it 
would  have  been  found  to  be  =  0.350,987,045,866,14. 
Therefore,  if  we  take  ee  =  0.350,987,045,866,14,  we 

(hall  have  aa  (=  ZL  =  = 
*       a  a  ' 

O.I  7J, 

- 

t 

« 
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ai75>493>522>933'°7i  aT1(l  consequently  a  (=  -1/0.175, 
493»522>933>°7)  -  0.418,9:9,470,701,7  ;  that  is,  the 
fir  It  and  lcatt  of  the  three  numbers  a9  />,  and  c  which  arc 
required  to  be  found,  will  be  =  0.418,919,470,701,7, 
or  nearly,  o.4i8,9i9,4;o.  o^.  e.  i. 

Further,  it  has  been  fhewn  above  in  art.  8  that  the 

fecond  unknown  number  b  is  =  + 

m 

in  ~   2  x  18 

\/8  x       -H7  x~7G~x~  1 8^  +  r  -  x  i7*a  +  4X  i6x  i6x  18 


2  x  18 


36  36 


—  '7*    .   \/i44^4  —  34$6gl  +  aSoa*  +  18,432 

—  4.  s/  144**  —  3167a1  4-  '8,432 
~     30    +  i6  ' 

But  a  is  =  0.4 1 8,9 1 9,470,  and  aa  is  =  0.175,493,523, 
and  confequently  a4  is  (=  0.175,493,523)  )  =  0.030, 
797>976/>3- 

Therefore  144/1 4  will  be  (=  M4  X  0.030,797,976,63) 
=  4-434)9o8>°34>72>  and  3167a2  will  be  (—  3167  X 
o.l75>49*523)  =  555-787,987,341,  and  144a*  — 
3167a1  4  18,432  will  be  (=  4-434>9o8>634>72  — 
555787>987>34i  +  18,432  =  18,436.434,908,634,7  — 

555787, 

5 
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555.787,987,341)  =  Hi8*^*6.0^1*20*?2*  and  C>c 
fejuare-root  of  -  3167a*  4-  18,432  will  he 

^17,880.646,921,293,72)  =  i3*-7l8>536>,OIi 

and   ^'44^-3'67^  £TO  will  be 

36 

ni.^i8,n6,ioi  4  o 
(=  "  y  )  -  3-7"M03,783. 

And  Jg.  will  be  („  '7  x  0.4.8.9.M70  ^ 


Therefore        +  wm  Dc 

(=  0.197,813,083  +  3. 7 1 4.403.783)  =  3.9»a.2l<5»866  5 
that  is,  A,  or  the  fecond  unknown  quantity  required  to  be 
found,  will  be  =  3.912,226,866.  <fc  *•  1. 

Laftly,  the  third  number  e  will  be  m  — j —  (  = 

16  -  Q.17M93.W  -  ,^2^»477)  ,884,670. 
-  3.9„,2a6,866  3.91x^26,866  '  45  7 

E.  I. 


jfrf.  20.  And  thefc  three  numbers,  0.418,919,470, 
3.912,226,866,  and  4.044,884,670,  will  anfwer  the 
conditions  of  the  Problem.  For,  if  a  is  =  0.418,919^470, 
and  b  is  =  3.912,226,866,  and  c  is  =  4-044i884>67o, 
we  (hall  have 
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aa  (=  0.418,919,47^)  =  0.i75,493i523t 
and  bb  (=  3.9 1 2,220,866  f)  =  JS-loS&WSh 
and  ee  (=  4.044,884,670)*)  =  16.361,091,993, 

and  be  (=  3.912,226,866  X  4.044,884,670)  =  J5'8*4i 

506,475, 

and  tfr  (=  0.418,919,470  X  4.9441884,670)  =  1.694, 

480,942, 

and  ab  {=  0.418,919,470  X  3.912,2*6,866)  =  1.638, 

908,005. 

Therefore  aa  +  be  wijl  be  = 

> 

{0.1 75>493>5*3  1 
+  15.824,506,47s  J 

=  15.999,999,99?  »  which  is  very  nearly 
=  16,  agreeably  to  the  firft  condition  of  the  Problem: 

» 

And  bb  +  ac  will  be  =s 

+  1.694,480,942  / 

=  16.999,999,993 ;  which  rery  nearly 
equal  to  17,  agreeably  to  the  fecond  condition  of  the 
Problem  : 


^nd  ic  +  ok  will  be  =s 

16.361, 
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* 

{16.361,091,993  -I 

+     1.638,908,005  J 

=  17.999,999,99s  5  which  is  very  nearly 
equal  to  18,  agreeably  to  the  third  condition  of  the 
Problem. 

It  appears  therefore  that  thefe  three  numbers  0.418, 
919,470,  3.912,226,866,  and  4.044,884,670,  which  arc 
derived  from  0.350,987,046,  or  the  fir  ft,  or  leaft,  value 
pf  ee  in  the  equation  14,937'*  —  1 998**  +  be*6  —  <9< 
=  5000,  anfwer  the  conditions  of  the  Problem  as  well  as 
the  three  former  numbers  2.525,513,986,  and  2.969,153, 
and  3.240,580,  which  arc  derived  from  12.756,441,794, 
480,744,  or  the  fecond  value  of  ee,  or  the  leaft  value  of 
ee  but  one,  in  the  fame  equation. 


Of  the  Tivo  Greateft  Values  of  ce  in  the  Equation  14,937/* 
—  1998^  +  8c*6  —  e*  =  5000. 

Art.  21.  But  the  other  two  values  of  ee  in  the  equation 
-I4>937^  —  199s*4  +  80*6  —  e*  =  5000,  to  wit,  the 
numbers  32.060,290,8  and  34  832,280,2,  have  no  rela- 
tion to  the  prefent  Problem  :  for,  if  the  values  of  a>  b% 

and  c  are  derived  from  them  by  taking  aa  =  —  ,  upon 

2 

a  fuppofition  that  ee  is  equal  to  either  of  thofe  two  num- 
bers,  and  taking  *=•=!  +  + 


_  *7"   ,    ^I44a4  -  316;,;*  +  18,43a  l-aa 

or  -  -  H  -  ,  and  c  =  — ■ — , 

36  36  b  * 

16  —  a  a 

or   j  ,  the  values  of  aa  +  be,  bb  +  ac,  and 
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cc  +  ab  will  not  be  found  to  be  refpe&ively  equal  to  the 
three  numbers  16,  17,  and  18,  agreeably  to  the  condi- 
tions of  the  Problem.    But  thefe  two  greater  values  of 

ee  in  the  faid  equation  14,937^  —  1 99^4  +  8o<?6   e* 

=  5000,  or  thefe  two  greateft  roots  of  the  equation 
"J4»937*  —  1998*1  +  80*3  —  *♦  =  5000,  will  be 
found  to  relate  to  two  other  Problems,  fomewhat  different 
from  that  of  Colonel  Titus.    For,  if  ee  is  taken  ~ 

32.060,290,8,  and  aa  is  taken  =  — _  0r  32,o6o,2°0>8 

2  2  ■ 

or  16.030,145,4,  and  a  =  */i  6.030,14  5,4,  and  b  is 

- 

'  taken  =121+   ^i44«*  -  iTo^TTg^ 
36  36  ' 

*  =  — 7 — >  or   7  ,  the  three  values  of  a.  bt 

b  b 

and  c  fo  obtained  will  be  fitted  to  anfvver  the  conditions 
of  a  Problem  in  which  it  fliould  be  required  to  find  the 
values  of  three  unknown  numbers  at  b>  and  c,  upon  a 
fuppofition  that  aa  —  be  (inftead  of  aa  +  be)  was  equal 
to  16,  and  that  bb  +  ac  was  (as  before)  equal  to  17,  and 
that  cc  —  ab  (inftead  of  cc  +  ab)  was  equal  to  18.  And, 

if  mistaken  =  34.832,280,2,  and  aa  is  taken  =  — , 
or  34-  32,2  0,1  ^  ^  ,7.4,6,140,1,  and  b  is  taken  =  - 


17a         V^tf*  —  3167*1   -f-  1^,4^2  . 

~~tt  V  —-7  — ,  and  c  is  taken 

1  —  aa         16  —  /7/7     .  _ 
=  —  ,  or   -  ,  the  three  values  of  a>  b,  and  c 

fo  obtained  will  be  fitted  to  anfvver  the  conditions  of  a 

third 
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third  Problem,  in  which  it  fliould  be  required  to  find  the 
values  of  three  unknown  numbers  a,  b,  and  e>  upon  a 


to  1 6,  and  that  bb  —-ac  (inftead  of  bb  +  ac)  was  equal 
to  17,  and  that  cc  +  ab  was  (as  before)  equal  to  18.  See 
Dr.  WalUVs  Algebra,  chapter  LXII,  articles  63,  64,  6$, 
66,  3cc  -  -  79,  in  which  the  fubje&  is  fully  di  feu  fled,  but 
not  without  fome  degree  of  obfeurity  arifing  from  the 
conGderation  of  negative  quantities,  and  from  the  do&rine 
of  the  generation  of  equations  one  from  another  by  mul- 
tiplication, or  by  bringing  all  the  terms  of  each  equation 
to  the  firft,  or  left-hand,  fide  of  the  equation,  fo  as  to 
make  them  equal  to  0,  and  then  multiplying  the  equations 
(fo  prepared  and  made  equal  to  nothing,)  one  into  another, 
and  from  the  eminently  falfe  pofition  derived  from  that 
manner  of  generating  equations,  to  wit,  u  that  every 
Algebraick  equation  has  as  many  roots  as  there  are 
units  in  the  index  of  the  higheft  power  of  the  un- 
known quantity  contained  in  the  equation."    For  this 
do&rine  of  the  generation  of  equations  one  from  another 
by  multiplication,  (which  was  invented  by  Harriot,  and 
adopted  by  Des  Cartes  and  Dr.  Wallis  and  almoft  all 
the  fubfequent  writers  on  Algebra,)  inftead  of  being 
an  improvement  in  that  fcience,  has,  in  my  opinion, 
been  of  great  detriment  to  it  by  deftroying  it's  fimplicity 
and  perfpicuity,  and  therefore  ought  again  to  be  difcarded 
from  it* 


Art.  22.  The  foregoing  Solution  of  Colonel  Titus's 
Problem  given  us  by  Dr.  Wallis  is,  as  we  have  feen,  ex- 
ccedingly  tedious  and  laborious  j  and  great  part  of  the 


/uppofition  that  aa 


—  be  (inftead  of  aa  +  be )  was  equal 


9 


labour 
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labour  required  in  the  folution  of  it  arifes  from  the  ne- 
ceflity  we  are  under  of  raifing  the  equation  involving  the 
unknown  quantity  a  to  the  1 2th  order,  or  to  the  12th 
power  of  a9  in  order  to  free  it's  terms  from  radicality. 
But  Mr.  William  Frend,  the  ingenious  author  of  the  late 
perfpicuous  Treatife  on  Algebra  in  one  volume  octavo, 
intitled  Principles  of  Algebra,  (in  which  he  totally  rejects 
the  abfurd  and  perplexing  do&rine  of  negative  quantities* 
or  quantities  lefs  than  nothing,  or  quantities  obtained  by  fub- 
trading  a  greater  quantity  from  a  UJfert)  has  lately  com- 
municated  to  me  another  Solution  of  this  Problem, 
which  produces  only  a  biquadratick  equation.    And  this 
equation  will  be  found  to  have  three  roots,  or,  in  the 
language  of  modern  Algebraifts,  three  real  and  affirmative 
roots ;  of  which  the  middle  root  will  enable  us  to  find 
the  firft.  fet  of  values  of  the  three  unknown  numbers  a, 
b>  and  c,  that  will  anfwer  the  conditions  of  the  Problem, 
to  wit,  the  three  numbers  2.525,5  &c,  2.969,15  &c,  and 
3.240,5  &c  ;  and  the  greateft  root  will  enable  us  to  find 
the  fecond  fet  of  values  of  the  faid  three  unknown  num- 
bers that  will  anfwer  the  fame  conditions,  to  wit,  the  three 
numbers  0.418,919,47,  3.912,226,8  &c,  and  4.044,884,6 
&c.    This  Solution  I  (hall  now  proceed  to  lay  before  the 
reader,  as  a  proper  accompaniment  to  the  foregoing  So- 
lution of  this  Problem  given  us  by  Dr.  Wallis. 


ANOTHER 


- 
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ANOTHER  SOLUTION 

* 

OP 

COLONEL  TITUS's  PROBLEM, 
BY  MR.  JVILLIAM  FREKD,  M.  A. 

FELLOW  OP  JESUS  COLLEGE,  CAMBRIDGE. 


Art.  13.  iVETAINING  the  notation  ufcdin  the  fore- 
going Solution  of  this  Problem  by  Dr.  Wallis,  and  retaining 
Iikewife  the  preliminary  obfervations  made  by  Dr.  Wallis, 
to  wit,  "  that  the  three  unknown  numbers  a>  b,  and  r, 
that  are  fought  in  the  Problem,  are,  all  of  them,  of  dif- 
ferent magnitudes,  and  that  a,  or  the  number  of  which 
the  fquare  occurs  in  the  firft  equation  aa  +  be  =  16,  is 
the  leaft  of  the  three,  and  that  c,  or  the  number  of  which 
the  fquare  occurs  in  the  third  equation  cc  +  ab  =  18,  is 
the  greateft  of  the  three,"  let  it  be  fuppofed  that  the  fe- 
cond  unknown  number  b  is  greater  than  the  firft  un- 
known number  a  in  the  proportion  of  x  to  1,  and  that 
the  third  unknown  number  c  is  greater  than  the  firft  un- 
known number  in  the  proportion  of  y  to  1. 

Then  will  b  be  =  xa9  and  c  will  be  =  yay  and  confe- 
quently  bb  will  be  =  #V,  and  cc  "will  be  =  y*a\  and 

be 
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ic  will  be  (=  xa  X  ya)  =  xyaa,  and  ac  will  be  (=3  *  X 
ya)  =  jfltf,  and  ah  will  be  (=  a  x  xa)  =  xaa.  There- 
fore the  firft  equation  0*  +  be  =  16,  or  aa  +  =  /, 
will  now  become  +  xyaa  =  16,  or  a*  +  xyaa  =  ?j 
and  the  fecond  equation  bb  +  <7r  =  1 7>  0r  ^  +  <rc  a 
will  now  become  x2a*  +  =  17,  or  x2az  +  ja* 
=  m-9  and  the  third  equation  cc  ab  =  iS,  or  «•  + 
*3  =;  nt  will  now  become  yxa%  +  ^a  =  18,  or  + 


*VJa  =  /I. 


ArU  24.  Now,  fince  <*z  +  xyaa  is  =  /,  we  (hall  have 

-  TT*y  '    And'  fincc"*v  +  jw1  is  =  m,  we  (hall 

have  -  =  — .    And,  fince  , V  +       is  =  *,  we 

fhall  have  aa  =  — - —  . 

yy  +  x 

Further,  fince  aa  is  =   ,  and  aa  is  alfo  = 

1  +  *y 

we  (hall  have  =  -2L- ,  and  confe- 

quently,  (multiplying  both  fides  by  1  +  xy  X  *2  +  y) 
we  (hall  have  /x*  +  /y  =  m  +  m,ry ;  and  (fubtraaing 
m  from  both  fides,)  lx%  +  /y  —  m  =  m*y,  and  (fub- 
tracing  /y  from  both  fides)  lx%  —  m  =  mxy  —  J),  and 
(dividing  both  fides  by  mx  -  /)  we  (hall  have  y  s= 

w;r  _  /  •    And  thus  we  have  obtained  a  value  of  j  ex- 

pcefied  by  a  fradion  which  involves  only  the  ki.own 

R  quantities 
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quantities  /  and  m  and  the  unknown  quantity  x.  We 
muft  now  endeavour  to  find  another  value  of  y  exprefled, 
like  the  former,  in  terms  that  involve  only  known  quan- 
tities and  the  fame  unknown  quantity  x.  And  this  may 
be  done  as  follows  : 


Art.  25.  Since  aa  is  =        —  ,  and  aa  is  likcwife 

x*  +  y 

,  it  follows  that  — — —  will  be  = 


yy  +  x  x*  +y  yy  +  x 


Therefore  (multiplying  both  fides  into  xz  •+■  y  X  y'  -h  x) 
we  mall  have  myy  +  mx  =  nx1  +  ny  \  and  (fubtrading 
mx  from  both  fides,)  we  (hall  have  myy  =  nxx  —  mx 
+  ny,  and  (fubtratting  wy  from  both  fides,)  myy  —  ny 
=  nxx  —  mx,  and  (dividing  both  fides  by  m)  yy  — 

wv         nx\      mx      i  ncrcforc  (add;ng  JL:  to  both 


mm  4m1 
fides,)  we  (hall  have  yy  — 


t/v  n%  nxx  —  mx 


m  4/0* 


.fr-  — -  ;  and  (extracting  the  fqu are-roots  of  both 




n  \  nxx  —  mx  n 


fides)  we  (hall  have  v  =    +  — :  > 

and  (adding  —  to  both  fides,)  y 

2  m 


f nxx  —  mx  «*"    ^  n 

*  \       m  4i»*  aw 


Art.  26.  But  it  was  before  (hewn  that  v  is  =  -  ^ . 

mx—l 

Therefore 
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Therefore  h%  ~  "  will  be  =  v'f^^  + 

mx  —  I                              m  4»» 
+   —jy  and  confequently  —  ^  —  will  be  = 


  +  - 

n 


+  — and  therefore  the  fquare  of 

AMI  • 

n% 


— :  —  will  be  equal  to 


nxx  —  mx 


+  

4*1* 


lx^    ^™  ff  /x*  "™*  2 

But  the  fquare  of   —  —  is  =  

^  mx  —  I  im  "  mx—l  » 


—  2  X 


4*» 


4*!> 


 X 


II 

 X 


mx  —  l 

n 

  X 

/ 

2m 

Ix1  — 

m 

mx  — 

I 

m 

tn 


fa*  —  WV 


/ajr4  —  2/mjra  •+■  iw1 


=7> 


mx  —  I  * 


Therefore 


l*x*  —  2/wi**  +  mx 


n 


mx 


4«» 


 X 


/**  —  m     ....         nxx  —  mx  n%  , 

  will  be  =    +  And  con- 

mx  —  I  m  Amx 


fequently  (fubtraaing  — r  from  both  fides,)  we  (hall 

,              — 2W1  +  »jl  n  Ix1  —  m 

have   —  —  X 


mx  -  /V 


m 


mx  —  / 


—  mx 


m 


,  and   (multiplying  both  fides  into  m) 


R  2 
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—   —  n  X   r  =        —  »r; 

and  (multiplying  both  fides  into  mjr — 4 or  i»2*2  — . 
2/w*  -fr»  /*,)  we  fcall  hayc  ^/wA-4  —  a/wV  +  m3  —  »  X 


/**  —  m  X  mx  —  /  =  /wc*  —  roil  X  m V  —  l/mx  + 

or 7W  —  2&tV  +  m3  —  »  X  hnx3  —  Fx*  —  mxx  +  /m 
=  m*nx*  —  tfmux3  +  /2/m?1  w3*3  H-  a/wV  —  JW, 
or  /for4  —  2/mV  +  wi3  —  ///j/j*3  +  /Vmt*  +  m2**  — 
/m»  =  —  2/m/Mr3  +  —  m3x3  .+  2/«V  — 

ft**,  and  /(fubtraOing  TV;*1  from  both  fides,)  Prnx*  — 
2/mV1  HF —  W  4-  r»W  —  /«»  ±=  raVr4  — 
2 W3  —  «3*3  +  2/mV  —  /W,  and  (adding  Imnx3 
-h  2/w2*2  to  both  fides)  I'mx*  +  m3  +  m2/ix  — r  Imn  = 
*w2«x4  —  /m/7*3  —  mV  +  4/ffi*arl  —  Pmx%  and  (fub- 
tra&ing  /Vw.r4  +  m2nx  from  both  fides,)  m3  —  lm»  =x 
*»2/ir4  —  /a»*r4  —  /m»x3  —  mV  +  4/171 V  —  /W  — 
wj2>w,  or  m2nx+  —  /2mx4  /war3  —  /wVr1  +  4/mV  — 
/W  —  rrinx  =  m3  —  Imn,  and  (dividing  all  the  terms 
by  m)  mnx*  —       —  Inx3  —  m\v3  +  4//71  .r2  —  /V  —  iw/tj 


=  m2-//flpr  iSnw2!  X  *4  —  f/»  +  w2l  X  •**  +  4/aw2 
—  f/2  +  mi\  X  *  =  iw2  —  In  %  and,  laftly,  (dividing  all 

the  terms  by  mn  —  J2)  we  ftiall  have  *♦  —  |^1±^!  x 
1  4^w 


X  *l  — 


X    AT  = 


^r/.  27.  But,  becaufe  /  is  =5  16,  and  m  is  =  17,  and 
11  (s  «  18,  we  (hall  have  In  (=  16  X  18)  =  288,  and 
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mn  (=  17  X  18)  =  306,  and  /*  (=  16  tf  16)  =  255, 

* 

and  *i*      17  x  17)  =  289.   Therefore  t±j£.  will 

,     ,      288  +  289        577        1154  %  . 
be  (=  —1- — i  -211  =  — ^  )  =  11.54;  and 
v     306  -  256        50        100  '  JT 


will  be  (-  ^~X-P  =  ±2-iZi  « 

—  V  306  —  256  50 

1088        2176  ^  >         ,  lx  +  mn     .„  .  , 

  =  —J~)  =  21.761  and  — will  be  (=s 

50  100  *  '  mn  —  /*  . 

306  -  2S6  =  77  =  id >  =  11,24  5  and 

will  be  =  =        =  — >   =s  0.02. 

3OO  —  256  5O  IOO  ' 


Therefore  the  equation  x*  — 

-  1 

.         f  /*  +  mn  m1  ~  in  ... 

X  x*  —  — - — ~  X  a*  =   -77-  will,  when 

I  mn  —  /*  mn  —  r 

thefe  fubftitutions  of  the  original  numbers  16,  17,  and  18 
for  the  letters  /,  m,  and  /1  have  been  made  in  it,  become 
x4  —  ix.54  X  xJ  +  21.76  X  x1  —  U.24  X  *  =  0.02. 
This  equation  muft  therefore  be  refolved  in  order  to 
obtain  the  value  of  x ;  and  from  the  value  of  x  fo  ob- 
tained, or,  if  the  equation  (hould  have  more  than  one 
root,  (as  will  be  found  to  be  the  cafe,)  from  that  value  of 
x  which  has  a  relation  to  the  prefent  Problem,  we  mud 
then  derive  the  value  ofy,  expreffed  by  it's  relation  to  x,  by 

computing  the  fraction  j->  or    '  $  to  which 

we  have  feen,  in  art.  24,  that  j  is  equal.  And,  when  this 
if  done,  #e  muft  multiply  the'  value  of  xa%  or     into  the 

R  3  value 
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value  of  ya,  or  c%  which  will  give  us  the  value  of  be  ex- 
preued  by  it's  relation  to  aa\  and  then  the  equation 
aa  «+•  =  16  will  be  a  quadratick  equation  involving 
only  one  unknown  quantity,  namely,  a>  and  which  may 
therefore  be  eafily  refolved ;  and  the  refolution  of  it  will 
give  us  the  value  of  ay  or  the  firft  of  the  three  unknown 
quantities  a,  h,  and  c,  that  the  Problem  requires  us  to 
find.  And  from  the  value  of  a  fo  found  we  may  derive 
the  values  of  b  and  c  by  multiplying  a  into  x  to  obtain 
the  number  by  and  by  multiplying  a  into  y  to  obtain  the 
number  e.  Our  next  bufinefs  therefore  mud  be  to  find 
the  roots  of  the  biquadratick  equation  x4  —  11.54*'  -f 
21.76.ar  —  1 1*24*  =  O.02. 


The  Refolution  of  the  Biquadratick  Equation  x4  —  H*54*< 
+  21. 76**  —  II.24*  =  0.02. 

— — 

Art.  28.  Let  us,  firfr,  fuppofc  that  x  is  =  1. 

4 

1 

And  we  (hall  then  have  xl  =  1,  and  *s  =  1,  and 
x4  =  1  5  and  confequcntly  x4  +  21.76.tr  will  be  (=  1 
+  2i«76)  =  22.76,  and  U.54X3  +  11.24*  w^  (== 
ix. 54  +  1 1.24)  =  22.78  ;  which  is  greater  than  22.76, 
and  therefore  cannot  be  fubtra&ed  from  it.  Therefore 
in  this  cafe  the  binomial  quantity  11. 54a1  -H  11.24*  is 
greater  than  the  binomial  quantity  x4  +  21.76**,  and 
cannot  be  fubtracled  from  it,  and  confequently  the  qua- 
dfinomial  quantity  x4  —  n.^x*  +  21. 76*1  —  11.24* 

(which 
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(which  fuppofes'the  fubtra&ion  of  1 1.54X3  +  1 1.24*  from 
**  -h  21.76**)  cannot  exift.  And  the  fame  thing  will  be 
true,  if  *  be  of  any  magnitude  left  than  1.  But,  when  x  is 
a  little  greater  than  1,  the  binomial  quantity  *♦  ■+•  21.76** 
(which  before  had  been  lefs  than  the  binomial  quantity 
1 1.54*5  +  1 1.24)  will  become  equal  to  the  binomial  quan- 
tity 11.54*3  +  11.24*,  and  the  whole  quadrinomial  quan- 
tity x*  —  1 1  -54. *'  +  21.76**  —  11. 24*  will  be  =  0; 
and,  when  *  increafes  ft  ill  further,  the  faid  quadrinomial 
quantity  will  increafe  from  o  to  a  certain  quantity,  after 
which  it  will  decreafe  to  a  certain  quantity,  and  then, 
finally,  it  will  increafe  from  that  quantity  ad  infinitum^ 
which  makes  it  become  at  three  different  in  ft  ants  of  time 
equal  to  the  fame  quantity.    Thus,  for  example,  when  * 

is  become  =  1  +   ,  or  1.1,  we  (hall  have  **  =  1.21, 

10 

and  *3  =.  1. 331,  and  **  =  1.14641,  and  11.24*  (  = 
11.24  x  I  !)  =  I2-3°4>  »nd  21.76**  (=  21.76  X 
1. 21)  =  26.3296,  and  ir.54*3  (  =  11.54  X  1.33 1 )  = 
15.359,74;  and  confequently  the  compound  quantity 
*♦  —  1 1.54**  4-  21.76**  —  1 1.24*  will  be  (=  1.464 1 
-  *5-359>74  +  26.3296  —  12.364  =  27.793,70  - 
27.723,74)  =  0.069,96.  Therefore,  while  *  increafes 
from  the  magnitude  which  it  has  when  *4  «+■  21.76**  is 
=  1 1. 54V3  *+  11.24*,  or  when  the  quadrinomial  quan- 
tity **  —  i,.54*J  +  21.76** —  11.24*  is  =  o,  to  i.i, 
the  faid  quadrinomial  quantity  will  increafe  from  o  to 
0.069,96,  and  confequently  it  will  at  fome  former  inftant 
of  time  during  it's  faid  increafe  have  been  equal  to  0.2, 
which  is  lefs  than  0.069,96  ;  or,  in  other  words,  the  leaft 

R  4  root 
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root  of  the  biquadratick  equation  *4  —  ii.54*j  + 
21.76*2  -r-  11.24*  =3  0.02  will  be  lets  than  j.i,  but 
greater  than  1. 


Art.  29.  Since  we  now  know  that  the  faid  root  h  left 
than  1. 1 ,  but  greater  than  i,  we  will,  in  the  next  place, 
fuppofe  it  to  be  nearly  =  1.03,  and  will  try  the  effect 
of  this  fuppofition. 


Now,  if  *  is  =  1.03,  we  iball  have  **  (=  1.03V) 

=  1.06C9,  and  xl  (=  1. 03V)  =  1-092,727,  and  *♦  (= 

iTo^4)  =  1. 125,508,81.  Therefore  11.24*  will  be 
(=  11.24  X  I.03)  =s  11.5772;  and  21.76**  will  be 
(=  21.76  X  1.0609)  =  23.085,184;  and  11.54**  will 
be  (  =  11.54  X  1.092,727)  =  12.610,069,58;  and 
consequently  the  whole  compound  quantity  x4  —  1 1.54*' 
4-  21. 76**  —  11.24*  will  be  (  =  1.125,508,81  — 
12.6*10,069,58  +  23.085,184*00  —  11.577,200,00  = 
24.210,692,81  —  24.187,269,58)  =  0.023,423,23^ 
which  (though  much  lefs  than  0.069,96,  or  the  refult  of 
the  fubftitution  of  i.x  inftead  of  *  in  the 'faid  compound 
quantity)  is  (till  a  little  greater  than  0  02,  or  the  abfo- 
lute  term  of  the  equation  *4  —  11.54*'.  +  21.76**  — 
11.24*  ==  0.02.  And  confequently  1.03  will  be  forne* 
what  greater  than  the  root  of  that  equation. 

Jri.  30.  We  will  therefore,  in  the  third  place,  fuppofe 
x  to  be  =  1.027  (inftead  of  1.03,  or  1.030)  and  try  the 
effect  of  that  conjedure. 

Now^ 


*  > 
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Now,  if  x  is  =  1.027,  we  (ball  have  x1  [—  1.027) ")  == 

I.  054,729,  and  **  (  =  1.027)*)  —  1.083,206,683,  and** 

{=  1.027)*)  =  1.112,453,441.  Therefore  11.24*  will  be 
(=  11.24  *  1-0*7)  =  n-543t48»  and  2I.76*1  will  be 
(=  21.76  X  1.054,729)  =  22.950,903,04,  and  11.54** 
will  be  (=  11.54  X  1.083,206,683)  =  12.500,205, 
121,82  ;  and  confequently  the  whole  compound  quantity 
*♦  —  11.54**  +  21. jtx*  -rr  11.24*  will  be  (=  1.112, 
453>203>44i  -  12.500,205,121,32  +  22.950,903,04 -r 

II.  543,48  =  24.063,356,303,441  —  24.043,685,121,82) 
=  0.019,671,181,621  ;  which  is  a  little  lefs  than  0.02, 
or  the  abfolute  term  of  the  equation  —  11.54**  + 
21.76**  —  11.24*  =  0.02.  Therefore  1.027  will  be  a 
little  lefs  than  the  true  value  of  *  in  that  equation.  We 
may  therefore  now  conclude  that  the  faid  true  value  is 
lefs  than  1.03,  or  1.030,  but  greater  than  1.027,  and 
likewife  that  it  is  nearer  to  j.027  than  to  1.03,  or 
J.030. 

Art.  31.  "We  will  now  make  ufe  of  this  lad  near  value 
of  *,  to  wit,  1.027,  a*  a  Da^s  *°r  a  further  approach 
to  it's  true  value  by  Mr.  Raphfon's  method  of  approxima- 
tion, and  for  that  purpofe  we  will  fuppofe  *  to  be  equal 
to  1.027  +  z>  ancl  WIU"  fubftitute  that  binomial  quantity 
inftead  of  *  in  the  terms  of  the  equation  *4  —  1 1.54*1 
-J-  21. 76*1—  11.24*  =  0.02.  This  may  be  done  as 
follows : 

If  *  is  =  1.027  +     wc  *ha11  ^ve     (=  1/527  +  *1* 

=  7^027  2  +  2  x  1.027  x  2  4-  &c  =To27)1  +  2.054 

^+&C)   =   1.054,729  +  2.O54  X  %  +  &C, 

and 

I 
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and  x*  (=  1.027  +  sV  =  1^027!*  +  3  X  1.027I*  X  %  +  &c 
=  1.0271s  +  3  x  1.054,739  x  *  +  &c  =  1.027V 

+  3-164,187   X  *  +  &c)   =   1.083,206,683  + 
3.164,187  X  z  +  &c, 

and      (=  1.027  +  *i4  =  X.0T7)*  +  4  X  1.017V  X  z  4  &c 
=  1^027]*  -f  4  X  1.083,206,683   X  z  +  &c  = 
1.027I4  +  4.332,826,732  x  z  -!•  &c)  =s  1.112,453, 
263,441  +  4.332,826,732  X  %  +  &c. 

Therefore  11.24*  will  be  (=  11-24  X  1.027  +  z  = 
11.14  X  1.027  +  11 X  z)  =  11.543,48  +  11.24  X  z; 

And  21.76**  will  be  (=  21.76  X 

|-°54>729  +  2.054  X  *  4-  &c 
=  21.76  X  1.054,729  +  21.76  X  2.054  X  z  4-  &c 
=  21.76  X  1.054,729  +  44.695,04  X  z  +  &c) 
=  22.950,903,04        +  44.695,04  X  z  +  &c; 

And  11.54*1  will  be  (  =  i'-54  X 

1.083,206,683  +  3.1(^4,187  X  z  +  &c 

=  11.54  X  1.083,206,683+  11.54  X  3.164,187  Xz  +  &c 
=  II.54  X  1.083,206,683  +  35.565,461,88  X  z  +  &c) 
=s  12.500,205,121,82        +35  565,461,88  X  z  +*  &c; 

and  consequently  the  whole  compound  quantity  *4  — 
11.54**  +  21.76*' —  1 1.24*  will  be  =s  to  the  com- 
pound quantity 

t  Lilly 
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n  13,4^3,263,441  +    4.332,826,73a  X  *  +  &c 

—  I  2.5^0,205,1  2  1,82  —  35*065,461,88  X  *  —  SCC 
+  22.950,903,04  +  44.695.d4  X  z  +  &C 

t  24.063,356,303,441  49.027,866,732  X  as  -f  &c  "I 
~S  —  24.043,685,121,82    -  46.805,461,88    X  *  -  &c  J 

=  0.019,671,181,621  4-  2.222,404,852  X  z  4-  &c. 

But  the  compound  quantity  *♦  —  11.54*'  +  21*76** 
—  11.24*  is  =  0.02. 

Therefore  the  compound  quantity  0.019,671,181,621 
+  2.222,404,852  X  z  will  alfo  be  =  0.02.  And  con- 
fequently,  (fubtra&ing  0.019,671,181,621  from  both 
fides,)  we  (hall  have  2.222,404,852  X  z  (  =  O.C20, 
000,000  —  0.019,671,181)  =  0.000,328,379,  and  z 

0.000,328,^79 

<  =  I^fc^TT )  =  o  000'I^.9,  or,  nearly,  0.000,148. 

Therefore  *,  or  1.027  +  2>  W-N  be  (  =  1.027  + 
0.000,148)  =  1.027,148  ;  that  is,  the  root  of  the  equa- 
tion —  11.54**  +  21.76**  +  11.24*  =  0.02  will 
be,  nearly,  =  1.027,148.  o^.  e.  u 


Art.  32.  We  will  therefore^  in  the  next  place,  fuppofe 
*  to  be  1.027,148,  and  try  the  efle&  of  this  fuppo- 
fition. 

Now, 
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Now,  if  x  is  =  1.027,148,  we  fhall  have  x*  (  =s 

j.027,148)1)  =  1.055,033,013,904,  and  xl  (=  1.027,148^' 
=  1.055,033,0  X  1.027,148)  =  1.083,675,0,  and  x* 
(=  1.083,675,0  X  1.027,148)  =  1.113,194,6.  There* 
fore  1 1 .24*?  will  be  (=  11.24  x  1.027,148)  =  11.545, 
143,5,  and  21.76**  will  be  (  =  21.76  X  1.055,033,0) 
s=  22.957,518,0,  and  U.54X3  will  be  ( =  11.54  X 

I.  083,675,0)  =  12.505,609,5;  and  confequently  the 
whole  compound  quantity  #4  —  n^x1  4-  21.76**  — 

II.  24*  will  be  (=  1.113,194,6  —  12.505,609,5  4- 

22.957,518,0  —  u.5451'43^5  =  *4-07°>7i*>6  — 
24.050,753,0)  =  0.019,959,6  i  which  is  a  little  lets 
than  0.02,  or  the  abfolute  term  of  the  equation  x4  — 
11.54*3  4-  21.76**  —  11.24*  =  0.02.  Therefore 
1.027,148  will  be  a  little  lefs  than  the  true  value  of  x  in 
that  equation. 

Art.  33.  We  will  now  have  recourfe  to  a  fecond  pro- 
cefs  of  Mr.  Raphfon's  method  of  approximation,  in 
order  to  obtain  a  more  exa£t  value  of  this  root  o£ 
the  eq'uation  x* —  1 1 .54**  4*  21.76*1  —  11.24* 
=  0.02,  and  for  that  purpofe  will  fuppofe  .v  to  be  = 
1.027,148  +  z,  and  will  fubilitute  1.027,148  +  z  in- 
Jtcad  of  it  in  the  terms  of  the  faid  equation,  and  then 
refolve  the  transformed  equation  refulting  from  fuch 
fubflitution,  as  if  it  were  a  mere  fimple  equation,  by 
omitting  all  the  terms  of  it  that  involve  any  higher 
power  of  the  unknown  quantity  z  than  the  fimple  power* 
or  z  itfelf.  This  may  be  done  in  the  manner  follow- 
ing : 

♦  Sine* 
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Since  *  is  =;  1.027,148  +  z,  wc  fliall  have  x*  (=2 
1.027,148  +  z)2  =  1.027,148**  +  2  X  1.027,148  X 

z  +  &c  =  1.027,148)*  +  2.054,296  X  z  +  &c)  = 
1.055,033,013,904  +  2.054,296  X  z  +  &c, 

* 

and  at*  (=  1.027,148  +  »\»  =  1.027,148!*  +  3  X 

1.027,1481*  X  z  +  &c 
=  1.027,148^  X  3  X  1.055,0330  X  z  +  &c 
=  1.027,1481s  +  3.165,099,0  X  z  +  &c) 
=  1.083,675,0  +  3.165,099,0  X  z  +  &c, 

andx*(  =  1.027,148  +i14  =  1.027,148)*  +  4  X 

1.027,148V  X  z  +  &c 
=  1.027,148)*  +  4  X  1.083,675,0  X  z  +  &c 

=  1.027,148V  +  4.334*700,0  X  z  +  &c) 
s=  x.i  13,194,6  +  4-334>700>°  X  z  +  &c. 

Therefore  11.24*  will  be  (=  11.24  X  1.027,148  +  2 
=  11.24  x  1.027,148  +  11.24  X  z  j=  1 1*545,143,5 
+  U.24Z, 

and  21.76**  will  be  (=  21.76  X 

i°55»°33>°  +  2.054,296  x  z  +  &c 

=  21.76  X  1.0551033,0  +  21.76  X  2.054,296  X  z  +  &c) 
=  22.957,518,0  +44.701,480,9  X  z  +  &c, 

and  11.54*3  will  be  (=  11.54  X 

■  

1:083,675,0  +  3.165,099,0  X  z  +  &c 

=  11.54  X  1.083,675,0  +  11.54  X  3.165,099,0  Xz+&c) 
=  12-505,609,5  +  36.525,242,4  X  z  +  &c  \ 

and 


Digitized  by  Google 


*54  mr.  prrnd's  solution  or 

and  confequently  the  whole  compound  quantity  x*  — - 
11.54**  21.76**  —  11.24*  will  be  =-  the  compound 
quantity 

* 

i.H3»l94^  +    4»334'7°°>o  x  z  +  1c 

-  12.505,609,5  -  36.525,2424  x  *  -  &c 
+  22.957,518,0  +  44-7o»>48o>9  X  z  +  &c 

-  n-545»M3>5  -  l,-24  X  z 

{24.070,712,6  +  49.036,180,9  X  s  +  &C 
-24.050,7,-3,0  -  45.765,242,4  x  %  -  &c  / 

=  0.019,959,6  +    1.270,938,5  X  z. 


But  the  compound  quantity  x+  —  ix  54**  +  2i.76*x 
—  11.24*  is  —  0.02. 

■ 

Therefore  the  compound  quantity  0.019,959,6  + 
1.270,938,5  X  z  will  alfo  be  =  0.02  j  and  confequently 
1.270,938,5  X  z  will  be  (=  0.020,000,0  —  0.019,959,6) 

0.00-^,040,4. 

=  0.000,040,4,  and  z  will  be  ( =   — 7  )  =  0.00c, 

i.27^>v3"»5 

°31>1$7*  Therefore  x,  or  1.027,148  +  z9  will  be  ( = 
1.027,148  +  0.000,031,787)  =  1.027,179,787;  or  the 
root  of  the  equation  *♦  —  1154*3  +  21.76**  —  1 1.24* 
=  0.02  will  be,  very  nearly,  =  1.027,1^9,787. 

Q.  E.  I. 

Of  this  number  1.027,179,787,  I  believe  the  firft  nine 
figures,  1.027,179,78,  to  be  exact :  but  we  may  be  con- 
fident that,  (if  no  miflakes  have  been  made  in  the  calcu- 
lation,) ac  Jcaft  the  firft  feven  figures,  1.027,1 79, '  will  be 

exact, 
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exact,  and  confcqucntly  that  the  difference  of  this  value 
of  x  from  it's  true  value  is  lefs  than  0.000,001,  or  one 
millionth  part  of  I,  and,  h  fortiori,  lefs  than  one  mil- 
lionth part  of  the  true  value  of  x.  We  have  there- 
fore now  found  (though  not  without  a  good  deal  of 
labour,)  the  value  of  this  firft,  or  leaft,  root  of  the 
biquadratick  equation  **  —  11.54*'  +  21.76**  — 
11.24*  =         to  a  confiderable  degree  of  exa&neis. 

Art.  34.  But  this  leaft  value  of  *  will  not  enable  us  . 
to  folve  Colonel  Titus's  Problem.     For,  if  *  is  = 

1.027,179,787,  we  (hall  have*2  (=  1.027,179,787^)  = 
1.055,098,314,821,365,369,  and  confequently  Ix\  or 
16*%  will  be  =  16  x  l  05  5,098,3 1 4,82 1,365,369  = 
16.881,573,037,141,845,904,  which  is  fefs  than  17,  or 
m  \  whereas  in  the  foregoing  Solution  of  Colonel  Titus's 
Problem,  it  is  (hewn  that  /**  is  greater  than  m>  or  17, 

and  that  v  is  =  —  ^,  or   ~,  which  fraction. 

'  mx  —  1  17*  —  16 

if  16*1  is  lefs  than  17,  (as  it  is  when  *  is  =  1.027,179, 
787,)  is  a  quantity  that  cannot  exift.  We  mull  therefore 
inquire,  whether  the  equation  *+ —  11.54*'  -f  21.76** 
—  1 1.24*  =  0.02  has  not  another  root,  or,  perhaps,  two 
other  roots,  befides  1.027,179,787,  and  whether  one  or 
both  the  faid  roots  may  not  be  fuch  as  to  enable  us  to 
folve  the  foregoing  Problem. 


Of 


256  Uft.  FUND'S  SOtUflOff  Of 


Of  the  Second  and  Third  Root*  of  the  Biquadratic*  Eqtta* 
tion  *«  —  11.54*'  +  21.76**  —  =  ao2# 


Art.  35.  To  find  whether  the  equation  ir.54*f 
+  21.76**  —  1 1.24*  =  0.02  has,  or  has  not,  any  other 
root  greater  than  1. 027,179,787,  which  has  been  already 
found,  let  us  fuppbfc  that  it  has  fuch  a  root,  and  inquire 
whether  any  falfe  or  impolfible  conclufion  will  follow 
from  fuch  a  fuppofition.  For,  if  no  fuch  falfe  or  im- 
poflible  conclufion  follows  from  it,  but  it  (hould  lead  us 
to  an  equation  that  is  evidently  poffible,  the  fuppoGrion 
itfelf  mud  be  concluded  to  be  likewifc  true. 

To  avoid  confufion  in  the  reafonings  that  will  be 
grounded  on  this  fuppofition,  let  this  fuppofed  greater 
root  of  the  equation  a*  —  11. 54.**  4-  21. 76**  — 
ir.24*  =  0.02  be  denoted  by  the  letter/,  and  the  root 

I.  027,179,787  (which  we  have  already  found,)  be  de- 
noted by  the  letter  /. 

Then  vm  fhall  have/*  —  u.S4/a  +  ^l^f%  — 

II.  24/"  =  0.02,  and  /* —  ir.54/3  -f  21.76**  —  11.24/ 
aifo  =  0.2,  and  confequently /♦  —  1 1-54/'  +  21.76/* 
—  11.24/"  =  /* —  11.54/*  +  21.76/*—  11.24/.  There- 
fore (adding  11.54/'  +  11.24/  to  both  fides,)  we 
ftiall  have /*  +  21.76/*  =  /♦  +  n-54/3  —  n-54<s 
+  a  1.76/*  +  11.24/  —  11.24/,  and  (fubtra&ing  e+  + 

21.76/* 
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it. 76**  from  both  fides,)  /4  —  *4  +  21. 76/*  —  31.76** 
te  n-54/3 —11.54**  +  11.24/^  11.24*,  or/4 —*4 
+  21.76  X  /*  -  *l  =  11.54  X  /'  —  *'  +  Ti.24  X 

/^-*.    Therefore  -7         +  21.76  X  J—  will  be 

=  11.  C4  X  ^  ~  C%  +  11-24  X  jr^,  and  confe- 
*         /-*  /-' 

qucntly/3  +  f2e  +  /*2  4-  *s  4-  21.76  X  /  4-  *  will 

be  =  11.54  X  f+JT+T1  +  11.24,  or/3  +'P  + 
*/4-*3  4-  21.76/  +  21.76*  will  be  =  u. 54/*  + 
1  l*5Aef  +  1  **54'*  +  11.24  ;  which  is  a  cubick  equation 
involving  only  one  unknown  quantity,  to  wit,  /,  the 
letter  *  denoting  1.027,179)787,  or  the  root  of  the  bi- 
quadratick  equation  x*  —  1 1 .5 4.1s  4-  21.76^  —  11.24* 
=  0.02,  which  has  b^cn  already  found.  We  muft 
therefore  no\V  inquire,  whether  this  cubick  equation 
/J  4-  ef-  +  */  4-  *3  4-  21.76/ +  21.76*  =  n.54/1  + 
li.54*/  +  n-54*1  4-  11.24  Is  a  poflibie  equation. 

Art,  36.  In  order  to  make  this  inquiry  it  will  be  ne- 
teffary  to  fubftitute,  inftead  of  *,  *2,  and  *3,  in  the  term* 
of  this  equation  their  fevcral  values,  to  wit,  1*027,179* 

787*  1 .027,179,787!  2  and  1 .027,179,787V.  But,  as 
thefe  values  would  lead  us  to  very  long  numbers,  and 
jnafce  thefe  fubftitutions,  and  the  fubfequent  operations' 
relating  to  this  equation,  eXtreamly  laborious,  I  fhall 
fubftitute  only  the  firft  four  figures  of  the  value  of  *,  to 
wit,  1.027,  inftead  of  *  on  this  occafion.    And  then* 

(fmce  it  has  been  (hewn  above,  in  art.  30,  that  1.027!*  i$ 

H  at 
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=  1.054,729  and  1.027] 3  is  =  1.083,206,683,)  the 
faid  cubicle  equation/3  +  tp  +  +  21.76/  + 

11.76*  =  n.54/2  +  H-54'/  +  +  >i-*4  will 

become/3  +  1.027  X/J+  1.054,729  X  /  +  1.083, 

206,683  +  21.76  x/+  21.76  x  1.027  =  n.54/1  + 

11.54  X  1.027  X/  +  11.54  X  1.054,729  +  11.24,  or 
/J  +  1-027/*  +  1.054,729/  4-  1.083,206,683  +  21.76/ 
+  22.347,52=  n-54/"1*  11.851,58/+*  12.171,572,66 
+  11.24,  or  p  +  I.Q27/2  +  22.814,729/  +  23.430, 
726,683  =  n.54/**  +  11851,58/+  23.41 1,572,66  \ 
and  confequently  (fubtra&ing  23.411,572,66  from  both 
fides,)  wefhallhave  p  +  1-02-jP  •+■  22.814,729/*  + 
0.010,154^23  =  U.54/1  +  1 1-851,58^;  2nd  (fub- 
trafting  1 1.85 1,58/  from  both  fides)  p  +  1.027/*  -f 
10.963,149/  +  0.019,154,023  =  n-54/\  and  (fub- 
tracling  1.027/*  from  both  fides,)/1  +  10963,149/ 
+  0.019,154,093  =  10.513/*,  and,  laftly,  (fubtra&ing 
p  ■+•  10.963,149/  from  both  fides,)  0.019,154,023  = 
16.513/*  —  10.963,149/  —  py  or  10.513/*  — 
10,963,149/  —  /»  =  0.019,154,023.  We  muft  there- 
fore now  inquire,  whether  this  laft  cubick  equation 
10.513/*  —  -0.963,149/  —  /'  =  0.019,154,023  is 
a  pofliMe  equation,  or  whether  it  is  poflible  for  the  fingle 
quantity  ic.5  13/*  to  be  greater  than  the  binomial  quan- 
tity 10.963,149/  +  /*,  and  to  exceed  it  by  the  quantity 
0.019,154,023. 

Art.  37.  Now,  when  /  is  =  1.027,  tn#s  equation  is 
Impoflible.  For  then  /*  is  =  1.054,729,  and  p  is  =s 
1.083,206,683,  and  10.513/1  is  (=  10.513  X  1.054, 

729) 
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}V) )  2=  11.088,355,977,  and  10.963,149/  is  (  = 

10.963,149  X  1.027)  =  ****S9>JS4i°*b  which  h 
greater  than  11.088,365,9^7.  Therefore,  in  this  cafe* 
the  fingle  term  10.963,149/  will  be  greater  than  the 
{ingle  term  10*5 13/"*  \  and  therefore  Z  firt'Uri  the  bino- 
mial quantity  10.963,149/  +  /s  will  be  greater  than 
the  fingle  term  10.513/%  and  corifequently  cannot  be 
fubtra&ed  from  it,  and  therefore  the  equation  10.513/* 
—  10.963,149/  — /*  =  0.019,154,023  (which  fup- 
pofes  fuch  fubtra&ion  to  take  place,)  is  impoflible* 

But,  while  /  increafes  gradually  from  being  equal  to 
I.027  to  a  greater  magnitude,  the  fingle  term  10.513/* 
will  receive  greater  increments  than  the  binomial  quan- 
tity 10.963,149/*  +  /J,  and  will,  firft,  become  equal  to 
it,  and  afterwards  will  exceed  it.  For  the  equation  re- 
fusing from  the  fuppoGtion  of  it's  becoming  equal  to  it, 
to  wit,  the  equation  I0.513/1  =  10.963,149/  +  /' 
may  eafily  be  (hewn  to  be  a  r>oflible  equation;  For  it 
will  be  a  poflible  equation  if  the  quadratick  equation 
to.513/  ==  10.963,149  4-  ff  (arifing  from  the  divifion 
of  all  it's  terms  by  /)  is  a  poflible  equation  :  and  this 
quadratick  equation  10.513/  =  10.963,149  +  or 
10.513/  —  //=  10.963,149*  or  /  X  10.513  -  f)~ 
10.963,149,  is  poflible,  becaufe  10.963,149  is  lefs  than 
the  fquare  of  half  10.513,  or  the  fquare  of  5.256,  which 
Is  greater  than  25.  Therefore  the  cubick  equation 
10.513/*  =  10.963,149/  -h  /'  is  a  poflible  equation. 

And  the  magnitude  of  /  at  the  inftant  at  which 
10.513/*  is  exaclly  equal  to  10.963,149/  -f /',  or 

8  a  *©-Sij/ 
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10.513/is  =  10.963,149  +  //,  hiray  be  found  by  rc- 
fblving  the  quadratic^  equation  10.513/  —  fj  = 
10.963,149  ;  which  may  be  done  as  follows. 

Subtract  both /ides  of  this  equation  from  the  fqaare  of 
,  or  5.256,  which  is  =  27.625,536;  and  we  (hall 

have  ~^|*  —  10.513/  +  //  (  =  27.625,536  - 
10.963,149)  =  16.662,387.    Therefore  —  /, 

or  5.256  — /,  will  be  =  ^'6.662,387  =  4.081,  and 
corrfequently  5.256  will  be  =  4.081  •+•  /  and  /  will  be 
=  5  256  —  4.C81  =  1. 175.  Alfo /  —  5.256  will  be 
=  4.081,  and  confequcntly / will  be  (=  4.081  +  5.256) 
=  9-337-  Therefore,  when  /  is  =  1.75,  the  trinomial 
quantity  10.51 3  f1  —  10.963,149  —  /3  will  be  =  0, 
and  afterwards,  when  /  is  become  =  9.337,  the  faid 
trinomial  quantity  will  be  again  =  o -y  and  confequently, 
while  /  incre'afes  from  1.75  to  9.337,  the  trinomial 
quantity  will  have  increafed  from  0  to  fome  certain 
quantity,  and  have  decreafed  from  that  quantity  to  o  ; 
and  therefore,  if  the  faid  grcarcft  quantity  to  which  the 
faid  trinomial  qoantiry  will  h*ve  increafed  is  not  lefs 
than  0.019,154,023,  the  faid  trinomial  quantity  wril, 
during  it's  faid  incrcafe  and  decreafe,  or  during  the  in- 
creafe  of  /  from  1. 1 75  to  9.337,  become  twice  equal  to 
0.019,154,023,  or  the  abfolute  term  of  the  cubic*, 
equation  10.513/2  —  10.963,149/  —  /3  =  0.019, 
154,023,  to  wit,  once  when  /  is  a  little  greater  than 
1. 175,  and  a  Second  time  when  /  is  a  little  lefs  than 

9*337* 
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9*337'  an^  confequently  the  faid  cubicle  equation  will 
be  a  poflible  equation,  and  will  hare  two  roots,  of  which 
the  leflfer  will  be  a  little  greater  than  1.175*  and  the 
greater  will  be  a  little  lcfs-  than  9.337* 

It  only  remains  that  we  (hew  that  the  trinomial  quan- 
tity 10.513/*  —  10.963, 149/*  —  /'  will,  in  the  courfe 
of  it's  increafe  and  decreafe  while /increafes  from  1 . 1 7  5 
to  9.337,  become  greater  than  0.019,154,023.    And  this 
will  appear  by  computing  it*s  value  at  the  inftant  that  f 
becomes  =5  2.  For,  if  /  is  =  2,  we  (hall  have  /a  =  4, 
and  /J  =  8,  and  10.513  X  /*  (=  10.513  X  4)  = 
42.052,  and  10.963,149/  (=  10.963,149  X  2)  = 
21  926,298,  and  10.963,149/  +  fl  (  =  21.926,298 
4-  8)  =  29.926,298,  and  10.513/"*  —  10.963,149/ 
— /j  (*=  42.052  —  29.926,298)  =  12.125,702; 
which  is  much  greater  than  0.019,154,023.    It  follows 
therefore  that,  during  the  increafe  of  /  from  1 .175  to  2, 
the  trinomial  quantity  10.51 3/*  —  10.963,149/  —  /* 
will  have  increafed  from  o  to  12.125,702,  and  therefore 
muft  at  fome  former  inftant  of  time,  and  when  f  was 
very  little  greater  than  I  175,  have  been  =  o.oi^yi^y 
023.    And  confequently  the  cubicle  equation  10.513/ 2 
—  10.963,149/  —  p  =  0.019,154,023  will  be  a  pof- 
fible  equation,  and  will  have  two  roots,  of  which  the 
lefler  will  be  a  little  greater  than  1.175,  an^  tne  greater 
will  be  a  little  lefs  than  9.337.  e.  1. 

ArU  38.  And  hence  it  follows  that  the  original  biqua- 
dratick  equation  x+  —  1 1.54**  4-  21.76.V1  —  11.24* 
=  0.02  (from  which  the  faid  cubicle  equation  10.513/* 

S3  - 


Digitized  by  Google 


a6»  MR.  FKIMO'l  SOLUTION  OF 

—  10.963,149/  —f1  =  0.019,154,023  was  derived) 
will  have  two  other  roots  befides  the  root  1.027,1 79^ 
787,  found  above,  and  that  each  of  the  faid  other 
roots  will  be  greater  than  the  faid  firft  root,  and  that 
the  lefler  of  them  will  be  a  little  greater  than  1.175,  and 
the  greater  pf  them  will  be  a  little  lefs  than  9»337t  Thefe 
roots  we  will  now  proceed  to  inveftigate. 

r       .1   j    J 

Th*  Invefligati<w  of  the  Middle  Root  of  the  Biquadratick 
Equation  *4  —  II. 54**  -f-  21. 76**  —  II. 24* 
=  0.02. 


Art,  39.  Since  1. 175  is  now  known  to  be  nearly 
equal  to  the  middle  root  of  the  biquadratick  equation 
*4  —  11.54**  -r*  2 1 .76  x1  « —  11.24*  =  0.02,  we 
will  fubftitutc  it  inftead  of  *  in  the  compound  quan- 
tity a-4  —  11  54*J  -f  21.76**  —  II  24*,  in  order  to 
dilcover  l  ow  nearly  the  value  of  that  compound  quantity 
Telulting  from  fuch  fubftitution  will  approach  to  0.02,  or 
the  ablolute  term  of  the  biquadratick  equation  x4  — 
j  1.54*?  f  2l.;6xl  —  11.24*  =  0.02. 

Now,  if  *  is  =  1.175,  we  ft'3'*!  have  x*  (=  I.175V) 
=  1.380,625,  and  a*  (=  I.i7i,j)  =  1-622,234,375^ 

 N 

and  x*  (=  I.J 7 5J 4)  =  1.906,125,390,625.  Therefore 
11.24*  will  be  (=  11.24  X  1.175)  =  13-^07,00,  and 
SI. 76**  will  be  (  =  21.76  X  1.380,625  )  =  30.042, 
40^00,  and  11  54^  wju  be  (  =  Ji.54  X  1.622,234,375) 

*  1        *  * 
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=  18.720,584,687,50  and  confcquently  the  whole  com- 
pound quantity*4 —  +  21. 76** — 11.24* 
be  (=  1.906,125,390,625  —  18.720,584,687,50  -4- 
30.042,400,00  —  13.207,00  =  31.948,525,390,625  — 
31.927,584,687,50)  =0.020,940,703,125.  This  num- 
ber is  very  nearly  equal  to  0.02,  or  the  abfolute  tetm  of 
the  biquadraticlc  equation  *4  — ^  11.54**  +  21.76*'  — 
11.24*  =  0.02  ;  and  therefore  1.175  muft  be  very  nearly 
equal  to  this  middle  value  of  *  in  the  faid  equation. 

But  as  this  value  of  the  faid  compound  quantity  is 
greater  than  0.02,  or  the  abfolute  term  of  the  equation, 
it  may  perhaps  be  thought  that  the  number  1*175 
greater,  in  (lead  of  being  lefs,  (as  it  has  been  declared  to 
be,)  than  the  true  value  of  this  middle  root  of  the  faid 
equation.  And  therefore,  to  afcertain  this  point,  we  will 
now  fubflitute  1.176  in  Read  of  *  in  the  compound 
quantity  **  —  11.54*3  +  21. 76**  —  11.24*,  m  order 
to  difcover  whether  the  faid  quantity  will  be  increafed, 
or  diminifhed,  by  fuch  fmall  increafe  of  *,  and  thence 
to  determine  whether  j.75  is  greater,  or  lefs,  than  the 
true  value  of  *. 

Now,  if  *  is  =  1.176,  we  fliall  have  *J  (=  i.i;oV) 

=  1.382,9/6,  and  *J  (=  1.1761s)  =  1.626,379,776, 

and  *♦  M7t/4)  =  1.912,622,616,576.  Mhereforc 
21.-24*  will  be  (=  11.24  X'  1. 176)  =  13.218,24,  and 
21. 76**  will  be  (sx.2i.76  X  1.-382,976  )  =  30.093, 
547,76,  and  11.54*5  will  be  (=?  II.54  X  1.626,379,776) 
5=  18.768,422,615,04-,  and  confcquently  tlic  whole  com- 

S  4  pound 
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pound  quantity  at4 —  11.54^'  21.76** —  II. 24*  will 
be  (=  1  012,622,616,576  —  18.768,422,615,04  + 
30.09^,547,76  —  13.218,24  =  32006^70,376,576  — , 
31.986,662,615,04)  =  0.019,507,721,53b-,  which  is 
lefs  than  c.020,940,703,1.25,  or  the  former  value  of  the 
faid  compound  quantity  x4  —  II. 54*3  +  21.76^  — 
1 1.24*,  when  x  was  =  1. 1 75,  and  alfo  lefs  than  0.02, 
or  the  abfolute  term  of  the  equation  under  confidcration. 
Therefore,  while  x  increafes  from  1.175  to  l  176,  the 
faid  compound  quantity  will  decreafe  from  0.020,940, 
7°3>,25  (which  is  greater  than  the  abfolute  term  c.02,) 
to  0.019,507,721,536  (which  is  lefs  than  the  faid  ab- 
folute term,)  and  therefore  will,  at  fome  intermediate 
inflant  of  time,  or  when  x  was  of  fome  intermediate  mag- 
nitude between  1.175  and  J.  1 76,  have  been  equal  to  the 
faid  abfolute  term  ;  or,  in  other  words,  the  true  value  of 
this  root  of  the  faid  equation  will  be  of  an  intermediate 
magnitude  between  1. 175  and  i.i;6.  o^  e.  d. 

Art.  40.  We  are  now  in  poflefiion  of  two  values  of 
the  crmpound  quantity  *4  —  11.54*3  -f-  21.76%*  — 
11.2  ;.v,  to  wit,  the  numbers  0.020,940,703,125  and 
o.  1  ;,5  7 > 7 i  1,^36,  correfponding  to  the  two  very  near 
\\:Uic.  of  .v,  1.175  and  1. 1  "6,  between  which  the  true 
value  of  .v  in  the  prefent  biquadratic!;  equation  lies. 
We  may  therefore  now  obtain  a  much  nearer  value  of  x 
than  tiihcr  1.175  or  1  176  by  proceeding  according  to 
the  differential  sv.ethod  mentioned  above  in  the  Scholium 
in  page  97.  For,  f:nce  H75,  and  the  true  value  of  x  in 
the  prefent  equation,  and  1.17b,  are  three  quantities,  or 
yalues  of  a-,  very  nearly  equal  to  6ach  other,  and  the 

%  three. 
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three  values  of  the  compound  quantity  **  —  11.54x3  + 
21.76**  —  11.24*  correfponding  to  the  faid  three 
contiguous  quantities,  or  values  of  *,  (or  refuJting 
from  the  fubftitution  of  them  in  the  faid  compound 
quantity,)  are  0.020,940,703,125,  0.020,000,0^0,  and 
»  0.019,507,721,536,  we  may  fuppofe  that  the  differ- 
ence of  the  firlt  and  fecond  values  of  *  will  be  to  the 
difference  of  the  firft  and  third  values  of  x  in  nearly  the 
fame  proportion  as  the  difference  tff  the  values  of  the 
compound  quantity  *4  —  11.54*3  +  21.76** —  11.24* 
correfponding  to  the  firft  and  fecond  values  of  *  to  the 
difference  of  the  values  of  the  faid  compound  quantity 
correfponding  to  the  firft  and  third  values  of  * ;  that  is, 
that* — 1. 175  will  be  to  1.176' — 1175  in  nearly  the 
fame  proportion  as  0.020,940,703,125  « —  0.020,000,000 
is  to  0.020,940,703,125  —  °-°i9>507>72i,536,  or  that 
x  —  1.1 75  will  be  to  o.coi  in  nearly  the  fame  propor- 
tion as  0.000,940,703,125  is  to  0.001,432,981,589  j 
whence  it  follows  that  *  —  1.175  w^  be  nearly  = 

o.oof  x  0,000,940,703,135  _  0.000,000,940,703,115  _ 
0.001,432,981,589        ~~      0.001,432,9*1,589  ~" 

0.000,656,46,  and  consequently  that  *  will  be  (  —  0.000, 
656,46  +  1.175)  =  1  1^5,656,46.  Therefore  this 
middle  root  of  the  biquadratick  equation  x*  —  11.54*! 
+  21.76*'  —  11.24*  =  c.02  will  be  =  1.175,056,46. 

I  q_  E.  I. 

If  no  mi  Rake  has  been  made  in  the  foregoing  calcu- 
lations this  value  of  *  will  be  exa&  in,  at  leaft,  the  firft 
fix  figures  1.175,65,  and,  probably,  in  the  firft  feveiv 
figures  1.175,656. 

The 
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The  Application  of  this  Second  Value  of  x  in  the  Biquadratic 
Equation  x* —  n*54*3  +  21.76** —  1 1.24*  =  o.02» 
or  the  Middle  Root  of  the  faid  Equation,  to  the  Solution  of 
Colonel  Titus's  Problem. 

Art.  41.  We  will  now  apply  this  value  of  x  to  the 
folution  of  Colonel  Titus's  Problem. 

Since  *  is  =  1.175,656',  and  or  the  fecond  of  the 
unknown  numbers  <j,  b,  and  c  that  arc  required  to  be 
found,  is  fuppofed  to  be  =  xay  we  (hail  have  b  =  1.175, 
656  X  a. 

Alfo  we  Avail  have      (=  1.175,656^  =  1.382,167, 

030,336,  and  consequently  Ix1,  or  i6.v2,  (=  16  X  1.382, 

167,030,336)  =  22.114,672,485,376,  and  /**  —  m  (  = 

16*1  —  17  =  22.ii+,67?,485-376  — - 17)  =  5.114,672, 

485,376,  and  mx  —  /(=  17* — 16  =  17  X  1.175,656 

—  16  =  19.986,152  —  16)  —  3.986,152,  and  confe- 

.     !x*  —  m        5.1 14,672,48?,  06  0 

quentiy   7  =  - —     '  *     v    =  1.283,110,2. 

'        '     mx—i  3-9^6,152  J9  ' 

Therefore  y  (which  is  =  or  l6**  ~  *7)  will 

J  x  mx  —  I  17*—  16 

be  =  1.283,110,2,  or  (neglecling  the  laft  figure) 
1.283,110;  and  c  (which  is  =  yd)  will  be  =  1.283, 
no  X  tf. 

1 

Therefore  Be  wilt  be  =  1.175,656  X  a  X  1.283,110 
Xfl(=  1.175,656  X  1.283,110  X  aa  =.  1.508,495,970, 
160  X  <ra,  and  aa  ■+■  will  be  =:  aa  +  1.508,495,970, 
160  X  aa  =  2.508,495,970,160  X  tffl. 

Eut  fla  4-      is  =  16. 

Therefore 
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Therefore  2.508,495,970,160  X  aa  will  alfobe  =  16; 
and  confequently  the  fquare-root  of  2.508,495,970,16a 
X  aa  will  be  =  the  fquare-root  of  16,  or  to  4  j  that  is, 
1.583,823  X  a  will  be  =  4  \  and  confequently  a  will  be 

This  value  of  a  is  exalt  in  the  firft  five  figures  2.525,5, 
and  fomewhat  too  great  in  the  fixth  figure  3,  which  ought 
to  be  a  1,  the  more  accurate  value  of  it,  according  to 
Pr.  Wallis's  computation  of  it,  being  2.525,513,986, 
744,158. 

• 

Jrt.  42.  Having  thus  found  a  to  be  =  2.525,534,  we 
frail  have  b  (=  xa  =  1*175,656  X  a  =  1*175,656  X 
2-52M34)  =  2.969,159,  and  c  (=  ya  =  1.283,110 
X  a  =  1.283,110  X  2.525,534)  as  3.240,537$  of 
which  two  numbers  the  former,  to  wit,  2.969, 1 59,  is 
exact  in  the  firft  fix  figures  2  969, 15,  and  the  latter,  to 
wit,  3.240,537,  is  exact  in  the  firft  five  figures  3.240,5, 
the  more  accurate  values  of  b  and  c  being,  according  to 
Dr.  Wallis's  computation  of  them,  2.969,152  *]'■  8,619, 
848  and  3.240,580,681,617,174.  Therefore  the  three 
unknown  numbers  a,  bf  and  r,  which  Colonel  Titus's 
Problem  required  to  be  found,  are  now  difcovered  to  be 
2.525,5  &c,  2.969,15  &c,  and  3.240,5  &c.      o^.  E.  u 

Jrt.  43.  We  have  now  found  the  firft  fct  of  values  of 
t.he  unknown  numbers  ay  />,  and  r,  tliat  will  anfwer  the 
conditions  of  Colonel  Titus's  Problem,  which  are  2.525,$ 
Sec,  2.969,15  &c,  and  3.240,5  &c.  But  there  is  alfo  a 
fccond  fet  of  numbers  that  will  anfwer  the  conditions  of 

the 
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the  Problem.  And  thefe  may  be  difcovcred  by  means  of 
the  third,  or  greateft,  root  of  the  biquadratic  equation 
jc*  —  11.54**  +  a  1. 7 6a;1—  11.24*  =  0.02,  which  we 
have  already  difcovcred  to  be  nearly  equal  to,  and  fome- 
what  lefs  than,  9.337.  This  root  we  will  therefore 
now  proceed  to  inveftigate  to  a  greater  degree  of  ex- 
adlnefs. 

■     ■  "'  «— ' 

I 

The  Invejllgatlon  of  the  Greatejl  Root  of  the  Biquadratic 
Equation  *♦  —  II.54*3  +  21.76  xz  —  II.24* 
=  O.02. 


Art.  44.  In  the  firfl  place  we  will  fubftitute  9.337 
inftead  of  *  in  the  compound  quantity  x*  —  1 1 . 54** 
4-  21. 76*1  —  11.241*,  in  order  to  difcover  how  near 
the  value  of  the  faid  compound  quantity  refulting  from 
this  fubftitution  will  approach  to  0.02,  or  the  abfolute 
term  of  the  equation  at*  —  11.54.V1  +  21.76X1  ^ 
U.24*  =  0.02. 


Now,  if  *  is  =  9.337,  we  (hall  have  *a  (=  9  3371) 
=  87.179,569,  and  *J  (=  9.337V)  =  813.995,635,753, 
and  *4  (=  9.337I4)  =  7600.277,251,025,761,  and 
ji.24*  (=  n.24  X  9.337)  =  104.947,88,  and  21.76** 
(  =  21.76  X  87.179,569)  =  j897.02;,|2I,44>  and 
11.54V3  (=  n.54  X  813.995,635,753)  =  9393-5°9i 
^36,589,62.    Therefore  the  whole  compound  quantity 
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—  11.54**  +  li.tfx1  —  11.2447  will  be  (  ss  7600. 
277,251,025,761  —  93°3-5°9>636>589>6"2  +  1897.027, 
421,44  —  104.947,88)  =  9497-3°4>672,465,76i  — 
9498.457,516,589,62.  This  quantity  is  an  inedible 
quantity,  becaufe  the  latter  quantity  9498.457,5 16,5 8  j>62 
is  greater  than  the  former  quantity  9497.304,672,465, 
761,  from  which  it  is  to  be  fubtra&ed.  This  untxpe&ed 
lefult  is  owing  to  oUr  having,  in  art.  36,  fubftituted 

I.  027  hiftead  of  1.027,179,787  for  e  in  the  terms  of  the 
equation  /3  +  ep  +  ezf      *3       21.76/      21.76/  = 

H-54/2  +  *i-54'/  +  n.54^2  +  1 1 -*4*  which  was 
done  for  the  falce  of  abridging  the  calculations  neceflary 
to  thofe  fubftitutions,  but  which  made  the  final  equation 
10\5l3/*  —  10.963,149/—  p  =  0.019,154,023  a 
little  different  from  what  it  mould  have  been,  and  thereby 
gave  us  the  two  values  of  /  derived  from  the  fuppofition 
that  the  abfolute  term  of  that  equation  was  equal  to  0,  (and 
which  were  found  in  art.  37,  by  refolving  the  quadratick 
equation  10.513/  —  ff  =  10.963,149,  to  be  1.175  and 
9.337)  a  little  different  from  what  they  mould  have  been, 
the  former  value  of  /in  that  equation,  to  wit,  1.175, 
being  a  little  greater  than  it  mould  be,  and  the  latter 
value  of  it,  to  wit,  9.337,  being  a  little  lefs  than  it 
Ihould  be.  We  will  therefore  now  fuppofe  x>  or  the 
greateft  root  of  the  biquadratick  equation  *4  —  11.54a'* 
+  21.76**  —  11.24*  —  0.02,  of  which  we  are  now  in 
fearch,  to  be  nearly  equal  to  9.339,  and  will  fubflitute 
9*339  inftead  of  x  in  the  compound  quantity  x4  — 

II.  54**  +  21.76**  —  11.24*,  in  order  to  difcover 
how  near  the  refult  of  fuch  fubftituMon  will  approach  to< 
the  abfolute  term  0.02  of  the  faid  biquadratick  equation. 

Art*  45* 
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Art,  45.  Now,  if  *  is  =  9»339»  we  (hall  have  **  ( 4r 
9.339)')  =  87.216,921,  and  *3  (=  9-3391 s)  =  814.518, 

125,219,  and  ^(3=  9*339  4)  =  7606.791,308,720,241, 
fend  11.24*  (=  11*24  X  9.339)  =  104.970,36,  and 
21.764:*  (=  21.76  X  87.216,921)  =  1897.840,200,96, 
and  11. 54*1  (=  n-54  X  814.518,825,219)  =  9399* 
.547,243,027,26,  and  x*  21.76*1  (=  7606.791,308, 
720,241  «+•  1897.840,200,96)  =  9504.631,509,680,241, 
and  11.54.rs  +  11,24*  (=  9399-547f243>027»26  + 
104.970,36)  =  9504.517,603,027,26.  Therefore  the 
whole  compound  quantity  *♦  —  11.54*'  +  21.76**  — 
11.24*  will  be  =  9504.631,509,680,241  —  9504.517, 
603,027,26  =  0.113,906,652,981  ;  which  is  more  than 
five  times  0.02,  or  the  abfolute  term  of  the  propofed 
equation  x4  —  11. 54*'  4-  21.76**  —  11.24*  3  °»02w 
We  therefore  now  know  with  certainty  that,  while  * 
increafes  from  9.337  to  9. 339,  the  binomial  quantity 
x4  +  21.76**  (which,  when  *  is  equal  to  9.337,  is  lefs 
than  the  binomial  quantity  11.54*3  4-  11.24*)  will  have 
increafed  fo  as,  fir  ft,  to  have  become  equal  to  the  bino- 
mial quantity  11. 54.1 3  11.24V,  and  afterwards  to  have 
become  greater  than  the  faid  binomial  quantity  by  the 
difference  0.1 13,906,65  2,981,  which  is  greater  than  five 
times  the  abfolute  term  0.02.  And  therefore  it  is  certain 
that  during  the  faid  increafe  of  *  from  9  337  to  9.3  39, 
there  muft  have  been  fomc  one  inftant  of  time  at  which 
the  excefs  of  the  binomial  quantity  *♦  +  21.76**  above 
the  binomial  quantity  11. 54**  •+•  11.24*  wa*  equ*l  to 
C.02,  or  the  abfolute  term  of  the  biquadratick  equation 

*4  —  11.54*3  -f*  21.76**  11.24*  =  0.02  i  or,  in 

other 
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other  words,  there  muft  be  fome  value  of  x  greater  than 
9.337,  but  lefs  than  9.33 9,  that  will  make  the  compound 
quantity  *4  —  +  21.76**  —  11.24*  (which  is 

the  excefs  of  the  binomial  quantity  *4  21. 76**  above 
the  binomial  quantity  11. 54**  +  11.24*)  exactly  equal 
to  0.02,  or  will  be  a  root  of  the  equation  x4  —  1 1.54** 
+  21.76**  —  1 1.24*  =  0.02.  This  root  we  will  there- 
fore now  proceed  to  inveftigate  more  exactly  by  Mr. 
Raphfon's  method  of  approximation,  and  for  that  pur- 
pofe  will  fuppofe  x  to  be  equal  to  9.339  —  z,  and  will 
fubftitute  9.339  —  z  inftead  of  it  in  the  terms  of  the 
faid  equation. 

Art.  46.  Now,  if  *  is  =  9.339  —  z,  we  (hall  have 

i 

.**  (=  9.339  —  - 2  =  9*339^*  —  2  X  9  339  X  z> 
&c  =  9^3391*  —  18.678  X  z  +  &c)  =  87.216,921, 
—  18.678  x  z  +  See,  ^ 

and**  (=  9-339  —  z'J  =  9-339^  —  3  X  9.339^X2  +  &c 
-  9-3391*  —  3  X  87.216,921  X  2  +  &c 
=  9-339?<3   —   261.650,763  X  z  +  &c) 
=  814.518,825,219  —  261.650,763  X  z  +  &c, 

and*4  (=  9  339  —  z>  =  9.339V"  —  4 X  9.339V Xz+&c 
=  9.3 39>  —  4  X  814.518,825,219  X  z  +  &c 

==  9.339^4  —  3258-°75>300>876  X  z  +  &c) 
=r  7606.791,308,720,241  —  3258  075,300, 

876  x  z  +  &c. 

Therefort 
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Therefore  11.24*  W»M       (=  11.24  X  9.339  —  2 

II.24   X  9.339  —  11.24  X  2)    =    104.970,36  — 
11.242;  and  21.76**  will  be  (=  2 1. 76  X 

87.216,921  —  18.07b  X  2  +  &c  =  21.76  X  87.216, 
921  —  21.76  X  18.678  X  2  +  &c)  =  1897.840,200  96^ 
—  406.433,28  X  i  +  &c,  and  11.54**  will  be  (  = 

H.54  X  814.518,825,219 — 201.650,763  X  2  +  &c  = 
11.54  X  814.518,825,219  —  11.54  X  261.650,763  X 

z  +  &c)  =  9399-547>243>027>26  ~  3019.449,805,02 
X  z  4-  See.  And  confequently  the  whole  compound 
quantity  x*  — <  1 1.54a,-3  +  21. 76.**  —  11.240:  will  be 
equal  to  the  compound  quantity 


I 


7606.791,308^20,241  —  3258.075,300,876  Xz+&c 

-  9399-547>243>°27>26  +  3019.4^9,805,02  x*-&c 
+  1897.840,200,96  —    406.433,28         x*  +  &c 

—  104.970,36  +         H.24  X  Z 
C     ^504.631,509,680,241    —    3664.508, 580,876  X  2+ &C 

"""J^— 9504.517,603,027,26    +  3030.6?9,Sojioa  x*-&cj 
=  0.113,906,652,981       ~    633.818,775,856  x  %  &c. 

But  the  compound  quantity  #4  —  11.54**  +  21. 76** 
—  11.24*  ls  =  0.02. 

Therefore  the  compound  quantity  0.113,906,652,981 
633  818,775,856  X  2  will  alfo  be  =  o.02<  And 
confequently  (adding  633.818,775,856  X  2  to  both 
fides,)  we  fliall  have  0.113,906,652,981  =  0.02 

633*818, 
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633.818,775,856  X  z,  and  (fubtra&ing  0.02  from  both, 
fides,)  0.093,906,652,981  =  633.818,775,856  X  2,  and 
(dividing  both  fides  by  633.818,775,856)  we  ftiali  have 

0.093,906,652,081  % 
Z  (=    633.8,8,775/56  >  '  ^'^  Thcrcforc 

*>  or  9*339  — **  will  be  {»  9.339,000,0  —  0.000, 
148,1)  =  9.338,851,91  that  is,  the  third  and  greatefl: 
root  of  the  biquadratic!;  equation  * 4  — »  j  1 . 54  x%  + 
21.76**  —  11.24*      0.02  will  be  as  9.338,851,9. 

q.  e.  1. 

♦  » 

^r*.  47.  We  will  now  apply  this  grcateft  value  of  * 
to  the  folution  of  Colonel  Titus's  Probleni. 

Since  x  is  =  9.338,851,9,  and  3,  or  the  fecond  of 
the  three  unknown  numbers  and  c  that  are  required 
to  be  found,  is  =  xa%  we,  (hall  have  b  ==  9.338,85.1,9 
X  a, 

Alfo  we  (hall  have  xz  (=  9.338,851,9)  )  =  87.214, 
154,810,133, 6r,  and  confequently  Ix*  (=  =  16  X 
87-2i4*i54>8io,i33,6i)  =  i395-426>476>962»i37,76, 
and  /jf2  —  m  (  =  16*1  —  17  =  1395.426,476,962, 
,37»7°'  —  '7)  =  1 3 78. 426,476,962, 1 3 7,76,  and  mx  (=  • 
J7*  =  17  X  9-338,851,9)  =  158.760,482,3,  and 
—  /  (  =  17*  —  16  =  158.760,482,3  ~  X6)  = 

» 

142.760,482,3,  and  confequently   7-  = 

1378.426,476,963,137,76  , 

 T^65^r—  =  9- 655,  S«  8,4-   Therefore  , 

T  (which 
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(which  is  =  or  '^I/J)  will  be  =  9.655, 

518,4,  and  r  (which  is  »  ya)  will  be  =  9.655,518,4  X  a* 

Therefore  be  will  be  (=  9.338*851,9  *  a  x  9-655» 
518,4  X  *  =  9-33*t*5ri9  x  9-655>5l8>4  X  = 
90.171,456,355,324,96  X  aat  and  +  will  be  =a 
aa  +  90.171,456,355,324*96  X  aa  3=  91.171,456* 
3S5r3^4>96  X  aa. 

But  aa  +  be  is  =  16. 

Therefore  9 1 . 1 7 1 ,456>3 5 S>3 ^ »96  X  will  be  =  16; 
and  confequently  the  fquare-root  of  91 .171 145^*355> 
324,96  X  aa  will  be  =  the  fquare-root  of  16,  or  to  4 ; 
that  is,  9.548,37415  X  a  will  be  =  4  \  and  confequently 

This  value  of  a  is  exa&  in  all  it's  eight  figures,  in 
which  it  agrees  with  the  value  of  it  computed  by  Dr. 
Wallis  to  nine  places  of  figures,  which  is  0.418,919,470. 
This  is  a  very  confiderable  degree  of  exa&nefs. 

Art.  48.  Having  thus  found  *  to  be  =  0.418,919,47' 
we  (hall  have  b  ( =  xa  =  9.338,851,9  X  a  =  9.338, 
851,9  X  0.418,919,47)  =  3.912,226,888,  and  c  (  = 
ya  =  9.655,518,4  X  a  =  9.655,518,4  X  0.418,919,47) 
=r  4.044,884,650 ;  of  which  two  numbers  the  former, 
to  wit,  3.912,226,888,  is  exalt  in  the  firft  eight  figures, 

3-9l2> 
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3.912,226,8,  and  the  latter,  to  wit,  4.044,884,650,  is 
alfo  exa&  in  the  firft  eight  figures,  4.044,884,6-,  the 
tnore  accurate  values  of  b  and  r,  according  to  Dr. 
Wallis's  computation  of  them,  being  3.912,226,866  and 
4.044,884,670.  Therefore  the  three  unknown  numbers 
a,  b9  and  c9  which  Colonel  Titus's  Problem  required  to 
be  found,  are  now  difcovercd  to  be  0.418,919,47  &c, 
3.912,226,8,  &c,  and  4.044,884,6,  &c.  cu  E.  1. 


This  Problem  is  therefore  now  compleatly  folved  by 
Mr.  Frend's  method  of  proceeding,  as  it  had  been  before 
by  that  of  Dr.  Wallis :  and  Mr.  Frend's  Solution  has 
this  advantage  over  that  of  Dr.  Wallis,  that  it  faves  us 
the  trouble  of  thofe  very  tedious  and  perplexing  Alge- 
braick  multiplications  and  divifions  which  were  neceflary 
in  Dr.  Wallis's  Solution,  and  which  it  is  very  difficult  to 
perform  without  making  fome  dip,  or  error,  either  in  the 
figns  +  and  —  that  are  to  be  prefixed  to  the  terms,  or 
in  the  values  of  them. 
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[reprinted  from  a  former  publicatiom.] 
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Article  u  JN  the  foregoing  Tradl  I  have  given  a 
pretty  full  explanation  of  Monfieur  de 
Lagny's  Method  of  Extracting  the  Roots  of  Numbers  by 
Approximation,  and  I  have  likewife  mentioned  Mr. 
Raphfon's  more  fimple  and  eafy,  though  lefs  exac*t, 
method  of  performing  the  fame  thing.  But  both  thefc 
methods  may  be  applied  to  the  refolution  of  all  forts  of 
equations,  thofe  which  are  called  ajfecled  equations  *,  or 
in  which  the  unknown  quantity  occurs  in  more  than  one 

term, 

*  This  cxpreflion  of  affected  equations  feems  to  require  fome 
further  explanation.  It  was  introduced  by  the  celebrated 
Vieta,  the  great  improver  of  modern  Algebra^  He  has  many 
expreflions  peculiar  to  himfelf,  and  which  have  not  been  adopted 
by  fubfequent  Algebraifts.  Amongft  thefe  are  the  following  ones : 
~-He  calls  a  fet  of  quantities  that  are  in  continual  geometrical 

v  T  4  proportion, 
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term,  as  well  as  thofe  which  aic  called  pure  equations  or 
in  which  the  unknown  quantity  occurs  in  only  one  term, 
and  which  are  refolved  by  the  mere  extraction  of  the 
roots  of  grven  numbers.    And  in  all  affected  equations 

\   •  beyond 

proportion,  (fuch  as  the  quantities  I,  x,  x49      x*f  x?9 

fcc,)  a  fct  of  fcalar  quantities,  or  magniiudines  fcalares  ;  and, 
when  there  are  fcveral  of  thefe  fcalar  quantities  connected  witb 
each  other  by  the  figns  +  and       or  by  Addition  and  Sub- 
tra&ion,  (as  in  the  compound  quantity  x*  +  ax4  —  he 
calls  the  higheft  quantity,  «>r4ku  which  is  fartheft  in  the  feale 
of  quantities  I,  x9  **,  x*,  x4,  *5,  x6,  x1,  &c,  (to  wit,  the  quan- 
tity xs  in  the  faid  compound  quantity  *s  +  ax4  —  h*x*,)  the 
power  Of  the  fundamental  quantity  x,  or  of  the  fecond  term  in 
ihe  faid  fcale ;  and  he  Calls  the  lower  fcalar  quantities,  wbich 
■re  involved  in  the  fecond  and  third  terms  of  the  faid  compound 
quantity  Xs  +  ax4  —  b%x*,  to  wit,  the  quantities  x*  and 
(or,  in  pur  prefent  language,  the  inferiour  powers  of  x$)  fcalar 
quantities  of  a  parotic  degree  to      or  the  power  of  the  funda- 
mental quantity  jr.    This  word  paretic  1  take  to  be  derived 
(though  Vieta  does  not  tell  us  fo,)  from  the  Greek  words  waft 
and  o$of,  which  fignify  mar  and  a  way,  or  road,  becaufe  thefe 
inferiour  fcalar  quantities,  x*  and  x4,  lie  in  the  way  as  you  pafs 
along  in  the  fcale  of  the  aforefaid  quantities  1,  x9  x\  a*,  a4, 
x*,  a-6,       &c,  from  i  to  x>,  which  he  calls  tie  power  of  x  in 
the  faid  compound  quantity  x*  +  ax4  —  b*x*.    Thefe  infe- 
riour fcalar  quantities  x*  and  x4  are  therefore  parodU,  or  Jluaitd 
■.n  the  way  to,  or  are  hating  to,  the  faid  power,  or  higher  fcalar 
quantity,  a*.    He  then  proceeds  to  define  a  pure  ^owrr'ani  an 
tiJf  'fcUd  power,  and  ttlls  us,  that  a  pure  power  is  a  fcalar  quan- 
tity that  is  not  affc&ed  with,  or  mixed  with,  any  parotic,  or 
infer  ^ur  fcalar  quantity,  and  that  an  afedid  fower  is  a  fcalar 

quantity 
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beyond  biquadratic!^,  or  thofe  of  the  fourth  power,  thefe 
methods  of  approximation  are  the  only  methods  that  can 
be  taken  for  difcovering  their  roots,  or  the  values  of  the 
unknown  quantities  contained  in  them.   And  even  in 

cubick 

•  ■ 

quantity  that  is  mixed,  or  connected  by  Addition,  or  Subtrac- 
tion, with  one,  or  more,  infcrlour,  or  parodic,  fcalar  quantities* 
combined  with  co-efficients  that  raifc  them  to  the  fame  di- 
menfion  as  the  power  itfelf,  or  make  them  homogeneous  (p  it, 
and  confequently  capable  of  being  added  to  it,  or  fubtra&cd 
from  it.  Thus  *s  alone  is  a  pure  power  of  x,  namely,  its 
fifth  power ;  and  x*  -f  ax*  —  b*x*  is  an  ajfefled  power  of  x$ 
namely,  it's  6fth  power  affefted  by,  or  connected  with,  the  two 
parodic,  or  inferiour  fcalar  quantities,  x3  and  a4,  which  are  mul- 
tiplied  into  bb  and  a,  in  order  to  make  them  homogeneous  to,  or 
of  the  fame  dimeufion  with,  x5  itfelf,  and  confequently  capable 
of  being  added  to  it,  or  fubtrafted  from  it.  And  he  feems  to 
have  ufed  the  word  affeded  in  fp  caking  of  fuch  a  compound 
quantity  as  Xs  -f  ax*  —  £*r»,  becaufe  the  magnitude  of  the 
higheft  power  of  x,  to  wit,  Xs,  was  changed,  or  altered,  or 
made  greater,  or  lefs,  than  it  would  otherwife  be,  by  the  ad- 
dition of  the  parodic  quantity  ax*,  and  the  fubtra&ion  of  the 
parodic  quantity  bxxl ;  which  increafe,  or  diminution,  or  change, 
in  the  principal  quantity  x*  he  feemed  to  think  might  be  well 
exprcfied  by  faying  it  was  affiled  by  it's  connection  with  the 
faid  parodic  quantities.  There  are  fome  expreflions  in  his  book 
that  fatisfy  me  that  this  was  the  idea  he  annexed  to  the  word 
cjfetted.  See  Schooten's  edition  of  Vieta's  Works,  publifhfd 
at  Lcydcn  in  Holland,  in  the  year  2646,  pages  3  and  4. 

This,  then,  being  the  meaning  of  the  expreflions  a  pure  potter 
and  an  afft  fied  power,  the  meaning  of  the  correfponding  ex- 

preffions 
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cubrck  and  biquadratick  equations,  though  particular 
methods  have  been  invented  by  mathematicians,  for  the 
accurate  refolution  of  mod  of  the  cafes  of  thefe  equa- 
tion?, (to  wit,  the  rules  called  Cardan's  Rules  for  the 
refolution  of  mod  cafes  of  cubicle  equations,  and  the 
rules  invented  by  Lewis  Ferrari  of  Bologna  in  Italy, 
aoout  the  year  1545,  and  explained  at  large  in  BombeNi's 
Algebra,  in  the  year  1579,  and  thofe  afterwards  invented 
by  M.  Des  Cartes,  and  publiftied  in  his  Geometry  in  the 
year  1637,  for  the  refolution  of  biquadratick  equations, 
by  the  mediation  of  cubick  equations,)  it  will  be  found 
that  thefe  methods  of  ppproxiir.ation  will,  for  \he  mod 

p 
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preffions  of  a  pure  equation  and  an  ajfttted  equation  follow*  from 
it  of  courfe ;  a  pure  equjt'an  fignifying  an  equation  in  which  a 
jiure  power  of  an  unknown  quantity  is  declared  to  be  equal  to 
fome  knowu  quantity  ;  fuch  at  the  equation  a*  =  79;  and  as 
(tJftSed  equation  fignifying  an  equation  in  which  a  power  of  an 
Unknown  quautity  affected  by,  or  countered,  cither  by  Addition 
or  Subtraction,  with,  fome  inferiour  powers  of  the  fame  uiir 
knowp  quantity,  (multiplied  ;ntQ  proper  co- efficients  in  order 
to  make  them  homogeneous  to  the  faid  higheft  power  of  the  faid 
unknown  quantity,)  is  declared  to  be  equal  to  fome  known 
quantity  ;  fuch  as  the  equation  x*  +  ax*  —  frx1  =  79.  This 
\  take  to  be  the  original  meaning  of  the  cxprtflion  an  affeded 
equation.  But,  as  the  language  of  Victa  has  not  been  adopted 
by  fubfequent  writers  of  Algebra,  I  mould  think  it  would  be 
more  convenient  to  call  them  by  fome  other  name.  And,  perhaps, 
thofe  of  binomial \  trinomial \  quadrincmial,  quinquinomial,  and,  in 
general,  that  of  multinomial  equations,  would  be  as  convenient  as 
any.  Thus,  *.v    ax     rr3  and  .t*  +  ax3  ==  r  \  and  .v'  +  axx  =z  r\ 

and 


Digitized  by 


'fcESOLVING  EQUATIONS  BY  APPROXIMATION.  $83 

part,  enable  us  to  find  the  values  of  their  roots  to  any  % 
.  propofed  degree  of  exa&nefs,  with  lefs  trouble  than  the 
particular  and  accurate  methods  above-mentioned,  which 
have  been  invented  for  that  purpofe.  So  that  thefe  me- 
thods of  refolving  equations  by  approximation  ought  to 
be  confidered  as  of  the  higheft  utility,  and  as  being  abfo- 
lutely  neceflary  to  the  completion  of  the  Do&rine  of  the 
Refolution  of  Algebraick  Equations,  which  is  the  moft 
important  branch  of  the  Science  of  Algebra. 

Art.  2.  But  it  is  not  fo  eafy  to  determine,  which  of 
tjiefe  two  methods  of  approximation,  Mr.  Raphfon's,  or 
Mr.  de  Lagny's,  deferves  to  be  preferred  to  the  other  on 

and  jr4  -f-  a*x  =  r4,  and  x4  -f  ax*  rr  r4,  might  all  be  called 
binomial  equations,  becaufe  they  would  be  equations  in  which  a 
binomial  quantity,  or  quantity  coniifting  of  two  terms  that  in- 
volved the  unknown  quantity  x9  19  declared  to  be  equal  to  a 
known  quantity  ;  and,  for  a  like  reafon,  the  equations  x>  +  ax* 
+  b*x  =:  r3,  and  x*  —  ax*  +  b*x*  =  r4,  and  a4  —  ax*  + 
f>>x  =  r4  and  **  +  «ar*  +  bV  =  r*,  and  x*  +  ax4  -  Pxy 
=  r*9  and  x*  +  b*x*  +  c*x  =  r*,  might  be  called  trinomial 
equations.  And  the  like  names  might  be  given  to  equations  of 
a  greater  number  of  terms.  Dr.  Hutton,  I  obferve,  in  his  ex- 
cellent new  Mathematical  and  Philofbphical  Di&ionary,  juft 
now  publiihed  (Feb.  2,  1795,)  calls  them  compound  equations;  - 
which  is  like  wife  a  very  proper  name  for  them,  and  lefs  obfeure 
than  that  of  ajfeded  equation!.  And  Mr.  Kerfey,  in  his  ex- 
cellent Treatife  of  Algebra,  publifticd  in  the  year  1673,  like- 
wife  calls  them  compound  equations.  But  I  mould  think  the 
former  appellation  of  binomial,  trinomial,  quadrinomial,  quinqui- 
nomial,  and,  in  general,  multinomial  equations  would  be  rather 
more  defcriptivc  of  their  nature. 

thefe 
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thefc  occafions.  Mr*  Rapbfon's  is  certainly  much  Gmpler 
than  the  other,  becaufe  it  proceeds  by  confidering  tbtf  , 
new,  or  transformed,  equation,  (retaking  from  the  fub- 
ftitution  of  a  +  s,  or  a  — *  z%  in  (lead  of  x,  in  the  original 
equation,)  as  being  only  a  fimple  equation,  and  refolving 
it  accordingly,  or  by  the  mere  operation  of  Divifion » 
whereas,  in  Mr.  de  Lagny's  method,  the  faid  new,  of 
transformed,  equation  is  confidered  as  a  quadratick  equa- 
tion, and  refolved  accordingly  ;  which,  when  a  (or  the 
firft  near  value  of  the  root,  that  is  fuppofed  to  be  already 
known,)  is  a  number  confiding  of  five,  or  fix,  figures, 
produces  a  great  deal  of  labour,  and  often  a  great  deal  of 
perplexity.  I  am  therefore  inclined  to  give  the  prefe- 
rence to  Mr.  Raphfon's  method  in  refolving  all  affected 
equations,  more  efpccially  when  the  number  a  confifts  of 
more  than  two  figures  :  but  it  mud  be  confeficd  that  the 
celebrated  Dr.  Halley  (who  had  much  experience,  and 
was  an  excellent  judge  of  thefe  matters,)  was  of  a  dif- 
ferent opinion,  and  gave  the  preference  to  Mr.  de  Lagny's 
method,  which  he  has  therefore  taken  the  pains  to  ex- 
plain in  a  better  manner  than  had  been  done  by  Mr.  de 
Lagny  himfelf,  and  likewife  to  illuftrate  by  examples,  in 
his  Trad  in  the  Philofophical  Tranfa&ions,  Number  2 iof 
intitled,  "  A  itow,  Exaft>  and  Eafy9  Method  of  finding  the 
.  u  Roots  of  any  Equations  Generally  and  that  without  any 
u  previous  ReduBion?  which  was  publiftied  in  the  year 
1694.  On  the  other  hand  we  may  obferve,  that  Mr. 
Itaphfon  always  continued  to  give  his  own  method  the 
preference,  after  the  publication  of  the  trads  of  Mr.  de 
Lagny  and  Dr.  Halley  upon  the  fubjedt,  as  well  as  before 
their  publication,  when  he  tells  us  he  had  himfelf  had  the 

thought 
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-thought  of  adopting  the  ptinciple  which  was  afterwards 
followed  by  Mr.  de  Lagny  and  Dr.  Halley,  of  treating 
the  transformed  equation  as  a  quadratick  equation,  but 
had  deliberately  rejected  it  on  account  of  the  greater  eafe 
and  fimplicity  of  the  other  method,  in  which  the  faid 
transformed  equation  is  confidered  and  treated  as  a  (imple 
equation.  And  Sir  Ifaac  Newton,  in  his  method  of  re«» 
folving  equations  by  approximation,  (which  differs  very 
little  from  Mr.  Raphfon's,)  feems  alfo  to  prefer  Mr, 
Raphfon's  practice,  of  treating  the  transformed  equation 
as  a  more  fimple  equation,  to  that  of  Mr.  de  Lagny  and 
Dr.  Halley,  of  treating  the  faid  equation  as  a  quadratick 
equation.  I  therefore  cannot  but  recommend  it  to  all 
young  Algebraifts  to  ftudy  Mr.  Raphfon's  excellent 
Treatife  on  this  fubject,  intitled,  Anolvps  JEquationum 
Uttivtrfdfijy -with  great  attention,  and  to  endeavour  to 
make  themfelves  matters  of  it,  by  going  carefully  through 
all  the  examples  given  in  it,  and  performing  all  the  arith- 
metical operations  contained  in  them.  And  I  will  ven- 
ture to  fay  that  they  will  thereby  acquire  more  ufeful 
knowledge  in  AJgebra,  towards  the  bufinefs  of  refolving 
affected,  or  compound,  or  multinomial,  equations,  than 
by  reading  all  that  has  been  written  by  Harriot  and  Des 
Cartes,  and  his  learned  Commentator  Van  Schooten,  and 
all  his  other  Commentators,  and  their  "numerous  follow- 
ers) on  the  beaded  doctrine  of  the  Generation  of  Equa- 
tions one  from  another,  by  fuppofing  x  — r  a  to  be  =  o, 
and  x  —  b  to  be  =  o,  and  x  —  c  to  be  =  o,  and  x  -f-  d 
to  be  =  o,  andV-f  e  to  be  =r  o,  and  fo  on ;  and  then 
multiplying  the  binomial  quantities  x  —  a,  x  —  b9 
x  rr  <j  *  +  d9  *  +  e,  &c,  into  each  other,  and  like-  * 

f  7  wife 
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wife  all  the  abflrufe  and  intricate  matter  that  has  beefi 
delivered  by  Sir  Ifaac  Newton,  and  Mr.  Gravefende  and 
Mr.  Mac  Laurin,  and  other  learned  Algebraifts  of  modern 
times,  on  the  invention  of  Divifors,  which  is  grounded 
on  that  doctrine  of  the  Generation  of  Equations  from 
each  other. 

XT       •  •  •  mgm  *  J. 

Art.  3.  Yet  in  reading  this  excellent  Treatife  of  Mr. 
Raphfon,  which  I  fo  much  recommend,  there  will  now 
and  then  occur  fome  difficulties  which  are  not  inherent 
in  the  fubjecl  itfelf,  but  which  might  have  been  avoided, 
if  Mr.  Raphfon  had  not  unfortunately  adopted  the  per- 
plexing doctrines  of  modern  writers  of  Algebra,  about 
negative  quantities  and  negative  roots  of  equations.  The 
quantities  called  negative  are  fuch  as  it  is  impoflible  to 
form  any  clear  idea  of,  being  defined,  by  Sir  Ifaac  Newton 
and  other  Algebraifts  *,  to  be  fuch  quantities  as  are  left 
than  nothings  or  as  arife  from  the  fubtraBion  of  a  greater 
quantity  from  a  lejfer^  which  is  an  operation  evidently  im- 


#  Quantitates  vcl  Affirmative  funt,  feu  majorcs  Nihilo,  vcl 
Negative,  feu  Nihilo  minores. — Newton's  Aritbrnctica  Umver- 

When  a  greater  quantity  is  tafcen  from  a  Iefler  of  the  fame 
fcind,  the  remainder  becomes  of  theoppofite  kind. — Mac  Laurin  \ 
Algebra,  page  5. 


An  affirmative  quantity  is  a  quantity  greater  than  nothing, 
and  is  known  by  this  fign,  +  ;  a  negative  quantity  is  a  quantity 
lefs  than  nothing,  and  is  known  by  this  fign,  —  .—Saunderforis 
Algebra,  Vol  I.  page  5c,  Article  2. 
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poflible  to  be  performed  :  and,  as  to  the  negative  roott  of 
an  equation,  they  are  in  truth  the  real  and  pofitive  roots 
of  another  equation  confiding  of  the  fame  terms  ag  the 
firft  equation,  but  with  different  figns  +  and  —  prefixed 
to  fome  of  them ;  fo  that,  when  writers  of  Algebra  talk 
of  the  negative  roots  of  an  equation,  they,  in  fad,  jumble 
two  different  equations  together, and  fuppofe  the  propofed, 
or  firft,  equation  to  have  not  only  it's  own  proper  roots 
(which  they  call  it's  affirmative,  or  pofitive  y  roots,)  but  to 
have  Hkewife  the  roots  of  a  different  equation,  which  they 
call  it's  negative  roots.  Thus,  for  example,  they  would 
fay,  that  the  quadratick  equation  xx  +  4*  =  320,  has 
two  roots,  to  wir,  the  pofitive,  or  affirmative,  root,  +  16, 
and  the  negative  root,  —  20.  But  this  latter  number, 
20,  is,  in  truth,  the  root  of  a  different  equation,  to  wit, 
of  the  equation  xx  —  4*  =  320.  So  that  this  kind  of 
abfurd  and  fantaftick  language  only  tends  to  the  con- 
founding together  the  two  different  equations  *x  +  4X 
r=  320,  and  xx  —  4*  =  320,  and  conGdering  them  as 
if  they  were  one  and  the  fame  equation.  Now  this  per- 
plexing language  is  unfortunately  ufed  by  Mr.  Raphfort 
in  this  valuable  Treatife,  and  tends  to  throw  an  air  of 
myftery  and  obfeurity  upon  fome  of  the  Problems  folved 
in  it,  from  which  they,  would  otherwife  have  been  in- 
tirely  free.  As  a  proof  of  the  truth  of  this  obfervation, 
I  fhall  here  infert  one  of  the  faid  Problems,  the  fetation 
of  which  is  by  this  means  rendered  fo  obfeure,  that  I  had 
a  good  deal  of  trouble  to  find  out  the  meaning  of  it ; 
though,  if  this  language  had  been  avoided,  and  the  proper 
and  natural  language,  belonging  to  the  conditions  of  the 
Problem,  had  been  ufed  in  it's  ftead,  there  could  not  have 

been 
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been  the  leaft  difficulty  in  underflanding  it.  This  Pro- 
blem is  the  24th,  in  page  32  of  the  2d  edition  of  the 
book,  and  is,  verbatim  tt  liiteratimt  as  follows  : 


PROBLEMA  XXIV. 

vEauATioNUM  Quints  Potest  atis  Adfectaeum  Solutjo, 

Proponatur  —aaaaa  +  jaaaa  —  lQaoa  +  itfaa  =  ic,ooo. 
Hoc  eft,  —  aauaa  +  baaaa  —  caaa  •+•  daa  =  f. 

■ 

Thcor.  x  =  /  +         +  c*8g  -  hm  ~  *gg 

4to  +  2*g  -  <>&ggg  -*  ygg 

Sit  g  =  -  5 

/  +  m&r  +      —  teg:  —  <fe  =  —  3875 

4te+2((p- 5m£  —      =  -9675)  (-3875fO)  +,4='* 

—  Si  • 

+  >4 


/  +  msi  +  «m  —  hggg  —  dgg  =  —  420,36896 

4%££  +        5£OT  -  lcgg  =  -  7659>736)  —  4*°>36896 

—  4,6 
*  =  —  4>S45 

/  + 
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/+  &ms + cm  -  hsm  -  d&s  -  -  519^0359465465625 

(+  ,00080428  =  jt 


—  4>545 

+  ,000,80428 

■  it, 

*  =  —  4>544>i9S»7a  * 


In  this  Problem  the  letter  a  is  ufed  for  the  unknown 
quantity,  or  root  of  the  equation,  which  is  ufiially  deh6ted 
by  tlie  letter  x ;  and  the  letter  g  is  ufed  for  the  firft  near 
value  of  the  root  of  the  equation,  which  in  the  two  fore- 
going Tracts  has  been  denoted  by  the  letter  a ;  and  the 
letter  x  is  ufed  for  the  difference  between  g>  the  firft  near 
value  of  the  root  of  the  equation,  and  a,  it's  true  value, 
which  difference  has  been  denoted  in  the  two  foregoing 
Tracts  by  the  letter  z.  So  that,  if  we  exprefs  the  efitin- 

- 

*  To  this  folution  I  have,  in  my  copy  of  Mr.  Uaphfon'a 
Tratf,  fubjoincd  the  following  Note  : 


Numerus  4.544.)  195,72  c^  radix  aequationis  a*  -f-  fa*  -f- 
20a3    +  =  »o>oco;  quod  hie  obfeure  innuitur  Tub 

fpecie  radicis  negativae  aequationis  —  -f  ja4  —  20a>  -f 
i55«*  =  io,coo.  Omncs  fere  difficultates  quibus  permutu 
cultioris  ingenii  viri  ab  Algebra  difcenda  et  excolenda  deter* 
rentur,  ex  h'lfce  radicibus  negativis  et  aliis  quantitation  nega- 
tivis,  feu  (ut  hodierni  Algebra?  fcriptores  abfurd<*  loquuntur,) 
$d>i!o  vi'morll'Vi,  ortum  habent. 
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ciatlon  of  the  foregoing  Problem  in  the  notation  that  haj 
been  ufed  in  the  two  foregoing  Tracts,  it  will  be  as 

follows : 

»    *  ■  mm  - 

Proponatur  —  x xxxx  +  *jxxxx  —  2Qxxx  +  155.^=40,000, 
Sive  —  .v5  4-  Jx*  —  2ojtj  4-  1^5**  =s  10,000, 
Hoc  eft,  —  xxxxx+  bxxxx  — •  exxx  -f  dxx  =  /f 
Sive  —  xs  +  bx*  —  r*5  +  dm%  =  /. 

/  4-  aaaaa  +  ftftfti  —  baana  —  </<jj 

THeor.  a  =  - — z  —  

/  4.  flt  -f  «,»  -  fo«  — 
01  3  =   ■  . 


^irf.  4.  Here,  then,  the  equation  propofed  by  Mr. 
Raphfon  to  be  refolved,  is  faid  to  be  —  xl  4-  fx*  —  20** 
+  155X*  =  10,000,  or  155**  —  ao*3  4-  7*4  —  *s  =» 
10,000.  But  this  b  not  the  equation  he  refolves  5  and, 
indeed,  it  is  not  a  poffibte  equation,  becaufethe  greatcft 
poflible  magnitude  of  the  compound  quantity  155**  *— 
2cxs  4-  7*4  —  x*  is  that  which  it  has  when  the  infinitely 
fmall  increment  of  the  binomial  quantity  20x*  4-  x*  be- 
comes equal  to  the  contemporary  increment  of  the  bino* 
mial  quantity  J 5 5**  4-  Jx%  that  is,  (if  we  put  i,  or* 
with  a  point  placed  oyer  it,  for  the  infinitely  fmall  incre- 
ment of  jr,)  when  20  X  £v*i  4-  $x*&  becomes  equal  to 
J  55  X  2xx  4-  7  X  4.r*jr,  or  when  6o.r2  4-  $**  *8  = 
310*  4r  2bV,  or  when  box  4-  $x*  is  =  310  +  2Sxx,  or 

8  .  when 
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when  5*1  —  iZxx  +  60*  is  =  310,  or  when  x*  — •  — 

4-  11*  is  =5  62,  or  when  *s  -**  5.6**  +  i*x  is  =  62 1 
and  that  is  when  x  is  nearly  =  5.5 ;  at  which  tkne  the 
compound  quantity  155**  —  20**  +  7**  —  *s  will  be 
nearly  equal  to  2733,  a9  appear  by  fubftituting  5.5 
in  (lead  of  x  in  the  terms  of  the  faid  quantity  155**  — * 
loar1  +  7*4  — *.  xs :  and  this  quantity  2733  (which  is  the 
greater!  poffiblc  magnitude  of  the  compound  quantity 
155**  —  20*1  +  7**  —  *5,)  is  very  much  lefs  than 
10,000,  or  the  abfolute  term  of  the  equation  155**  — 
2o*3  +  rjx*  —  x3  =  10,000*  and  confequently  the  faid 
equation  is  impoflible.  But  Mr.  Raphfon,  though  he 
fets  down  this  equation  155**  —  20*s  +  7**  —  x5  =s 
10,000,  as  the  equation  that  is  to  be  refdlved,  yet  really 
means  to  rcfolve  a  quite  different  equation,  to  wit,  the 
equation  that  refults  from  fuppofing  x  to  be  a.  negative 
quantity,  or  from  fubftituting  the  powers  of  —  x,  to 
wit,  +  xx,  —  +  ,r*,  and  —  x5,  in  the  terms 
of  the  faid  equation  155**  —  20  *3  +  7  .V4  —  *5  =s 
ic,ooo,  inftead  of  the  like  powers  of  +  x,  to  wit,  •+■  xx% 
+  x*,  +  x4,  and  +  x> ;  by  which  fubftitution  the  faid 
equation  will  be  converted  into  the  equation  155  x  -f 
xx  —  20  X  —  +  7  X  +  x4  —  IX  —  *s  =  10,000, 
or  155^  +  aox1  +  )jf4  +  j?5  =  10,600,  which  is  evi- 
dently a  poffible  equation,  and  of  which  the  root  is 
4  544,195,72,  or  the  fame  number  which  he  obtains  by 
his  folution  of  the  Problem,  and  which,  with  the  fign  — 
prefixed  to  it,  he  calls  the  negative  root  of  the  propofed 
equation  \$$xx  —  %oxl  ■+-  7X4  — •  Xs  =  10,000.  Now 
all  this  perplexity  would  have  been  avoided,  if  Mr.  Raph* 
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foil  liail  propofcd  at  firft  to  find  the  root,  or,  in  the  Ian-* 
gujge  of  modern  writers  of  Algebra,  the  affirmative %  or 
pofitivty  root,  of  the  equation  t$Sx*  +  20J|:I  +  7**  + 
a5  =x  .  io,ooo,  or  *$  +  yx*  +  2a*1  +  155*'  =  10,000, 
which  equation  is  evidently  poflible,  and  can  have  only 
one  root.  And  then  all  the  fleps  of  his  fo  hit  ion  would 
4*ave  been  clear  and  eafy,  as  will  appear  by  refolding  this 
equation  *s  yx4  +  20xi  +  155^  =s  1 0,000  accord- 
ing to  the  principles  of  his  method  \  which  may  be  done 
in  die  manner  following  : 

1 


The  Refilutkn  of  the  Affc3ed  Equation  x*  +  7**  +  2c*1 
+  155a'*  =  10,000,  by  Mr.  Raphforis  Method  of 
Approximation. 


Art.  5.  In  confided ng  this  equation  x$  4*  7**  + 
aojr1  +  155**  =  io,coc,  it  is,  in  the  ift  place,  eafy  to 
fee  that  x  mull  be  greater  than  1.  For,  if  wc  fuppofe  x 
to  be  =  i,  we  (hall  have  xx  =  i,  and  x*  =  1,  and  ** 
x=  1,  and  *}  =  1  j  and  conftquently  x$  +  7.1:4  +  20*1 
+  155.1*  will  be  s=  1  +  7  +  20  +  155  sa  183  ;  which 
is  very  much  Je&  than  the  abfolutc  term  10^000.  There- 
fore 1  mod  be  m«ch  kfs  than  x. 

i  ,      .  - 

In  tie  fecond  place,  if  we  fuppofe  x  to  be  =s  10,  wc 
Jhail  have  xx  =  ico,  and  x>  =  1000,  and  x*  s  icocc, 

and 
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and  x'  «  100,000;  fo  that  x4  alpne  will  be  equal  to  the 
abfolute  term  io,ooo,  and  confequently  xs  ■+■  7**  +* 
20 xl  +  15c*  muft  be  very  much  greater  than  the  faid 
abfolute  term;  and  confequently  10  mult  be  much 
greater  than  x. 

■ 

Thirdly,  fince  x  is  lefs  than  10  and  greater  than  f , 
let  us  fuppofe  it  to  be  equal  to  5.  Then  we  (hall  have 
xx  =  25,  and  x*  =  125,  and  x4  zz  625,  and  xs  =s 
3125,  and  confequently  xs  +  7X4  4-  2cx3  -f  l$$xx  (=s 
3125  +  7  X  625  +  20  X  125  +  155  X  25  3=  3125 

+  4375  +  2500  +  3875)  =  J3>875  5  wnicn  is  greater  * 
than  the  abfolute  term  10,000.    Therefore  5  is  greater 
than  the  true  value  of  x  in  the  equation  x*  +  jxA  + 
20**  -f   155**  =  10,000. 

We  will  therefore,  in  the  4th  place,  fuppofe  x  to  be 
=  4.  And  then  we  (hall  have  xx  =  16,  and  xl  =  64, 
and  x+  ss  256,  and  xs  as  1024,  and  confequently  x*  + 

7*4  +  20AJ       I55XX  (as  1024  +  7  X  256  «f  20  x  64 

+  155  X  16  =  1024  +  1792  4-  1280  +  2480)  =6576; 
which  is  lefs  than  the  abfolute  term  io,oco.  Therefore 
4  is  lefs  than  the  true  value  of  x  in  the  equation  x%  + 
7*4  +  2ox3  +•  155**  =  10,000. 

It  appears  therefore  that  the  root  of  the  equation  x5  4* 
7-r*  +  20x*  +  15  xx  as  io,~oo  is  greater  than  4,  but 
lefs  than  5.  And  either  of  thefe  values  might  very  well 
terve  for  a  firft  near  value  of  the  faid  root,  or  for  the  bafis 
of  a  further  approximation  to  it.  Mr  Raphfon  makes 
choice  of  5,  which  is  greater  than?  the  truth. 

U  3  Art.  6. 
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Art.  6,  Let  us  then  fuppofe  ay  or  the  fira  near  valtt* 
'of  x  ki  the  equation  xs  +  7**  +  20**  +  1 55**=  10,000, 
to  be  =  5 ;  and  let  z  be  the  difference  by  which  it  exceeds 
the  true  value  of  x.  Then  will  *  be  =  a  —  a,  and  con- 

fequently  *x  will  be  (=  a  ^~i]a)  =      —       +  &c, 

and  x3  will  be  ( 3=  a  -  s] s)  -  a3  —  3**z  +  &c,  and  *4 
will  be  (=  =      —  4*'*  +  &c,  and  *«  wiU 

be  (=  a^Tis)  =  flJ  —  5«42  +  Therefore 
y-r4  +  2Qx*  +  155**  will  be  s= 


I 


<,<  —  fa4*  + 
+     7  X  #»4  —  4tf%  +  $cc, 
ao  x  43  +  &e, 

+  155  X  aa  -  ia*   +  &c, 


1       +     7*4  _    a8*i*  +  «tc, 
^     \        +    lo«i  -    6o**«  +  &c,  r 
I       +  —  310**  +  &c  1 

But  a-1  +  7*4  +        +  155**  is  =s  10,000. 

Therefore  a*  +  7a4  4-  20a1  +  155**  S**2  — 
3&a*z  —  toa'z  310*2*  +  &c,  will  alfo  be  =  10,000, 
and  confequently  (adding  $<i*%  +  2%a*z  +  60*'*  + 
31c**  to  both  fides,)  we  (hall  have  o$  +  7a4  +  2oa'  + 
I5540  =  io,coo  +  $a4z  -F  28fl3a  +  OOflV  +  310^ 
or  (becaufe  *  is  =  5,  and  confequently  a*  +  7a4  -f  20** 
4-  15500  >s  =»  1 3*875,  as  has  been  fhewn  in  art.  5,)  we 
(hall  have  13)875  «  *o,oco      5«4*  +  28a'z  +  60a'* 
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■f.  310**,  and  confequently  (fubtra£Ung  10,000  from 
both  fides,)  3875  s=  5a4*  -f  28a3z  +  boaz  +  310/12 

=  z  X  (5a4  +  28a*  +  6otf*  +  310a.  Therefore  %  will 

*     =  387>  , 

5a4  -fr-  28a*  +  6cal  +  310a  * 

 3l2i  :  » 

5  x  714  +  28  x  1\»  +  60  x  s,*  +  310  x  5 

387$  = 

5  x  625  +  28  x  125  +  60  x  25  +  310  x  5 

 Ji75  »  l!*5  )  =  0.4. 

3l*S  -t*  3S°°  +  l5°°  +  *SS°  9^75 
Therefore  a  —  z,  or  x,  will  be  ( =  a  —  0.4  =  5.0  — 
0.4)  =  4.6 >  and  4.6  will  be  a  fecond  near  value  of  the 
root  of  the  equation  *s  +  7*4       20*'  +  155** 
a=  10,000.  q.  E.  I. 

We  mufl  next  try  whether  this  fecond  near  value  of  * 
is  greater  or  lefs  than  it's  true  value  j  and  for  this  pur- 
pofe  wc  mud  fubftitute  it,  in  (lead  of  x,  in  the  compound 
quantity  x*  +  7*4  -f-  2C*1  +  J  55**. 

Now,  if  we  fuppofc  x  to  be  =  4.6,  we  (hall  have**  (  = 

4?6!*)  =s  21.16,  and     (=  JT^3)  =  97.336,  and  x4  (= 

4I0)4)  =  447.7456,  and  *s  (=  4^0  =  2059.62976, 
and  155**  (=  155  X  21.16)  =  3270  80,  and  2 or 5  (== 

20  X  97-330  =  1946.720,  and  7*4  (=  7  X  447-745$) 
=  3134*2192,  and  confequently  #5  +  ~x*  +  2Cx*  -j- 
*$'S**  (—  2059.62*976  +  3134*2192  +  1956.720  -f 
3279.80)  =  10,420.368961  which  is  greater  than  10,000, 

U4  *  or 
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or  the  abfolute  term  of  the  Equation  xS  +  ;  +  20** 
-f.  I55xr  =  10,000.  Therefore  4.6  will  \z  greater 
than  die  true  value  of  x  in  that  equation. 

Art.  7.  To  find  a  third  near  value  of  the  root  of 
this  equation,  let  a  be  fuppofed  to  be  =  4.6,  and  %  be 
the  difference  by  which  *,  or  4.6,  exceeds  the  true,  value 
of  the  faid  root. 

- 

Then  \ie  (hall  have,  as  before,  x  =  a  *,  and  confer 
quently  xx  (—  a  — *  z>  *)  —  an  —  %a%  •+•  &c>  and 
*  —  z^)  =  aJ  —  3a5z  +  &c,  and  x*  (=  *  — zV)  = 
a*  4^/!z  +  &c,  and  *S  (=  a  — -  zV)  =  $5  — 
+  &c,  and  7**  (=  7  X  a*  —  4«5z  +  &cf)  =  7**  — 
2*>Vz+  fcc, and  2o»%  20  X  a1— 3<ra  +  &c,)  =  20a* 
6o<??a  +  &c,  and  155**  (=  155  X  *a  2*2  +  &c,) 
=  1550a  -~  3iorfz  +  &c,  and  ^5  -f-  7**  +  20**  t» 


s 
1 


+      7*4  —    i%aht  +  &c, 


But  *5  +  7**  +  20X1  +  155**  IS  ss  3  0,000, 

TJiejpefore 


■   J  +   744  - 

1 


■f-  apflJ  —  6o«1si  +  &ct 
f  155**  -  5io«  f  &c, 


will  likewife  bo 
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=  10,000,  and  confequcntly  (adding  $a*z  +  i%a%z  4- 
60a  z  +  3i0az  to  both  fides,)  a*  +  7*1*  4-  20a1  4- 
f55<"i  will  be  =  10,000  4-  5**z  +  2%a*z  4  0O4*z 
4-  3iCiiz. 

But  it  has  been  fliewn  in  the  lad  article,  that  a 5  +  7a* 
+  20a5  +  i$Saa>  or  4^ J  +  7  X  4^tV  +  20  X  4.71s 
+  155  X  4^  ,  is  =  10,420.36396. 

» 

Therefore  10,420.36896  will  be  =  10,000  4*  5**z  4- 
1%a}%  4-  6arz  4-  ^xoaz  \  and  consequently  (fubtrafting 
io,coo  from  both  fides  of  the  equation,)  420,36896  will 

be  =  5*4z  4-  28<t*z  4-  6o/iaz  4-  3100*  (=5  X  X 

*  +  26  X  4X) 1  X  z  4-  60  X  4T0Y-  X  z  4-  310  X  4-& 
X  z  =  5  X  447  7456'  X  2  +  28  X  97'336  X  z  4-  60 
X  21.16  Xz  +  3ioX46Xz  =  2238.7280  X  z  4- 
2725.408  X  z  4-  1269.60  X  z  4-  l4*6\o  X  z)  ■=  7659. 

.7360  X  z,  and  confcquently  z  will  be  (=  ^"^) 

=  0.0548,  or  nearly  0.055.  Therefore  x,  or  a  z,  or 
4.6  — z,  will  be  nearly  (=  4.6  —  0.055,)  =  4#545  » 
and  confequently  this  number  4.545  will  be  a  third  near 
value  of  the  root  of  the  propofed  equation  xs  +  jx+  + 
20*3  4.  155-r.r  =  io,oco.  q;  E.  1. 

Now  let  this  number  4.545  be  fubftitutcd  inftead  of  xs 
in  the  compound  quantity  xS  4-  7**  4.  20*3  +  15  5.1.1:, 
jn  order  to  difcovcr  whether  the  refult  will  be  greater,  or  * 

Ufc, 
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lcfs,  than  J  0,000,  or  the  abfolutc  term  of  the  propofed 
equation  **  +  74^  +  20**  +  155**  =  io,oco* 

Now,  if  *  be  fuppofed  to  be  =s  4.54 5,  we  (ball  hare 

xx  (*  4-545V)  =  20.657,025,  and  x*  (=  4-545I3)  =» 

93.886,178,625,  and  *♦  (  *  4-5451*)  =  4^7«,68i, 

850,625,  and  x5  4^4?5)  =  I93*4°9»i39ic»» 
090,625,  and  confequently  7**  (=  7  X  426.712,681, 
850,625)  =  2986.o88,772,954>375»  and  20x'  (=  20 
X  93.886,178,625)  =  i877.723,572r5ro,  and  i$$xx 
(=  155  X  20.657,025)  =  3201.838,875,  and  a>  +  7*4 
+  20x*  +  I55*x  (=  1939.409,139,01  !>-9°>625  + 
2986.988,772,954,375  +  1877.723,572,500  +  3201. 
•838,875)  =  10,005.960,359,465,465*625  >  which  it 
greater  than  io,oor,  or  the  abfolute  term  of  the  equation 
-f  7 20**  +  I55*rjc  =  *o,ooo.  Therefore 
4.545  will  be  greater  than  the  true  value  of  x  in  that 
equation* 

Art.  8.  To  find  a  fourth  near  value  of  the  root  of  this 
equation  x%  +  7**  +  2ox*  +  155**  ==  XO,ojc,  let  a 
be  fuppofed  to  be  =  4*545,  and  z  be  fuppofed  to  be  the 
difference  by  which  a,  or  4.545,  exceeds  the  true  value 
of  the  faid  root. 

Then  we  fliall,  as  before,  have  x  ^  a  —  2,  and  confe- 

quently  xx  (=  a  —  z]x)  —  aa  —  *az  +  &c,  and  a»  (  = 

a  —  zY)  =  0}  —  3<rz  +  Sec,  and  a4  ( =  a  —  zY)  =  a4 

*  —  4c3a.  +  &c,  and  a>  (=  a  —  z)$)  =  aj  —  5«4z  +  &c, 

and 
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HOd  7**  (=  7  X  a*-4a»z  +  &c,)  =  7a4  -  28<i,2  +  &Cf 

and  2ox3  (=  20  X  a*  —  3a  2  -h  &c,)  =  20a*  —  60*** 

+  &c,and  155**  (  =  155  X  aa  —  2az  +  fee,)  =  155"* 
—  310*2  +  &c,  and  confequcntly     +  7*4  +  *o**  + 


But  _**  +  7*4  +  20*'  +  155**  is  =  10,000. 
Therefore  as  +  ?a+  +  2o/i3  +  155*0  — + 


likewife  be  =  10,000  j  and  confequently  (adding  5a4* 
+  280%  +  6oa2z  4-  310*2  to  both  fides,)  a*  +  7*4  + 


60^2  4-  310^2. 

But  it  has  been  (hewn  in  the  laft  article,  that  a*  +  7** 
+  2oa»  +  155*0,  or  4-54S,$  +  7  *  4-5^  4  +  20  X 
4I45V  +  155  X  4-5451%  ig  x  10,005.960,359,465, 
465,625. 

* 

Therefore  io,oo5.96o,359>465»4&5*<**5  w»n  b«  — 
10,000  +  5<i*z  +  28*Jz  4-  6o*'z  +  310/12 }  and  con- 
fequently (fubtra&ing  10,000  from  both  fides,)  5.960, 


359,465,465,625  will  be  =  5«4*  +  a8fl's  4-  6o*'z  4- 


—  28<j3«  4-  &c,  —  6oa*z  +  &c. 


,  —  310**  +  &c,  will 


n\\  be  =5  10,000  +  5*4*  +  *8fll*  + 


3TOJZ 
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2ioaz  (=  5  X  4- 545' 4  X  z  +  28  X  4.545)3  X2  +  60 

X  4^545^"  X  a  +  310X  4.545  X  z  =  5  X  426.712, 
681,850,625  X  z  4-  28  X  93.886,178,625  X«  +  60 
X  20657,025  X  z  +  310  X  4.545  X  z  =  2133.563, 
400,253,125  X  z  +  2628.813,001,500  X  z  +  I239.42J, 
500  X  z  +  I4C8.950  X  z)  =  7410.747,910,753,125 

X  z.   Therefore  z  will  be  (=  5^^<a^  } 

74|c-747i9-°»75J»'*5 
r=  0.000,804,28,  and  or  a  —  z,  or  4-545  —  z,  will 
be  (=  4.545,000,00  —  0.000,804,28)  =  4-5-14'»95>72« 
Therefore  4.544,195,72  will  be  a  fourth  near  value  of 
the  root  of  the  propofed  equation  x*  ■+•  7a:4  -h  20*3  4. 
I55X*  =  10,000.  q»  E.  1. 

This  number  4-544»f  95>7*,  agrees  with  the  number 
found  by  Mr.  Raphfon,  in  all  it's  figures. 

jirt.  9.  The  foregoing  refolution  of  the  equation 
*s  +  7 a*4  +  lox3  4-  iSSxx  —  i' fOOO,  has  been  per- 
formed  at  great  length,  in  order  to  fet  forth,  in  as  clear 
a  manner  as  pofTible,  the  feveral  reafonings  upon  which  the 
arithmetical  operations  ufed  in  it  are  grounded,  as  well  as 
the  faid  operations  the mfe Ives.    And  by  fo  doing  the 
fubjeft  is  rendered  fo  much  eafier  than  in  Mr.  Raphfon'* 
very  concifc  and  comprefted  way  of  treating  it,  (in  which 
all  the  reafonings  are  droppeo^  and  only  the  arithmetical 
operations  are  exhibited,)  that,  though  the  above  refo- 
lution of  the  faid  equrion  is  three,  or  four,  times  as  long 
as  Mr.  Raphfon's,  y  1  1  am  fully  perfuacled  that  it  may 
be  read  and  underftood  in  a  third,  or  fourth,  part  of  the 

time 
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time  that  is  neceflary  to  a  thorough  comprehenfion  of 
Mr.  Raphfon's  refolution  of  it;  even  if  he  had  not 
puzzled  the  matter  by  talking  of  the  negative  root  of 
the  equation  —  x*  +  7**  —  2ox3  +  155**  =  10,000. 
But  that  this  may  appear  the  more  clearly,  I  will  now- 
repeat  the  foregoing  refolution  of  this  equation  in  the 
ftyle  and  manner  of  Mr.  Raphfon,  by  omitting  the  fe- 
veral  reafonings  fet  forth  in  the  foregoing  articles,  and 
making  ufe  of  a  Canon,  or  Theorem,  for  the  purpofe  of 
computing  the  fecond,  third,  and  fourth  values  of  z,  in 
the  fame  manner  as  Mr.  Raphfon  has  done. 

"* 

Art.  10.  Since  each  of  the  three  firft  fucceffive  near 
values  of  xf  or  the  root  of  the  propofed  equation  *s  4- 
7-r4  «+■  20x3  +  155**  =  io,ooc,  from  which  the  next 
near  values  of  it  are  derived,  to  wit,  the  three  numbers 
5,  4.6,  and  4.54  J,  and  which  are  fucceffively  denoted  By 
the  letter  at  is  greater  than  the  true  value  of  x  in  the 
faid  equation,  or  than  the  root  of  the  faid  equation,  it 
follows  that  the  fecond,  and  third,  and  fourth  near  va- 
lues of  x  will,  each  of  them,  be  fucceflively  denoted  by 
the  refidual  quantity  a  —  z  $  and  consequently,  by  ap- 
plying the  reafonings  ufed  in  art.  6,  in  order  to  obtain 
the  values  of  z,  and  of  a  —  z,  or  x,  we  (hall  find  that  z 
will  be,  fucceffively,  nearly  equal  to  the  value  of  the 

f rattion    '  "  ! — ,  and,  there* 

5«'t  +  20tf3  +  tea*  +  310* 

fore,  that  a  —  z,  or  x,  will  be,  fucceffively,  nearjy 
equal  to  the  value  of  the  quantity  a  —  the  fraction 

**  +  7<*4  4-  20tfJ  +  l;ca»  -  10,000  .      .        .  v 

"  '    ,  A  ■  '  o  1  .  a — »  .  •  This,  then,  is  the 

Theorem, 
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Theorem,  or  Canon,  by  the  application  of  which  we  ar£ 
to  compute  the  firft,  and  fecond,  and  third  near  values 
of  a  —  z,  or  the  fecond*  and  third,  and  fourth  neat 
values  of  x,  after  taking  5  for  the  firft  near  value  of 
it,  or  for  the  firft  value  of  a. 

Now,  if  a  is  s  s,  we  (hall  have  z  =  the  fraaion 

5a4      2&a*  i-  Oc*t*  +  310a         ~"  9675  ~~ 

Therefore  a  —  z  will  be  (=  5  —0.4)  =  4.6;  which 
will  therefore  be  the  fecond  near  value  of  x>  or  of  the. 
toot  of  the  equation  x*  +  7**  +  2oxi  +  155**  = 
10,000. 

- 

Secondly,  if  a  be  =  4.6,  we  (hall  have  z  = 

•»     ja*  +  2o^5  +  15^*  —  10,000  420.36896 

5a4  -f         +  6oa*  -f-  310a  "~    7659.7360  = 

O.0548,  or,  nearly,  0.055.  Therefore  a  —  z  will  be 
(=46-  0.055)  =  4-545>  which  will  therefore  be 
the  third  near  value  of  x9  or  of  the  root  of  the  equation 
*'  +  7-1 4  +  2QA3      155.1-*  =  io,COO. 

Thirdly,  if  /x  be  =  4.545,  we  (hall  have  s  = 

Is + 7<*4  -f  2 o*3 -f  1 5  5*a  —  t  0,000       5.9^0, 3  9 9. 46 c ,46 ^,62  c 
5fi*+28^  +  6o4J  +  3iou  7410.747,910,753,12  j 

2=  0.000,804,28.  Therefore  <z —  z  will  be  (=  4.545 
—  0.000,804,28)  =  4«5«#iI95>72  >  which  will  there- 
lore  be  the  fourth  near  value  of  x>  or  of  the  root  of  the 
equation  .\?  +  ;.r4       2C.v3  4-  155**  =*  io,ooa 

q.  e.  1.  . 
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Art.  II.  Mr.  Raphfon's  Canon,  or  Theorem,  for  the 
value  of  z,  is  exprefled  more  concifely  than  the  foregoing 

Theorem  z  =    °*  +      *  7°*%  *  **Saa  ~  10,000 

'  $a+  +  28a*  -t-  6o**  +  310a 

For  he  ufes  the  letters  bt  r,  </,  and /,  for  the  co-efficients  f9 
20,  and  15  5,  of  the  fourth,  third,  and  fecond,  power  of  * 
in  the  equation  x*  +  *jxK  +  20a3  +  1 55**  =  10,000,  and 
for  10,000,  the  abfolute  term  of  that  equation,  refpec- 
rivelyj  which  produces  the  following  Canon,  or  Theorem, 

for  the  value  of  a,  to  wit,  2  =  — — r—r  _      /  . 

But  it  appears  to  me  that,  though  we  may  feem  to  gain 
fomething  in  point  of  brevity  by  ufing  this  very  general 
notation,  we  lofe  as  much  in  the  article  of  perfpicuityf 
which  is  a  matter  of  much  greater  importance.  How- 
ever, this  latter  resolution  of  the  equation  xi  7**  -f" 
2Cjr3  4.  i$$xx  =  ic,ooo,  which  is  exprefled  in  Mr# 
Raphfon's  concife  ftyle  and  manner,  and  the  foregoing 
more  explicit  refolution  of  it  in  art.  5,  6,  7,  and  8,  (in 
which  the  reafonings,  on  which  the  fcveral  arithmetical 
operations  are  grounded,  are  diftin£Hy  fet  forth  and  re* 
pcatedj  are,  both  of  them,  the  fame  in  fubftance,  and 
are,  as  I  believe,  the  very  bed  method  that  can  be  taken 
for  difcovering  the  root  of  the  faid  equation. 

1 

Of  the  Refimblance  of  Mr,  Raphfon's  Method  of  Refilv'mg 
Numeral  Equations  by  approximation  to  Sir  Jfaac  Aewton/ 
Method  of  doing  the  fame  thing,  % 

Art.  12.  It  has  been  obferved  above  in  art.  2,  that 
Sir  lfaac  Newton's  method  of  rcfolving  numeral  equations 

by 


Digitized  by  Google 


304    QBtERtATlOtfS  ON  MR.  RAPHSOk's  METttOrf  O* 

by  approximation  differed  but  little  from  Mr.  Raphlbn's, 
Loth  methods  being  founded  on  the  fame  principle  of 
coniidering  the  new,  or  transformed,  equation,  (refulting 
from  the  fubftitution  of  a  +  z,  or  a  —  z,  inftead  of  x, 
in  the  original  equation,)  as  a  mere  fimple  equation,  or 
neglecting,  or  omitting,  all  the  terms  of  it  which  involved 
in  them  any  higher  power  of  z  than  it's  fimple  power  j 
which  reduces  the  refolution  of  all  equations,  of  whatever 
orders,  to  the  refolution  of  a  fimple  equation,  or,  rather, 
to  the  refolution  of  feveral  fucceflive  fimple  equations,  by 
which  we  make  continual  approaches  to  the  true  value  of 
the  root  of  the  original  equation.  In  this  grand  principle 
Sir  Ifaac  Newton's  method  and  Mr.  Raph foil's  method 
perfectly  agree ;  and,  in  finding  the  fecond  near  value 
of  x,  or  in  making  the  firft  approximation  to  the  true 
value  of  at,  after  having  obtained,  by  conjecture,  or  trial, 
or  in  fomc  other  manner,  the  value  of  what  has  been 
here  called  a,  or  a  firft  near  value  of  .r,  or  the  root 
fought,  there  is  not  the  fmalleft  difference  between  them. 
But  in  the  inveftigation  of  the  third,  and  fourth,  and 
other  following  near  values  of  x9  there  is  a  little  differ- 
ence in  their  manner  of  proceeding,  which  the  reader 
may  be  glad  to  fee  examined.  I  fliall  therefore  now 
compare  the  two  methods  together,  in  the  cafe  of  a  very 
cafy  equation,  by  which  Sir  Ifaac  Newton  himfelf  has 
thought  proper  to  illuflrate  his  method. 

- 


A  COM- 
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t  .    I  a  • 

•  • 

•  * 

A  COMPARISON  BETWEEN  SIR  ISAAC  NEWTON'S 
AND  MR.  RAPHSON'S  METHODS  OF  RESOLVING 
NUMERAL  EQUATIONS  BY  APPROXIMATION. 


Art.  13.  Sir  Isaac  Nrwton's  method  of  rcfolving 
numeral  equations  by  approximation,  is  explained  by 
himfelf  in  his  curious  little  Tract,  intitled,  Analtfs  per 
JEquationcs  Numero  Termmorum  Ittfinitas,  (which  was 
written  in  the  year  1666,  and  communicated  to  Dr.  Ifaac 
B arrow,  and  to  Mr.  John  Collins,  and  to  other  learned 
rncn  of  that  time,  in  the  year  1669,)  by  an  example  -9 
which  is  as  follows  : 

Art.  14.  Let  it  be  required  to  refotve  the  Cubicle 
equation  x%  —  ix  =  5. 

Here,  in  the  firft  place,  it  is  eafy  to  fee  that  jris  fome- 
what  greater  than  7,  but  much  lefs  than  3.  For,  if  x  is 
taken  equal  to  2,  we  (hall  have  2x  =  4,  and  x*  =  8,  and ' 
consequently  *8  —  ix  (  =  8  —  4)  =  4;  which  is  lefs 
than  5,  or  the  true  value  of  x%  —  2x  in  the  propofed 
equation:  and,  if  *  is  taken  equal  to  3,  we  (hall  have 
a.r  =  6,  and  *3  =  27,  and  confequently  x*  —  ix  (  = 
27  —  6)  =  21 ;  which  is  very  much  greater  than  5,  or 
the  true  value  of  x*  —  2x  in  the  propofed  equation. 
Therefore  the  true  value  of  x  in  that  equation  mud  be 

X  much 
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much  lcfs  than  3,  and  a  little  greater  than  2.  Let  it 
therefore  be  fuppofed  to  be  equal  to  the  quantity  2  «+  z, 
In  which  2  denotes  the  unknown  quantity  by  which  the 
true  value  of  *  exceeds  2.  And  let  2  +  z  be  fubfti- 
tuted,  inftead  of  in  the  propofed  equation  x*  —  2* 
=  5.    This  may  be  done  as  follows  : 


1 ,  -  - 


Since  x  is  =:  2  -f  z,  we  (hall  have     (sll*  +  3  X 

al*  X  at  +  3  X  2  X  z2  +  z1  =  8  +  3  X  4  X  i  +  3 
X  2zz  +  z*)  =  8  +  122  +  6zz  +  a1,  and  2*  (=  2 

X  2  +  2)  =  4  +  az,  and  confequently  *•  —  2x  (= 
8  +  122  +  622  2*  —  4  —  22)  =44-  102  +  6zz 
+  2J.  But  *'  —  2x  is  =  5.  Therefore  4  +  102  + 
622  +  z1  will  alfo  be  =  5,  and  confequently  (fubtracl- 
lng  4  from  both  fides,)  102  +  622  +  2s  will  be  =  I ; 
and,  (fub  trading  622  +  2'  from  both  (ides,)  102  will  be 

^  I  «»62!2#  Z^ 

r=  I  —  622  —  *3.    Therefore  2  will  be  =  - 


xo 


=  j--.fi 

10  I 


6zz  +  z»  -  6xs  —  «»  . 

=  0.1   — ,  that  is,  2  is 


10  10 

622  4-  2' 


lefs  than  or  0.1,  by  the  quantity  jo 

f 

Therefore  *,  ot  2  -f  z,  is  lefs  than  a  +  —» or  2+0.1, 
or  2.1,  by  the  faid  quantity  — jj—  ;  which,  on  ac- 
count of  the  fmallnefs  of  2,  (which  is  lefs  than  ~») 

■ 

will  be  a  very  fmall  quantity  in  companion  pf  x,  or 

of 
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of  and,  h  fortiori,  in  companion  of  2,  and  con* 

fequcntly  may  be  neglected.  And  therefore  2.1  will  be 
a  fecond  near  value  of  x9  or  the  root  of  the  propofed 
equation  xl  —  2*  —  5,  that  will  be  a  little  greater  than 
it's  true  value,  but  nearer  to  it  than  any  other  number 
that  confifts  of  only  two  places  of  figures.  o^  *.  i. 

This  is  the  firft  ftep  of  Sir  Ifaac  Newton's  approxima- 
tion to  the  root  of  the  equation  x*  —  %x  =  5,  after  the 
affuraption  of  the  number  2,  by  conjecture  and  trial,  for 
it's  full  near  value.  And  in  this  firft  ftep  of  the  ap- 
proximation Sir  Ifaae  Newton's  and  Mr.  Raphfon's 
methods  exactly  coincide. 

»  - 

Art.  15.  But  in  the  next  ftep  of  the  approximation 
to  the  value  x,  in  the  faid  equation  xs  —  2x  =  5,  the 
two  methods  are  fomewhat  different  from  each  other, 
though  the  number  of  new  figures  of  the  true  value  of  x, 
that  are  exact  in  the  next  near  values  of  it  refulting  from 
methods,  is  the  fame.  The  difference  between  the 
methods  in  this  fecond  ftage  of  the  approximation  is  as 
follows : 

Mr.  Raphfon  corrects  the  value  of  x9  or  the  root  of 
the  original  equation  xl  —  %x  =  5,  already  found,  to 
wit,  2.1,  (and  which  is  known  to  be  fomewhat  greater 
than  the  truth,)  by  fubtracting  from  it  the  unknown 
quantity  by  which  it  exceeds  x,  and  which  we  may  call  v, 
and  fubftituting  2.1  —  v  inftead  of  x  in  the  faid  original 
equation,  xi  —  2*  =  5,  whereby  it  is  transformed  into 

X  2  another 
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another  cubicle  equation,  in  which  v  will  be  the  only 
unknown  quantity  ;  and  then  he  finds  a  near  value  of  v 
by  refolding  the  faid  transformed  equation  as  if  it  were 
only  a  fimple  equation,  or  by  neglecting  the  terms  which 
invoke  the  fquare  and  cube  of  v,  on  account  of  their 
fmallncfa,  jult  as  we  before  neglected  the  terms  6zz  and 
i-;  in  the  foregoing  transformed  equation  102  +  6zz 

=  1  for  the  fame  reafon.  But  Sir  Ifaac  Newton  take* 
no  further  notice  of  the  original  equation  x1  —  2x  s=  5, 
till  he  has  compleated  the  whole  procefs  of  his  approxi- 
mation ;  but,  inftead  of  the  faid  original  equation,  he 
confidcrs  the  former  transformed  equation,  j cz  "f-  fczz 
-h  21  =  1,  which  was  derived  from  it,  and  invefligatcs 
the  value  of  it's  root,  2,  to  a  greater  degree  of  exact nefs 
than  that  to  which  it  was  before  obtained.  And  this  he 
does  in  the  manner  following  3 

Since  it  has  been  feen  that  z  is  lefs  than  Ci,  let  the 
quantity  by  which  0.1  exceeds  it  be  called  v,  fo  that  x 
ihall  be  =  0.1  —  v ;  and  let  0.1  -  v  be  fubilituted,  in- 
itcad  of  z  in  the  transformed  equation  icz  4-  tzz  +  & 
=  .  j .    7  his  may  be  dene  as  follows  : 

Since  z  is  ±=  0.1  —  v,  we  (hall  have 
%z  (=  0,1  —        —  0.0 1  —  0.2V  +  w9 
and       (=  0.1  —i>^   =z  0.001  —  3  x  0.01  x  v  +  $xc.i  xc* 
—  v »)  =  0.001  —  0.03V  -f  0.3*  v  —  f3, 

and  ica  (=  10  X  O.i  —  c)  =  1  —  ior, 

and  ^tz  (=  6  x  0.01  —  o.au-f-v*')  =  c.06  —  J.2V  +  6«,v, 

•  -  • 

and.  confequently 

10* 
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r      1  oz  \        r      1.00   —  xo.oov  ^ 
<    +  6s*   >  =r  J    +  O.06    -r     1.20U  +  6vv  > 
V.  +  x*  J         \.  +  0.001  —    0.03V  4-  0.3W  —  vJ  J 

■ 

r=  1.061  —  ir.ajv  4-  6.3w-«!. 
But  1  os  4-  6*s  4-  23  is  =  1. 

Therefore  1.061  —  H-23V  +  6.$vv  —  v3  will  like- 
wife  be  =  1.  And  confequently  (adding  11.23V  to  both 
fides,)  we  (hall  have  1.061  4-  6.3VV  —  v3  —  1  -f  11.231s 
and,  (fubtra&ing  1  from  both  fides,)  we  (hall  have  o.c6i 
4-  6.3W  —  v3  =  1 1. 23V,  and  (neglecting  6.3W  and  v3 
as  inconfiderable  in  comparifon  of  0.061  and  11.231^)  we 
fliall  have  0.061  =  11. 23V,  or  1 1.23V  =  c.061;  and  con- 
fequently (dividing  both  fides  by  11.23,)  we  (hall  have 

v  (  =  ^2-1  =  0.0054.   Therefore  z,  or  0.1  —  v,  will 
21.23 

be  (=  0.1  —  0.0054)  =  0.0946,  and  confequently  x9 
or  2  +  «,  will  be  (  =  2  4-  0.0046)  =  2.0046. 

L  I» 

-  •  : 

In  this  manner  Sir  Ifaac  Newton  finds  the  root  of  the 
propofed  equation  .v3  —  2.v  =  c  to  be  equal  to  2. 0946, 
which  is  as  near  the  truth  as  five  figures  can  exprefs  it. 

Art.  16.  He  then  carries  the  inveftigation  one  flep 
further,  by  which  he  obtains  the  value  of  x  exa&  to  nine 
places  of  figures  *,  and  for  this  purpofe  he  proceeds  in  the 
manner  following : 

X3  The 
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The  laft  transformed  equation  was  11.23V  =  0.061  + 
6.3W  —  v3 ;  from  which  it  follows  that  v  is  accurately 

,      0.061      6.iw)  —  *v*  6.wv  — 

equal  to    H  2  ,  or  0.0054  H  -  , 

^         11.23         11.23  JT  11.23 

which  is  greater  than  0.0054  alone,  becaufe  6.jvt/  is 

greater  than  v3.    Since,  therefore,  v  is  greater  than 

0.0054,  let  us  fuppofe  it  to  be  =  0.0054  +  %u ;  and  let 

this  binomial  quantity  be  fubftituted,  inftead  of  v,  in  the 

transformed  equation  M.23V  =  0.061  +  6.3  w  —  i/^ 

or,  rather,  in  the  equation  11. 23V  —  6.3W  +  v3  =s 

0.061,  coniifting  of  the  fame  terms  as  the  former,  but  in 

which  the  terms  involving  the  unknown  quantity  v  are 

all  brought  to  the  fame  fide  of  the  equation,  and  ranged 

according  to  the  powers  of  v,  beginning  from  it's  lowed 

power,  or  the  fimple  power  of  1/.   This  may  be  done  in 

the  manner  following : 

Since  v  is  =  0x054  +  w,  we  (hall  have 

W  (=  0.0054 +w>  =  0.0054^*  +  »  X  O.O054  X  W+«tf*) 
=  0.000,029,16  +  0.0108  X  w  +  w% 

and  v*  (=  0.0054+ tu) 3  =*  0^05? 3  +  3  X  0.0054}*  x  «/ 

+  3  x  0.0054  x  w»  +  w3 

—  0.000,000,157,464  +  3  x  0x00,029,16  x  w 
+  0.0162  x  w*  +  «3) 

=  0.000,000,157,464  4-  0.000,0^,48  X  + 
0.0162  X  iv%  +  w3, 

and  21.231;  (=  11.23  X  0.0054  +  w)  ss  0.060,642  + 

11.23  x  w, 

and  6.3W  (  =  6.3  x  0.000,029,16  4.  0.0168  x  w  +  w1) 
s:  0.000,183,708  +  0.068,04  x 

and 
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and  confequently  11.23?  —  6.3W  +  v3  will  be  = 

V   0.060,642  +  11.23  x  w  *  \y 

1  -0.000,183,708  —  0.068,04  x  w  -  6.3  X  WW.  V 
V+o.000,000,157,464+0.000,087,48  X  W+O.Ol62W*+Ws)  J  , 

'  J.J  '  I   •  * 

r  0.060,642,1  £7,464+ 11.230,087,48  xw+aoi62wft4-«o>'% 1 
""1  —  0.000,183,708     —0.068,04  x  w    —6.3  x  w*  j 

=  0.000,458,449,464  +  11.162,047,48^  -  6.2838^  +  wV 

4 

But  —  6.3W  +  v3  is  s=  0.061. 

Therefore  0.060,458,449,464  +  11.162,047,48  X  w 
—  6.2838  X  ww  +  w3  will  lilcewiie  be  =  0.061 5  and 
confcquently  (fubtrading  0.060,458,449,464  from  both 
fides,)-ii. 162,047*8  X  w  —  6.2838WW  +  w3  will  be 
{=  0.061,000,000,000  —  0.060,458,449,464)  -  0.000, 
54i>55o>53^>  and  (neglecting  the  terms  6.2838WW  and 
w3,  as  inconfiderable  in  comparifon  of  11.162,047,48 
X  w,)  we  (hall  have  11.162,047,48  X  w  =  0.000,541, 

and  confcquently  ,  <  =  2=ggSg£>  - 

0.000,048,52.  Therefore  v,  or  0.0054  +  w,  will  be 
(=  0.C054  +  0.000,048,52)  =  0.005,448,52,  and  as,  or 
0.1 — v,  will  be(=  0.100,000,00  —  0.005,448,58)  = 

°-99.4*5M8>  ™d  *»  9J.a  +  will  be  2  +  Q.094, 
551,48)  =  2.094,551,48  ;  that  is,  the  root  of  the  pro- 
pofed  equation  *3  — .  2*  ^  5  will  be  =  2.004,551,48. 

B.  I* 

This  number  2.094,551,48  is  exac!  in  all  the  figures, 
as  will  be  (hewn  in  a  fubfequent  Article/ 

X  4  Art.  17. 
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Art.  17.  Having  thus  fct  forth  Sir  Ifaac  Newtw'i 
method  of  inveftigating  the  root  of  the  propofed  equation 
xi  —  2x  a;  5  to  nine  places  of  figures,  we  muft  now 
perform  the  fame  thing  by  Mr.  Raphfon's  method,  in 
order  to  make  a  companion  between  the  neceflary  opera- 
tions of  the  two  methods. 

i 
■ 

Now  Mr.  Raphfon's  method  of  approximating  further 
to  the  root  of  the  equation  *3 —  2*  =  5,  after  baring 

fourrd  it  to  be  equal  to  2  -f-  0.1  — *>  — ^p-—  >  or  to  be 

£omewhat  iefs  than  2.1,  is  to  put  v  for  the  unknown 
Quantity  by  which  it  falls  fhort  of  2.1,  and  then  to  fubfti- 
tute  the  refiduaj  quantity  2.r  -  v  in  the  terms  of  the 
original  equation  #3  -r-  2x  as  5,  whereby  the  fa'rd  equa- 
Hon  will  be  transformed  into  another  cubick  eqnation,  m 
.which  .v  will  be  the  only  unknown  quantity  :  and  then 
he  determines  the  value  of  v  by  refolving  the  faid  tranf- 
formed  equation  as  if  it  was  a  mere  fimple  equation,  or 
by  neglcOipg  the  terms  in  which  the  fquare  or  the  cube 
of  v  occur.    Tljis  may  be  done  in  the  manner  fol- 
lowing : 

Since  x  is  =  2,1  —  y,  we  lhall  haye 

jrv(=  a.  1  —  vY  =  il}1  —  *  X  2.1  X  v  +  &c) 

-  4.41  —  4.2V  +  &c, 

>  ^^^^ 

and  a3      a  1  -vJ  =Ti\3  -  3  X  aTTI*  X  v  +  &c 
=  9.2^1  —  3  X  ^41  X  v  +  Sic) 

»  9.261        13.23  XV  + 
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and  2x(six  2.1  —  v)  =«  4.2  — ■  2v, 

and  consequently  *3  —  2*  (  =  9.261  —  13.23  X  v  +  &c 
—  4.2  +  2v)  =  5.C61  —  ix.23  X  v  &c. 

But  .v3  —  2x  is  =  5. 

* 

r 

Therefore  5.061  —  11.23  X  v  &c,  will  likewife  be 
=  5,  and  confequently  (adding  1 1.23  X  v  to  both  fides,) 
we  (hall  have  5.061  =  5  +  11.23  X  v,  and  (fubtra&ing 
5  from  both  fides,)  we  (hall  have  11.23  X  v  =  0.061, 

and  confequently  v  (=  )  =  0.0054.  Therefore  *, 

or  2.r  —  v,  will  be  (=2.1  — 0.0054)  =  20946;  or 
2,0946  will  be  a  third  near  value  of  the  root  of  the  pro- 
pofed  equation  xl  — r-  2#  =  5.  Q;  E.  1. 

Tills  third  near  value  of  x  is  the  very  fame  with  the 
third  near  value  of  it  obtained  above,  iu  art.  15,  by 
Sir  Ifaac  Newton's  method. 

1 

Art.  18.  In  this  ftep  of  the  approximation,  by  which 
we  obtain  the  number  2.0946  for  the  third  near  value  of 
the  root  of  the  propofed  equation  .v3  —  ix  =  5,  the 
principal  difference  between  the  cwo  methods  fecms  to 
confift  in  this,  to  wit,  that  by  Mr.  Rnphfon's  method  we 
are  obliged  to  raife  the  two  fir  ft  terms  of  the  powers  of 
$he  compound  quantity  2.1  — v,  and  confequently  to 
raife  the  powers  of  the  number  2  I,  which  confifts  of 
two  figures;  whereas  in  Sir  Ifaac  Newton's  method  of 
proceeding,  we  had  occafion  only  to  raife  the  powers  of 

8  the 
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the  compound  quantity  o.i  — +  v,  and  cenfequcntly 
raife  the  powers  of  the  number  0.1,  which  con fi ft 3  of 
only  one  figure ;  which_is  fomewhat  eafier  than  to  raife 
the  powers  of  2.1.    But  both  operations  are  fo  eafy,  that 
the  difference  of  the  labour  of  performing  them  is  hardly 
worth  confidering.    And,  with  refpedt  to  the  fimpl.city 
of  conception  in  the  two  methods,  Mr.  Raphfon's  me- 
thod feems  to  be  preferable  to  Sir  Ifaac  Newton's ,  bc- 
caufe  the  former  always  refers  to  the  original  equation 
*3  —  2x  =  5,  whereas  the  latter  method  refers  to  the 
preceeding  transformed  equation  loss  +  6xx  +  *3  =  r, 
which  has  more  terms  and  larger  co-efficients  than  the 
original  equation  #3  —  2x  =  5. 

♦ 

Art*  19.  But  in  the  next  ftep  of  the  approximation  by 
Mr.  Raphfon's  method,  we  (hall  find  the  labour  of  raifing 
the  powers  of  the  value  of  x  already  found,  to  wit,  the 
powers  of  2.0946,  to  be  confiderably  greater  than  that 
of  raifing  the  powers  of  the  laft  preceeding  fupplement 
of  it  according  to  Sir  Ifaac  Newton's  method,  that  fup- 
plement being  only  the  decimal  fraction  0.0054,  in 
which  there  are  only  two  fignificant  figures.  This  will 
.appear  by  performing  this  ftep  of  the  approximation  by 
Mr.  Raphfon's  method ;  which  may  be  done  as  fol- 
lows : 

Art.  20.  The  laft  near  value  we  found  for  x,  or  the 
root  of  the  equation  *3  —  2*  =  5,  by  Mn  Raphfon's  me- 
thod, was  2.0946.  Now  this  near  value  of  x  is  greater 
than  it's  true  value.  For,  if  we  fuppofe  x  to  be  =  2.0946, 
wc  (hall  have     (=  2  094C1-')  =  9.189,741,550,536,  and 

2x 
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2x  (=  2  X  2.094.6)  =  4.1892,  and  confequently  *3—  2* 

(=  9-i89J4'>550.536-4  ^92)  +  5000,54  r>55°>S3<*» 
which  is  greater  than  5,  or  the  abfolute  term  of  the 
equation  *3  —  2x  =  5 :  and  consequently  2.0946  mud 
be  greater  than  the  true  value  of  the  root  of  the  faid 
equation. 

"We  will  therefore  fuppofe  x  to  be  =  2.0946  —  *a% 
and  fubflitute  this  refidual  quantity  inftead  of  x  in  the 
terms  of  the  equation  *3  —  2x  =  5. 

Now,  fince  x  is  =  2.0946  —  *u>  we  (hall  have 

xx  (=  2.0946 -W)4  =  2.o946>  —  2  x  2.0946  X11/+&C) 
=  4.387,349,16  —  4.1892  x  w  +  &c, 

and  *3  (=  2.0946-^H  =  2.0^46]*  -  3  x  2.0946^  xw+Src 
=  9-189»74>»5 50*53^  -  3X  4-387>349>i6'x«'  +  &c) 
=  9.189,741,550,536  -  13.162,047,48  x  w  +  &Cgr 

and  2*  (=  2  x  2.0946  —  tv)  =  4.1892  —  2w, 
and  consequently  *3  —  2x  = 

r  9-l89t74^55°^36  -  13.162,047,48  x  w  +  See  V 
'i   —  4.189,1  +    2.000,000,00  x  w  J 

s=  5.000,541,550,536  -  z  1.162,047,48  x  w  +  &c 

* 

•  ♦ 

4 

But  a3  —  2*  is  =  5. 

Therefore  5.000,541,550,536 —  11.162,047,48  X  no 
4-  &c>  will  be  =  5 ;  and  confequently  (adding  11.162, 

©47*8 
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047,48  X  w  to  both  fides,)  we  fliall  have  5.000,541,550* 
536  =  5  +  11.162,047,48  X  w,  and  (fubtra£Hng  5 
from  both  fides,)  0.000,541,550,536  =  11.162,047,48 
X       or  11.162,047,48  X  w  =  0.000,541,550,536. 

Therefore  w  will  be  (=  »<™'"MW36  )  0.000,048, 

v       11.162,047.4s  3 

52 ;  and  confequently  x%  or  2.0946  —      will  be  (= 

2.094,600,00  —  0.000,048,52)   =  2.094,551,48. 

Therefore  2.094,551,48  will  be  a  fourth  near  value  of  x, 

or  the  root  of  the  propofed  equation  .v3  —  2x  ==  5. 

This  fourth  near  value  of  x  is  the  very  fame  with 
the  fourth  near  value  of  it  obtained  above,  in  art.  16, 
by  Sir  Ifaac  Newton's  method. 

Art.  21.  In  this  lafl  ftoge  of  Mr.  Raphfon's  approxi. 
mation  to  the  root  of  the  propofed  equation  x -3  —  ix  =  5, 
we  have  been  obliged  to  raife  the  powers  of  die  number 
2.0946,  which  confifts  of  five  places  of  figures  \  whereas 
in  Sir  Ifaac  Newton's  way  of  proceeding  we  only  raifed 
the  powers  of  the  decimal  fraction  0.0054,  which  con- 
tains only  two  fignificant  figures.  But  then  in  that  way 
Of  proceeding  we  were  obliged  to  multiply  v,  or  0005*4 
+  w,  into  it. 23,  and  vvt  or  the  trinomial  quantity 
0.000,029,16  +  0.0108  X  iv  +  v>\  into  6.3  j  whereas 
in  Mr.  Raphfon's  way  of  proceeding  we  have  only  to 
multiply  x,  or  the  binomial  quantity  2.0946  — »  w, 
into  the  very  fimple  co- efficient  2.  So  that,  upon  the 
whole,  the  difference  of  the  labour  of  computation  in 
the  two  methods  is  not  very  confiderablej  though  it  is 

rather 
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rather  lefs  in  Sir  Ifaac  Newton's  method  than  in  Mr. 
Raphfon's.  But  in  point  of  fimplicity  of  conception 
Mr.  Raphfon's  method  feems  much  fuperiour  to  Sir 
Ifaac's,  becaufe  it  never  lofes  fight  of  the  original  equa- 
tion x*  *~  2x  =  5,  which  is  to  be  rcfolvcd. 

♦ 

And,  further,  we  may  obferve,  in  favour  of  Mr.  Raph- 
fon's method,  that  it  never  requires  us  to  raifc  any  more 
than  the  two  firft  terms  of  the  binomial  and  refidual 
quantities  2  +  z,  and  2.1  —  v%  and  2.0946  —  vo> 
which  are  fubftituted  inftead  o£  x  in  the  original  equa- 
tion —  2x  =  5  j  whereas  in  Sir  Ifaac  Newton's  me- 
thod it  is  neceflary  to  raifc  the  other  terms  of  the  bino- 
mial and  refidual  quantities  2  +  and  0.1  — and 
0.0054  +  no ;  which  increafes  the  number  and  intricacy 
of  the  operations  of  the  inveftigation.  And  therefore, 
upon  the  whole,  I  confider  Mr.  Raphfon's  method  of 
approximating  to  the  values  of  the  roots  of  fuch  equa- 
tions as  preferable  to  Sir  Ifaac  Newton's. 


A  Proof  of  the  Exatlmfs  of  the  Number  2.004,551,48, 
that  has  hen  found  by  the  foregoing  Methods  of  /tp- 
proximation  for  the  Root  of  the  Equation  ,v3  —  ix  =  5. 


Art.  22.  It  remains  that  we  pTove  the  work  to  har» 
been  rightly  performed,  or  that  we  (hew  that  the  laft 

number 
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number  2.094,551,48,  obtained  by  both  thefe  methods^ 
is  a  very  near  value  of  the  root  .r  of  the  propofed  equa- 
tion xi  —  2x  =  5,  and  that  we  determine  to  how 
many  figures  it  is  e*a«ft. 

Now  the  plained  and  belt  method  of  doing  this  is  to 
fubditute  the  number  2.094,551,48,  inftead  of  *,  in 
the  compound  quantity  —  2*,  in  order  to  difcovcr 
whether  the  quantity  refulting  from  this  fubftitution  will 
be  greater,  or  lefs,  than  5,  or  the  abfolute  term  of  the 
propofed  equation  *'  — *  2*  =  5 :  and,  if  it  (hall  ap- 
pear that  the  faid  rcfult  is  greater  than  5,  we  may  con- 
clude that  the  faid  number  2.094,551,48  is  greater 
than  the  true  value  of  x  in  the  faid  equation  ;  and,  if 
it  {hall  appear  that  the  faid  refult  is  lefs  than  5,  we 
may  conclude  that  the  faid  number  is  lefs  than  the  true 
value  of  x.  And,  when  this  has  been  thus  discovered, 
we  muft,  in  the  next  place,  endeavour  to  determine 
to  how  many  figures  this  number  2.094,551,48  co-in- 
cides  with  the  more  accurate  value  of  x :  and,  for  this 
purpofe*-we  mud,  if  this  number  be  lefs  than  x,  in- 
creafe  it  by  the  addition  of  an  unit  in  the  lad  place  of 
figures  ;  and,  if  it  be  greater  than  x,  we  mud  diminifh 
it  by  the  fame  fmall  quantity,  and  then  fubditute  the 
new  number  thereby  obtained,  to  wit,  2.094,551,49, 
or  2*094,551,47,  inftead  of  in  the  compound  quantity 
*'  —  2Jr.  And,  if  it  (hall  appear  that  the  value  of  that 
compound  quantity  refulting  from  fuch  fubditution  is 
.^greater,  or  lefs,  than  5,  we  may  conclude  that  the 
number.  2.094,551,49,  or  2.094,551,47,  is  accordingly 

greater, 

*  • 
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greater,  or  lefs,  than  the  true  value  of  *,  in  the  equa- 
tion x*  —  2*  —  5,  and  consequently  that  the  faid  trut 
Value  is  of  an  intermediate  magnitude  between  2.094, 
551,49  and  2.094,551,48,  or  between  2.094,551,48 
mnd  2.094,551,47. 

Now,  if  we  take  x  =  2.094,551,48,  we  (hall  hav« 

**  =  4-38?>I45>9°2>37°»i9°»4i 
and      a=  9.189,102,942,785,417,810,201,792,  .  a 
and  2*  =  4.189,102,96, 

and  confequently 
**  —  ix  =  4.999>999>982,785>4i7>8io,2oi,792; 

which  number  is  fomewhat  lefs  than  5,  or  the  abfolurc 
term  of  the  propofed  equation  x*  —  2x  =  5.  There- 
fore 2.094,551,48  mud  be  fomewhat  lefs  than  the  true 
Value  of  x  in  the  faid  equation. 

'  ....  r 

Secondly,  fince  *  is  greater  than  2.094,551,48,  we 
mud  now  compare  it  with  2.094,551,49,  by  fubftituting 
that  number  inftead  of  it  in  the  compound  quantity 

*•  —  a*.  .  t 

Now,  if  x  is  taken  =  2.094,551,49,  or  2.094,551,48 
+  0.000,000,01,  we  (hall  have  «*  (=  2.094,551,4^3 
+  3  X  2.094,551,48) 1  X  0.000,000,0!*)  +  3  X 
2.094,551,48  X  0.000,000,01^*  +  0.000,000,01^ 
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=  9.189,102,942,  &c,  +  3  X  4*387>145>9°2> 
X  0.000,000,01  +  0.000,000,000,  &c   +  0.000, 
ooo>ooo>  &c  =  9.189,132,942,  &c  +  13.161,437, 
7©6,  &c  X  0.000,000,01  4-  0.000,000,000  &c  + 

O.OOO, COO, 000,  &C  =  9.189,102,942,  &C  +  O.QOO, 

000,131,  &c  +  o.ooo,coo,oco,  &c  4-  o.ooo,ooc,ooo, 
&c)  =  9.189,103,073,  &c  ;  and  2*  (=  2  x  2.094, 
551,49)  =  4.189,102,98;  and  confcquently  x*  —  2x 
(=  9.189,103,07,  &c  —  4.189,102,98)  =  5.000,000,09, 
&c;  which  is  greater  than  5.  Therefore  2.094,551,49 
mud  be  greater  than  the  true  value  of  x  in  the  equation 
jr1  — •  %x  =  5. 

But  it  has  been  (hewn  that  2.094,551,48  is  lefs  than 
the  faid  true  value. 

♦ 

Therefore  the  true  value  of  x  in  the  equation  —  2* 
sz  5,  will  be  of  an  intermediate  magnitude  between 
2.094,551,48  and  2.094,551,49;  and  confcquently  alt 
the  figures  of  the  number  2.094,55  1,48,  which  we  found 
by  the  foregoing  precefles  of  Sir  Ifaac  Newton's  and 
Mr.  Raphfon's  methods  of  approximation  for  a  fourth 
near  value  of  the  root  of  the  equation  x*  %x  =  5, 
are  exac~l.  o^  e.  d. 


« 
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I 

I 

Of  the  Difficulty  of  finding  a,  or  the  Firfi  Near  Value  of 
the  Root  of  an  Jjfcfted  Equation^  in  certain  Cafes. 


Art.  23.  There  is  another  difficulty  that  occurs  fome^ 
times  in  refolving  high  equations  by  approximation, 
whether  by  Sir  Ifaac  Newton's  method  or  by  Mr.  Raph-* 
fon's;  which  indeed  are  fubftantially  the  fame.  The 
di(ficulty  I  mean,  is  that  of  finding  the  Bt(1  near  value 
of  the  root  fonght  (which  we  have  called  a  in  this  dif- 
courfe,)  to  one,  or  two  places  of  figures,  in  order  to 
make  it  the  bafis  of  a  further  approximation  to  the  true 
value  of  the  root  by  either  of  thefe  methods  of  approxi- 
mation. Now,  when  the  equation  is  known  to  have  but 
one  root,  that  is*  but  one  real  and  affirmative  root,  (for 
all  other  roots  are  not  worth  confidering,)  this  difficulty 
will  not  be  great ;  becaufe  it  will  always  be  eafy  to  find 
a  tolerably  near  value  of  the  root  by  conjectures  and  trials, 
ajid  particularly  by  fuppofing  or  the  root  of  the  propofed 
equation,  fir  (I  to  be  equal  to  1,  amd  idly,  to  be  =  10,  and 
3dly,  to  be  equal  to  fome  (hort  intermediate  number  be- 
tween 1  and  10,  confifting  of  only  one  figure,  or,  if  the  root 
appears  to  be  greater  than  10*  by  fuppofing  it  to  be  equal 
to  loo,  or  iooo,  and  afterwards  fuppofing  it  to  be  equal 
to  fome  (hort  intermediate  number  confifting  of  two  fiV 
gurcs ;  as  was  done  above  in  art.  5,  in  finding  the  firft 
near  value  of  *  in  the  equation  **  +  7**  +  20*s  + 

Y  is&* 
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1 55  AM'  =  10,000.  But,  when  the  equation  confifts  of 
terms  connected  together  partly  by  the  fign  + ,  and 
partly  by  the  fign  — ,  and  consequently  it  may,  for 
aught  we  know,  to  the  contrary,  have  two,  or  three,  or 
four,  or  more  real  and  affirmative  roots,  which  may  be 
of  very  different  magnitudes,  the  aforefaid  method  of 
conjectures  and  trials  (though  by  no  means  ufelefs,)  is 
lcfs  expeditious  and  fatisfadtory  in  affifting  us  to  find  the 
firft  near  value  of  one  of  the  roots  than  in  the  former 
cafe  *,  and  we  are  often  puzzled  to  know  which  of  the 
roots  it  would  be  mod  expedient  to  begin  to  investigate* 
Now,  in  mod  of  thefe  cafes,  I  believe,  it  will  be  advife- 
able  to  begin  by  inveftigating  the  lead  root,  and  for  that 
purpofe  to  expunge  from  the  equation  all  the  terms  that 
have  the  fign  —  prefixed  to  them,  and  to  find,  to  about 
two  places,  or,  at  molt,  to  three  places,  of  figures,  the 
root  of  the  remaining  equation.  For  this  root  will  al- 
ways be  lefs  than  the  lead  root  of  the  original  equation, 
if  it  really  has  (as  it  appears  to  have,)  more  than  one 
real  and  affirmative  root ;  or  it  will  be  lcfs  than  the  only 
root  of  the  original  equation,  if  ( notwithftanding  the 
appearances  to  the  contrary,)  it  really  has  but  one  root. 
When  the  root  of  this  fecond,  or  curtailed,  equation, 
has  heen  discovered,  it  may  be  called  a,  and  made  the 
ground-work  of  an  approximation  to  the  leaft  root  of  the 
original  equation,  and  the  binomial  quantity  a  +  z  may 
be  fubftituted  in  the  original  equation  inftead  of  x,  and 
the  transformed  equation  thence  arifing  may  be  refolved 
as  if  it  was  a  mere  fimple  equation,  agreeably  to  Mr. 
Raphfon's  method  of  approximation  ;  and  the  value  of  z 
thereby  obtained,  being  added  to     will  give  us  a  known 
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Value  of  a  +  as,  or  a  fecond  near  value  of  the  leaft,  or 
the  only,  root  of  the  propofed  equation :  after  which  we 
may  proceed  to  find  the  faid  leaft,  or  only,  root  of  the 
propofed  equation  by  a  further  profecution  of  Mr*  Raph- 
fon  s  method  of  approximation  above*-defcribed,  until^we 
have  determined  it  to  the  degree  of  exactnefs  that  we 
think  neceflary.  This  method  of  finding  a  fir  ft  near 
Value,  j,  of  the  leaft  root  of  a  propofed  equation  that 
feems  to  have  more  than  one  real  and  affirmative  root,  is 
explained  more  at  length  in  the  third  volume  of  the 
Collection  of  Mathematical  Tracts,  called  Scriptores  Lo+ 
garithtnici,  in  my  Difcourfe  on  the  Reverfion  of  Infinite 
Seriefes  publifhed  in  that  Volume,  in  pages  724,  725,  726, 
727,  &c,  -  -  -  to  page  761 ;  which  pages  will  be  re- 
printed in  the  fubfequcnt  part  of  this  prefent  Collection 
of  Tracts.  And,  with  this  improvement  of  it  in  the  cafe 
of  equations  that  have,  or  feem  to  have,  more  than  one 
real  and  pofitive  root,  I  believe  it  may  fafely  be  affirmed 
that  Mr.  Raphfon's  Method  of  Refolving  Affected  Equa- 
tions is  the  beft  general  method  of  effe&ing  that  purpofe 
in  all  equations  above  quadraticks  that  has  hitherto  been 
discovered. 

End  of  the  Obfervations  on  Mr.  RaphfonV  Method  cf 
Refolving  AtfeBed  Equations  by  Approximation. 


V  2  An 


Digitized  by  Google 


Digitized  by  Google 


1 


■ 


An  Explication  of  Simon  Stevin'j 
General  Rule,  to  Extrafl  One  Root  out 
of  any  PoJJtble  Equation  in  Numbers,  either 
Exactly y  or  very  nearly  True. 

By  JOHN  KERSEY. 


BEING  THE  TENTH  CHAPTBB  OF  THB  SECOND  BOOK  OF 
MR.  KERSEYS  ELEMENTS  OF  ALGEBRA. 


Article  I.  J7QITATIONS  falling  under  any  of  the 
forms  in  the  fourteenth  and  fifteenth 
chapters  of  the  firft  book  of  thefe  Elements,  are  capable 
(as  hath  there  been  fliewn)  of  perfect  refoiutions  in  num- 
bers ;  viz.  the  value  of  the  root  or  roots  fought  in  any  of 
thofe  equations  may  be  found  out  and  exprefled  exactly, 
either  by  fome  rational  or  irrational  number  or  numbers; 
but  the  perfect  refolution  of  all  manner  of  compound 
equations  in  numbers,  I  have  not  found  in  any  author ; 
and  ftnee  an  expofition  of  the  general  method  of  Vieta, 
the  rules  of  Huddenius  and  others  to  that  purpofe,  would 
make  a  large  treatife,  and  after  all  leave  the  curious 
Analyft  diflatisfied,  I  lhall  not  clogg  thefe  Elements  with 

Y  3  a  tedious 
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a  tedious  difcourfc  upon  thofc  difficult  rules,  (which 
at  the  bed  are  exceeding  tedious  in  operation,  and  fame 
of  them  uncertain  too,)  but  rather  purfue  my  firft  defign, 
which  was  to  explain  fundamentals,  and  fucji  rules  as  are 
certain  and  moll  important  in  this  profound  art.  How- 
ever, I  {hall  lead  the  induftrious  learner  a  few  fteps 
farther  in  order  to  his  undeTflanding  the  refelution  of  all 
manner  of  compound  equations  in  numbers,  and  in  this 
Chapter  (hall  explain  Simon  Stevin's  General  Rule, 
which,  with  the  help  of  the  rules  in  the  following  Ele- 
venth Chapter,  will  difcover  all  the  root*  of  any  poflihle 
equation  in  numbers,  either  exactly,  if  they  be  rational, 
or  very  nearly  true,  if  irrational. 


QUESTION  I. 

If      -      -      -     aaa  +  %6a  it  =  40188,  what 

is  the  number  a  ? 

RESOLUTION. 

This  equation  not  falling  under  any  of  the  three 
forms  in  Se&.  I.  chap.  xv.  book  1.  cannot  be  refolved  by 
any  of  the  canon>  in  that  chapter,  and  therefore  according 
to  Simon  Stevin's  general  method  I  fearch  out  the  num- 
ber a  by  trials,  thus,  viz. 

hi 
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1.  I  fuppofe      •      -      -  -  a  =  I 
Thence  it  follows  that    *  -     aaa  =  j 
And        -  -  26a  =  26 
Therefore         -  -  aaa  +  26*  =  27  j 

Which  27  ought  to  have  been  40188,  but  it's  too  little ; 
whereby  I  find  that,  by  fuppofing  a  to  be  1, 1  did  not  lot 
upon  the  true  number  a  ;  and  therefore  I  make  another 
trial,  in  like  manner  as  before,  viz, 

2.  I  fuppofe       -       -  -       -       a  =  10 
Thence  it  follows  that  -       -    aaa  es  10C0 
And          -        -  -    26a  =  260 
Therefore     •      -  aaa  4-  26a  =  1260 

Which  1260  being  yet  too  little,  I  make  a  third  trial, 
viz. 

3.  I  fuppofe        -        -  a  =  10O 
Thence  it  follows,  that  aaa  +  26a  =  1,002,600 

Which  1  ,002,600  exceeds  the  juft  refult,  or  abfolute 
number  40,188  in  the  latter  part  of  the  equation  firft 
propofed,  and  therefore  the  true  number  a  is  lefs  than 
100;  but  the  fecond  trial  (hews  it  to  be  greater  than  lo> 
and  therefore  the  whole  number  which  exprefll-th  the 
exact,  or,  at  lead,  part  of  the  value  of  a,  mull  neccf- 
farily  con  fid  of  two  characters,  and  confequently  the  fir  It 
(towards  the  left  hand)  mud  be  one  of  thefc  nine,  1,  2,  3, 
4>  5>  °>  h  81  9«    ButJ  becaufe,  by  the  fecond  inquiry; 
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X  o  was  found  too  little,  I  now  make  trial  with  2  f op  tho 
firfl  figure  of  the  root  a,  viz. 

4.  I  fuppofe      -      •      -      -      a  =  20 
Thence        -      -        aaa  +  26a  =  8520 

Which  refult  8520  being  yet  lefs  than  the  juft  refult 
40,1881  1  make  trial  again,  viz. 

5.  I  fuppofe        -        -        -        a  =  30 
Thence  -        -    aaa  +  26*  =  27780 

Which  is  yet  too  little  ;  therefore, 

,  6.  I  fuppofe        -       -       -        a  =.  40 

Thence  -        -    aaa  +#  260  =;  65,040 

Which  65,040  being  greater  than  40,188,  it  (hews  me 
that  the  true  root  or  value  of  a  is  lefs  than  40 ;  but  by 
the  fifth  trial  it  is  greater  than  30,  and  confequcntly  the 
firft  figure  of  the  root  is  3. 

Now  the  fecond  character  of  the  root  mull  neceffarily 
be  one  of  thefe,  viz.  o,  1,  2,  3,  4,  5,  6,  7,  8,  9  ;  and  be- 
caufe  it  hath  been  difcovered  that  the  true  value  of  the 
root  a  is  greater  than  30,  the  fecond  character  cannot 
be  o  :  I  therefore  make  trial  with  1,  and  fuppofe  a  =  31, 
which  proving  too  little,  I  make  trial  with  32,  3  ?,  34,  &c. 
feverally,  in  like  manner  as  before,  and  at  length  1  find 
34  to  be  the  true  number  a  fought,  by  which  the  equa- 
tion propofed  may  be  expounded  \  for,  if  a  =  34,  then 
consequently  aaa  -f  26a  =  40,188.  . 

Art.  2. 
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Art.  2.  But  if  after  trials  made  (as  before)  the  value 
of  ity  the  root  fought,  happens  to  fall  between  two  whole 
numbers  that  differ  by  unity ;  then  trials  are  to  be  made 
-with  the  lefler  whole  number  increafed  with  -j^,  -,?5, 
&c.  until  you  have  found  the  value  of  a  in  fome  mixt 
number  confiding  of  a  whole  number  and  fome  certain 
tenth  parts  of  an  unit :  But  if  the  faid  value  of  a  happens 
not  to  be  exprefled  exactly  by  the  (aid  lefler  whole  num- 
ber increafed  with  certain  tenth  partsv  then  yon  are  to 
make  trials  with  the  faid  lefler  whole  number  increafed 
with  a  decimal  fraction  having  for  it's  numerator  * 
number  greater  than  JO,  but  lefs  than  too ;  and  for  it's 
denominator  loo,  as  with  -^V*  t\&>  &c*  ana>  by  proceed- 
ing in  that  manner  you  may  find  the  ex  aft  value  of  the' 
root  a  when  it's  fractional  part  is  exactly  equal  to  fome 
decimal  fraction,  or  elfe  approach  infinitely  near  to  the 
faid  exact  value  when  it  is  irrational  or  furd,  as  in  this 
following : 

QUESTION  IL 

If  -  -  -  aaaa  +  50/2  is  =  184,638.68015  (or, 
1 84,638-^*5°^  0  wnat  w  the  number  a  ? 

RESOLUTION. 

First,  I  fuppofe  a  =  1  but  this  proving  too  little,  I 
put  a  =  10 ;  this  alfo  proving  too  little,  I  aflume  a  =  100, 
which  after  trial  I  find  to  be  greater  than  the  true  num- 
ber 0,  and  confequtntly  the  number  a  falls  between  1  o 

and 
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and  ICO ;  then,  making  trial  with  20, 1  find  it  too  little  ; 
but  making  trial  with  30,  I  find  this  too  great;  and  there- 
fore the  true  root  a  falls  between  20  and  30.  Again, 
snaking  trial  with  21,  I  find  it  too  great:  but  20  wat 
before  found  too  iktie ;  therefore  the  true  root  a  is  be- 
tween 20  and  21  ;  then  I  make  trial  with  20.1,  (that  is, 
aQrVO  20.2;  20.3,  &c.  and  at  length  find  2C.7  to  be 
the  true  number  a  fought ;  for  if  a  =  20.7,  (that  if, 
ao^r,)  it  will  make  aaaa  +  50a  =  184,638.6801  tht 
equation  propofed  *. 

But  if  20.7  had  proved  too  little,  and  20.8  too  great, 
then  trials  mud  have%  been  made  with  20.71,  (that  is, 
•  20TV«  0  20.72  ;  ^0.73,  Sec.  In  like  manner,  if  20.7  had 
been  too  little,  but  20.71  (that  is,  2ofc,-<i)  too  great, 
then  trials  mufi.  have  been  made  with  20  701,  (that  is, 
a°TT>V<7  0  ac.702 ;  20.703,  &c.  This  will  be  partly  ex- 
emplified in  rcfolving  the  equation  in  this  following— 

QUESTION  HI. 

If  aaa  -f-  zoaa  =  1954,  what  is  the  number  a  } 

Jtif.-  -  a  =  8.308,  &c.  found  out  by  trials,  as  before. 

■•  This  method  of  proceeding  is  very  convenient  for  finding 
the  two  firft  figures  of  the  value  of  a  ;  but  then  it  will  be  cv 
j>cdient  (for  the  fake  of  greater  Oifpatch,)  to  have  recoutfe  to 
Mr.  Rapbfon's  method  of  approximation,  which  will  ufually 
double,  or  nearly  double,  the  number  of  figures  in  the  value  of  a 
at  every  operation.   See  his  Analjfn  jEquationum  Unher/aiiu 

• 

Art  3, 


Digitized  by  Google 


mr.  John  kersey's  treatise  of  .algebra.  331 

Art.  3.  When  the  value  of  (a)  the  required  root  of 
an  equation  happens  to  be  lefs  than  unity,  then  trial  is  to 
made  with  T^ ;  but  if  this  prove  too  great,  then  with 
*r4r»  &c.  Now  fuppofe  .  1  (that  is,  T\>)  be  too  great,  but 
.01  (that  is,  -rj^)  too  little ;  then  trial  mud  be  made  with 
.02  J  .03  J  .04  J  &c  until  you  have  found  out  thegreareft 
figure  that  rauft  ftand  in  the  fecond  place  of  the  decimal 
fraction  cxprefling  the  root  fought  j  fuppofing  then  fuch 
figure  to  be  found  8,  viz.  that  .08  (or  ,4^)  is  kfs,  but  .09 
(or  -r-Jc)  is  greater  than  the  root,  trial  muil  be  made  with 
•08 1,  (that  is,  T{-£*>)  *°82  j  .083  J  &c  as  in  this  fol- 
lowing— 

QUESTION  IV. 

If  -  -  aaa  +  3240*7  is  =  269,  what  is  the  number  n? 
Ati/w.  -  a  is  =  .083,  &c.  that  is,  t^6,  &c. 

Art.  4.  The  prececding  examples  may  fuffice  to  fliew 
the  ufe  of  this  general  method  when  all  the  terms  of  the 
unknown  part  of  an  equation  are  affirmative,  {viz.  when 
-T-  is  prefixed  to  each  term,)  in  which  cafe  there  is  but 
one  affirmative  root ;  in  the  fearch  thereof  by  trials  (as 
before)  if  the  numbers  aflumed  feverally  for  the  value  of 
the  root  fought  do  afcend,  or  become  greater  and  greater, 
then  the  abfolute  numbers  refulting  from  thofe  affumcd 
values  will  likewife  afcend  ;  and  contrary,  if  the  aflumed 
roots  do  dtfeend  from  a  greater  to  a  lefs,  the  refults  will 
likewife  w  lefs  and  lefs :  whence,  by  comparing  an 
abfolute  number  refulting  from  an  aflumed  root  with  the 
juft  abfolute  number  of  the  equation  propofed,  you  may 

certainly 
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certainly  know  (:/  the  faid  rcfult  and  juft  abfolute  be 
not  equal  to  one  another)  whether  you  are  to  take  i 
number  greater  or  lefs  than  that  lad  before  attained. 

i 

But  when  the  unknown  part  of  an  equation  con  fids  of 
affirmative  and  negative  terms  mingled  one  with  another, 
then  the  fearch  by  trials  will  be  mot  e  intricate  and  doubt- 
ful than  before ;  for  fometimes  it  will  be  hard  to  difcern 
whether  a  following  a  (Turned  root  mud  be  taken  greater 
or  lefs  than  that  which  was  taken  next  before.  More- 
over, a  compound  equation  of  this  latter  kind  may  hap- 
pen to  be  fuch,  that  it  may  be  expounded  by  as  many 
feveral  affirmative  roots  as  there  be  unities  in  the  index 
of  the  highell  unknown  power,  viz.  a  cubical  equation 
may  be  fo  constituted  that  it  (hall  have  three  different 
affirmative  roots,  a  biquadratick  equation  four  feveral 
roots  •,  and  fo  of  higher  equations,  as  will  be  (hewn  in 
the  following  Chap.  1 1.  But,  in  what  manner  foever 
any  poffiblc  equation  is  conftituted  in  rational  numbers, 
this  general  method  will  always  find  out  one  affirmative 
root,  either  exactly  true,  or  at  leatt  very  near  the  truth ; 
as  will  farther  appear  by  the  following  queflions : 

QUESTION  V. 

If  -  -  -  -  aaa  —  %iaa  +  1570  =  360,  what  is  the 
number  a  ? 

RESOLUTION. 

I.  I  fuppofe        -        -       -       -       a  3=  1 
Thence  it  follows  that  aaa  —  iiaa  +  1  Sla  —  !36 

7  Which 
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Which  136  is  lefs  than  the  juft  abfolute  number  360, 
and  therefore  I  make  another  trial,  viz. 


Thence  it  follows  that  aaa  —  22*0+1570  =  370 

Which  370  exceeds  the  juft  abfolute  number  360,  and 
therefore  I  conclude  there  is  one  affirmative  value  of  a 
(either  rational  or  irrational)  between  1  and  10,  which 
value,  after  trials  made  with  2,  3,  4,  5,  I  find  to  be  5: 
this  will  conftitute  the  equation  propofed  ;  for  if  a  =  5, 
then  aaa  —  ziaa  +  1570  will  exactly  make  360. 

But  there  are  two  other  roots  or  values  of  a%  to  wit, 
8  and  9,  each  of  which  will  like  wife  conftitute  the  equa- 
tion firft  propofed  ;  but  how  they  are  found  out  will  be 
ihewn  in  Sec"L  9.  of  the  following  Chap.  1 1. 


If  -  -  -  -  3200 a  —  aaa  =  46,577  (juft,)  what  is 
the  number  a  ? 


2-  I  fuppofe 


a  =  10 


QUESTION  VI. 


RESOLUTION 


r.  I  fuppofe 
Thence 


3200a 


aaa  =  3199  (lefs  than  juft.) 


1 


2.  I  fuppofe 
Thence 
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3. 1  fuppofe      -      -       a  =  roo 
Thence  -  3200*     <2<to  =  —  6&o,coo  (lefs  than  Juft) 

Now  becaufe  the  fecond  rcfult  (or  abfolute  number) 
-f-  31000  is  affirmative,  and  the  lafl:  refult  —  680,000  is 
negative,  I  make  trials  with  numbers  between  10  and  loo 
for  the  value  of  a\  for,  if  the  equation  propofed  be  pof. 
fi We,  before  the  affirmative  refults  fall  off  to  negatives^ 
there  will  be  a  root,  or  value  of  ay  producing  an  affirm- 
ativc  refult  either  exaclly  equal,  or  very  near  to  the  juft 
refult  46,577 ;  therefore, 

4. 1  fuppofe       -     -     a  =  20 

Thence  -  J200a  —  aaa  =  j6,oocr  (greater  than  juft.) 


Now  becaufe  by  taking  20  for  the  value  cf  #/,  the  rc- 
fult 56,000  exceeds  the  juft  refult  46,577  ;  but  by  taking 
10  for  a,  the  refult  31000  happened  to  be  lefs  than  the 
faid  46577  ;  it  ftiews  that  there  is  one  affirmative  root  or 
value  of  a  between  10  and  20,  which  root,  after  trials 
made  with  intermediate  numbers  (as  in  former  examples) 
will  be  found  i^j,  Sec.  Moreover,  becaufe,  by  fuppofing 
0  =  20,  the  refult  56,000  happened  to  exceed  the  juft 
refulc  46,577,  but,  by  putting  a  =  100,  the  refult 
—  6800:0  proved  to  be  lefs  than  the  fame  46,577,  it 
fhews  there  is  an  aflirmative  value  of  a  between  20  and 
100,  wi.ich  value  after  trials  made  will  be  found-  47 :  fo 
that  there  arc  two  aflirmative  roots  or  values  of  a  found 
out,  to  wit,  15.7,  &c.  (or  15^,  &c.)and  47  .  the  former 
of  which  will  nearly,  and  the  latter  exactly,  eonflitute  the 
equation  propofed. 

Art.  5. 


* 
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Art.  5.  Florimond  dc  Beaune  in  the  latter  of  two  fmall 
trcatifea  printed  in  1659,  concerning  the  nature,  confti- 
tution  and  limits  of  equations  *,  (hews  how  to  find-out 
limits  within  which  the  roots  of  all  compound  equations 
not  afcending  above  the  biquadratick  kind  are  confined  j 
which  limits,  when  they  may  be  difcovered  without  much 
trouble,  and  are  not  very  wide  afundcr,  will  help  to  leflen 
the  trials  in  the  general  method  before  delivered  :  As,  in 
the  laft  Example,  where 

The  equation  propofed  was  32001  —  aaa  =  46,577 

Firft,  becaufe  aaa  muft  be"| 

fubtra&ed  from  7tooa  and  !  . 

,  .   ,  0        .      >  -  -    aaa  to  be  -3  32000 

leave  a  remainder  equal  io  j 

46,577,  it  prefuppofcth  J 
Therefore,  by  dividing^ 

,        ,  r   -  -   -    aa  ~D  320a 

each  part  by  a,     -     -  J 

And  by  extracting  the^ 
Square- root  out  of  each  part,  L  -  -   -   a  -a  56.5,  &e. 
it  follows  that    ...  J 

Again,  from  the  equation"\ 
propofed,  by  tranfpofition  it  >  3200*  —  46,577*=  aaa 
is  evident  that    -    -    -  J 

Whence  it  is  alfo  manifeft   -   -    3200a  cr  46,577 

And  confequently*  by  di  1 
tiding  each  part  by  3200,  J 

*  This  tra&  of  M.  de  Beaune  is  ve  7  c^r  and  VCI7  ufcful. 
It  is  printed  with  Mr.  Schooten's  Comment  on  Des  Cartes'* 
Geometry. 

8  Thus 
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Thus  it  is  found  that  the  value  of  a  the  root  fought  is 
greater  than  14.5,  &c.  but  lefs  than  56.5,  he.  and  there-' 
fore  trials  according  to  the  general  method  aforefaid  need 
not  be  made  with  any  numbers  that  are  not  within  thofe 

_  *  ^ 

- 

From  the  premifes  it  is  evident,  that  this  general  method 
finds  not  s»  perfect  root  of  an  equation,  unlefs  fuch  root  be 
a  whole  number,  or  elfe  a  fraction  exactly  equal  to  fome 
decimal  fraction ;  or  laftly,  a  mixed  number  compofed  of 
a  whole  number  and  a  perfect  decimal  fraction. 

Note.  When  the  co-efficients  or  known  numbers  multi- 
plied into  any  of  the  unknown  oower3  under  the  higheft, 
(which  mud  have  no  co-efficient  but  unity,)  are  vulgar 
(not  decimal)  fractions,  or  mixt  numbers  whofe  fractional 
parts  are  vulgar  fractions ;  likewife,  when  the  abfolute 
number  that  folely  poflefleth  the  latter  part  of  the  equa- 
tion propofed  is  a  vulgar  fraction,  or  a  mixt  number 
whofe  fractional  part  is  a  vulgar  fraction ;  all  thofe  vulgar 
fractions  rouft  be  reduced  to  decimal  fractions,  or  elie  the 
equation  mud  be  reduced  to  another  equation  in  integers 
(by  Sect,  7.  in  the  following  Chap.  1 1.)  before  you  enrei 
upon  the  refolution  by  trials  as  aforefaid. 

End  of  the  Tenth  Chapter  of  the  Second  Book  of  Mr.  Keriej  / 
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^t%.  .  A  RE- 


Digitized  by  Google 


A  REMARK 

ON 

- 

AN  ERROR  IN  MONSIEUR  CLAIRAUT'S 
ELEMENTS  OF  ALGEBRA. 


By  FRANCIS  MA  SERES,  Eft. 

CURSITOR  BARON  OF  THE  COURT  OF  EXCHEQUER. 


Digitized  by  Google 


A  Remark  on  an  Error  in  the  Reafoning  of 
the  late  learned  French  Mathematician^ 
Monfieur  Clairaut,  in  that  Part  of  his 
Elements  of  Algebra  in  which  he 
endeavours  to  prove  the  Rules  of  Multipli- 
cation laid  down  by  Writers  on  Algebra 
concerning  Negative  Quantities. 


rJ",HERE  is  one  writer  of  Algebra  who  has  treated  the 
fubjeft  with  uncommon  care  and  elegance,  and, 
throughout  the  firft  part  of  his  work,  with  great  perfpi- 
cuity  likewife.  I  mean  Monfieur  Clairaut  of  the  French 
Academy  of  Sciences,  in  his  Eltmens  d*A}gchre  publifhed 
at  Paris  in  the  year  1749.  But  even  this  writer  has  been 
betrayed  into  a  moft  remarkable  inftance  of  falfe  Teafon- 
ing,  by  his  defire  of  explaining  to  his  readers  that  which 
in  it's  nature  is  not  capable  of  being  explained  or  undcr- 
ftood,  to  wit,  the  propofition  "  that,  if  a  negative  quan- 
tity be  multiplied  by  a  negative  quantity  >  the  product  will  be 
an  affirmative  quantity."  This  propofition  he  has  at- 
tempted to  demonftrate  in  the  60th  Section,  or  Article, 
of  his  book,  page  73,  in  the  following  manner  :  He  had 
already  in  Art.  iii,  page  4,  explained  the  fign  —  to  fig- 
nify  the  fubtra&ion  of  the  quantity  to  which  it  is  prefixed 
from  the  quantity  which  immediately  preceeds  it,  in  thefc 
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words:  w  Prcncitit  Ic  caraElere  — ,  qui  fe  prsnonce  moin*, 
/5.vr  f aire  rtfflitvemr  que  la  quantite  qu'il  precede  dcit  elre 
retranchee  de  celle  quil  fittit"  And  in  Articles  xlii,  xliii, 
xliv,  xlv,  xlyi,  pages  48,  49,  50,  51,  52,  53,  54,  he  ex- 
plains  the  manner  of  multiplying  compound  quantities, 
(which  he  calls  da  quJtititcs  cw.pli.xes  ou  ptiyi:smcsy  on 
qtitdtititcs  cotnposecs  de  plttfuitrs  termes,)  by  each  other,  and 
exemplifies  it  by  the  multiplication  of  the  compound 
quantity  2n*r  — •  $n*b  -f  6ul  by  the  compound  quantity 
^ab1  —  4/tY/.  And  thus  far  he  reafons  juftly  and  clearly, 
ufing  the  fign  —  only  in  the  fenfc  of  his  firft.  definition 
of  it  in  Art.  iii,  page  4,  as  the  f:gn  of  the  fubtra&ion 
of  the  quantity  to  which  it  is  prefixed  from  that  which 
goes  before  it,  in  which  firft  part  of  his  book  he  fecms 
to  fuppofe  all  along  that  the  quantities  to  be  fuotni£led 
are  lcfs#than  thofe  from  which  they  are  to  be  fubtracled. 
ljut  then,  when  he  has  thus  (hewn  clearly  that,  in  the 
multiplication  of  compound  quantities  by  compound 
quantities,  the  rule  holds  good,  that  —  into  —  gives  +  , 
or  that  thofe  members  of  the  product  of  the  two  com- 
pound quantities  which  aiife  from  the  multiplication  of 
any  two  members  of  the  compound  quantities  thcmfelves 
that  are  both  marked  with  the  fign  — ,  will  be  marked 
with  the  fign  +  ,  he  endeavours,  in  Art.  Ix,  page  73,  to- 
extend  this  conclufion  to  the  product  of  two  indepen- 
dent, or  feparatc,  negative  quantities,  or  quantities 
which  are  marked  with  the  fign  —  without  being  pre- 
cecded  by  any  other  quantities  from  which  they  are  fub- 
tracled.   This  lxth  Article  is  in  thefe  words  : 

Pour  nous  ajfiurer  que  la  multiplication  de  —  par  —  doit 
ted jours  donr.er  +  au  produit,  vo)ons  quelle  lumicre  nzus 
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pvuvons  tlrer  de  la  tntthole  generate  des  mu!tip!L'i!i:>t{  dance 
dans  V Art.  xlv.  Suivntt  ccttf  m.thnlc  on  volt  trrs  ciaire- 
ment  que  le  pro'hrit  d'une  quantUe  telle  que  a  —  b  par  une 
etui  re  c  —  d  dolt  it  re  ac  —  he  —  ad  H-  bd  ;  et  on  v/it 
par  consequent  en  mane  temj>s  que  le  terme  bet,  qui  eft  u 
par  la  multiplication  de  b  et  de  d,  a  le  f.gne  tandis  que 
fes  produlfntits  b  e t  d  o\t  le  ftjae  — .  It  ne  'refit  done  plus 
qu% (i  fgavoir  ft,  lorfqut  deux  qu  urlites  nr^itlves,  telle'  que 
b  et  <\t  ne  feront  pra  cd.es  d't.itawe  quaulte  p'fitlve,  leur 
produit  /era  encore  +  bd.  Or  cefi  re  dent  il  rjl  facile  de 
reconnoitre  la  virttcy  puifque  la  mlthodc  par  laquelle  on  a 
Reconvert  que  le  prodult  de  a  —  b  par  c  —  d  Itolt  ac  — 
be  —  ad  +  bd,  nt  fpeciftait  auewr  grandeur  p.:rUcidlere 
ni  a  a  ni  ll  c,  dolt  avoir  encore  lieu  lorfquc  ces  quuniiies  fint 
t gales  a  zero.  Or,  en  ce  cas,  le  prodult  ex  —  be  —  ad 
bd  ft  reduit  h  +  bd.    Doric  —  b  X  —  d  eft  =  +  bd. 

Now  in  thefe  words  there  is  an  obvious  fallacy.  For, 
though  a  and  c  are  not  particular  numbers,  or  quantities 
which  have  a  fixt  relation  to  b  and  r/,  but  thev  may  be  of 
many  different  magnitudes  with  refpect  to  b  and  d,  yet 
they  muft  always  be  fuppofed  to  be  greater  than  b  and  d 
refpeclively.  For  othcrwife  it  will  not  be  poflible  to  fub- 
tra&  b  and  d  from  them,  fo  as  to  produce  the  quantities 
a  —  b  and  c  —  d\  the  author  not  having  hitherto  giverr 
us  any  other  idea  of  the  fign  —  but  that  of  it's  denoting 
the  fubtraction  of  the  quantities  to  which  it  is  prefixed 
from  thofe  which  go  before  them  ;  in  order  to  which  it 
is  necefiary,  and  is  conftantly  fuppofed  in  all  the  fore- 
going part  of  the  book,  that  the  faid  quantities,  to  which 
the  faid  fign  is  prefixed,  mould  be  lefs  than  thofe  that  go 
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before  them.    It  follows  therefore  that  a  arid  c  can  never 
be  fuppofed  to  be  either  equal  to,  or  lefs  than,  b  and  dy 
refpeclively,  though  they  may  be  of  any  magnitudes  that 
are  greater  than  b  and  d.    It  is  not  therefore  poflible  for 
a  and  c  to  become  equal  to  o,  as  the  author  fuppofes ; 
and  confequently  the  compound  quantity  ac  —  — 
ad  +  bd,  (which  is  the  product  of  the  multiplication  of 
a  —  b  and  c  —  d  into  each  other)  can  never  become 
equal  to  4*  bd  by  the  vanifhing,  or  annihilation,  of  it's 
three  firft  members  ac>  bcy  ad,  as  the  author  concludes 
from  the  faid  falfe  fuppofition  that  a  and  c  may  be  taken 
equal  to  c. 

The  author  on  this  occafion  feems  to  have  forgot  his 
own  definition  of  the  fign  — ,  by  which  he  made  it  to  be 
a  mark  of  the  fubtrachon  of  the  quantity  to  which  it  is 
prefixed  from  the  quantity  that  goes  before  it ;  from  which 
definition  it  is  plain  that  the  faid  fign  always  fuppofes  the 
exiftence  of  two  different  quantities,  of  which  the  one  is 
to  be  fubtra&ed  from  the  other,  and  confequently  that  it 
can  have  no  meaning  when  applied  to  a  fingle  quantity, 
as  £*or  r/,  independently  of  fome  other  and  greater  quan- 
tity, as  a  or  r,  from  which  it  is  to  be  fubtracled.  There 
cannot  therefore  exift  any  fuch  quantities  as  —  bt  or 
—  d ;  and  confequently  no  proportions  concerning  them 
can  be  cither  true  or  falfe.  Confequently  the  propofition 
which  the  author  there  endeavours  to  demonilrate,  to 
wit,  "  that  —  b  X  —  d  is  equal  to  ■+■  hdy  when  —  b 
and  —  d  are  not  prececded  by  two  greater  quantities  a 
and  c  from  which  they  are  fubtracled,  but  are  confidered 
as  fingle  and  independent  quantities/'  is  fo  far  from 
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being  true  that  it  is  not  even  intelligible  according  to  the 
only  idea  of  the  fign  —  which  the  author  has  given  us 
in  all  the  precceding  part  of  the  book. 

Such  is  the  obfeurity  and  confuGon  in  which  even  this 
very  able  writer  (who  not  only  had  a  great  deal  of  genius 
and  fagacity  in  the  mathematical  fciences,  but  alfo  an  ele- 
gant tafte  in  his  manner  of  treating  them,)  has  involved 
himfelf  by  his  attempt  to  explain  the  nature  and  properties 
of  negative  quantities.  And  other  writers  who  have  made 
the  like  attempt,  have  failen  into  Cmilar  abfurdities; 
amongft  whom'  we  may  reckon  the  celebrated  Mr.  Leon- 
hard  Euler,  in  his  laft  work,  called  The  Elements  of  Algebra  % 
in  two  large  volumes,  oftavo,  which  has  been  commended 
by  fomc  perfons  as  a  very  eafy  and  clear  treatife  on  that 
fcience.  But,  upon  examining  it,  I  have  found  the  firft 
volume  of  it  to  abound  with  errors  and  difficulties  arifing 
from  a  mod  compleat  adoption  and  very  frequent  ufe  of 
this  perplexing  and  abfurd  doctrine  of  negative  quantities, 
for  which  he  feems  to  have  an  uncommon  attachment. 

After  feeing  that  fo  able  a  mathematician  as  Monficur 
Clairaut  could  be  fo  far  blinded  and  puzzled  by  this  ftrange 
doclrine  of  negative  quantities  (unneceflarily  introduced 
into  the  otherwife  clear  and  fimplc  fcience  of  Algebra,  or 
Univerfal  Arithmetick,)  as  to  reafon  fo  very  weakly  in 
fupport  of  it  as  we  have  feen  he  did  in  the  foregoing 
pafiagc,  it  is  furely  high  time  for  every  true  lov^  of  this 
fcience,  who  is  zealous  for  the  honour  of  it's  purity  and 
perfpicuity,  to  exclaim  as  the  good  Archbifhop  Tillotfon 
did  with  refpe£l  to  the  Athanafian  Creed,  c<  /  wi/b  we 
were  fairly  rid  of  it !  " 
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A  General  Method  of  invefigating  the 
Two,  or  Three,  Jirjl  Figures  of  the  leaf 
Root  of  an  Equation  that  has  more  than 
One  real  and  affirmative  Root. 

[Reprinted  from  the  Third  Volume  of  the  Scriptorcs  Logaritbmici, 

Pages  725,  726,  &c  761.] 


Article  i.  JN  the  foregoing  Appendix  to  Dr.  HalJey's 
Tract  on  the  Refolution  of  High  Equa- 
tions by  Approximation,  I  have  endeavoured  to  illuftrate 
his  method  by  a  very  full  and  dittin&  refolution  of  the  three 
equations  which  he  has  chofen  for  examples  of  it,  and  to 
compare  it  with  Mr.  Raphfon's  method  of  refolving  the 
like  equations,  (which  alfo  proceeds  by  repeated  approxi- 
mations to  the  true  values  of  the  roots  fought,}  by  ap- 
plying the  latter  method  to  the  refolution  of  the  fame 
equations  which  had  before  been  refolved  by  Dr.  H alley's 
method  and  the  refult  of  the  comparifon  was,  that  Mr. 
Raphfon's  method  appeared  to  me,  for  the  mod  part, 
more  convenient  than  Dr.  Halley's.  But  in  the  applica- 
tion of  both  thefe  methods  of  refolving  thefe  equations  a 
difficulty  may  fometimes  occur  which  it  will  be  expedient 
to  endeavour  to  remove.  For,  when  the  terms  of  an 
equation  have  many  changes  of  their  figns  from  4-  to  — 
and  from  —  to  -f,  it  may,  perhaps,  have  many  different 
roots,  (I  mean,  real  and  affirmative  roots,)  of  very  dif- 
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ferent  magnitudes  from  each  other,  and  we  may  find 
ourfelves  at  a  lofs  to  determine  which  of  thefe  feveral 
toots  ue  ought  to  begin  by,  or  go  firft  in  purfuit  of. 
1  his  difficulty,  indeed,  will  not  always  occur  in  equations 
of  this  kind,  becaufe  it  will  fomctimes  happen  that  the 
conditions  of  the  problem  from  which  the  equation  is 
derived,  will  point-out  to  us  fome  limits  to  that  root  of 
the  equation  which  is  necefTary  to  the  folution  of  the 
problem,  and  which  therefore  ought  to  be  the  object  of 
our  inveftigation*,  and  in  thefe  cafes  it  is  evident  we  muft 
make  ufe  of  thefe  limits  as  our  guides  in  our  firft  con- 
jeclural  approximation  towards  the  value  of  the  root  that 
lies  between,  or  near,  them.  But,  when  the  conditions 
of  the  problems  do  not  afford  us  fuch  affiftance,  we  may 
be  a  good  deal  puzzled  to  know  which  of  the  feveral 
roots  which  the  equation  poffibly  may  have,  we  fhould 
endeavour  to  invefligate  firft.  And  in  thefe  cafes,  I 
believe,  it  will  often  be  found  convenient  to  begin  with 
the  inveftigation  of  the  leajl  of  the  feveral  different  roots 
of  the  equation.  The  method  of  doing  this,  and  the 
reafons  for  chufinr  to  berin  with  the  lead  coot  in  thefe 
cafes  in  preference  to  any  of  the  other  roots,  will  be  the 
fubjedt  of  the  prefent  difcourfe. 

Arf.  2.  In  many  equations  of  air  degrees,  it  is  eafy  to 
perceive  that  they  can  have  but  one  root,  that  is,  but 
one  real  and  affirmative  root.  For,  as  to  negative  roots, 
they  are  in  truth  the  real  and  affirmative  roots  of  other 
equations  confiding  of  the  fame  terms,  or  members,  as 
the  equations  of  which  they  are  faid  to  be  the  negative 
root6,  but  differently  connected  with  each  other  by  the 
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fign9  +  ami  — ,  or  by  addition  and  fubtradion:  and,  as 
to  impofEble  roots,  they  arc  mere  imaginary  quantities,  of 
which  the  mind  can  form  no  idea  \  and  they  are  called 
roots  of  the  equations  they  bdong  to,  only  becaufe,  if 
they  are  fubftituted  in  the  faid  equations  inilcad  of  x9 
they  will  make  the  left-hand  fides  of  the  equations  be 
equal,  or,  rather,  feem  to  be  equal,  to  their  fevcral  abfolute 
terms  refpeclively  ;  or,  in  other  words,  becaufe,  if  they 
are  fquared,  and  cubed,  and  r.iifed  to  the  fourth,  or  fifth, 
or  other  higher,  powers,  and  the  faid  fquares,  and  cubes, 
and  other  powers  of  them,  are  multiplied  into  the  co- 
efficients of  the  fame  powers  of  x  in  the  equations  to 
which  they  belong,  they  will  make  the  left-hand  fides  of 
fuch  equations  be  equal  to  their  fevcral  abfolute  terms 
refpe&ively.  But  it  is  impoffible  to  fquare,  or  cube,  or 
multiply,  a  quantity  that  cannot  exift,  or  a  non-entity  y 
and  therefore  all  that  is  faid  about  thefe  impoffible  ruots^ 
is  little  better  than  fi^rlv  nonfeafe,  and  tends  '  :ly  to 
darken  and  difgrace  the  Science  of  Algebra.  i>or  tuu  I 
conceive  the  fmallcft  reafon  f  >r  ever  mentioning  thefc 
roots,  or  indeed  negative  roots,  in  books  of  Algebra, 
unlefs  it  be  to  fupport  the  truth  of  a  favourite  pofition 
concerning  equations  that  has  been  hid  down  by  modern 
writers  of  Algebra,  to  wit,  "  that  every  Al-cbiaick 
equation  has  as  many  roots  as  there  are  units  in  the  index 
of  the  higheft  powers  of  .r  contained  in  it  j*'  which  pod. 
tion  would,  without  the  admiflion  of  negative  and  im- 
poffible roots,  be  moft  eminently  falfe.  For  many  equa- 
tions of  all  degrees  have  in  truth  only  one  root,  or 
quantity,  really  exifting,  and  of  which  we  can  form  a 
clear  conception,  that,  being  fubftituted  inftead  of  x  ia 
the  terms  of  the  left-hand  fide  of  the  equation,  will  make 
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the  refult  of  them  be  equal  to  the  abfolute  term  of  the 
equation.  And  it  is  often  eafy  to  perceive  that  thefc 
equations  can  hare  but  one  fuch  root,  though  their  terms 
may  involve  in  them  the  cube,  or  the  fourth  power,  or 
the  fifth  power,  or  any  higher  powers,  of  the  unknown 
quantity  x ;  of  which  I  will  mention  two,  or  three,  of 
the  raoft  remarkable  inftances. 

ArU  3.  In  the  firft  place,  when  all  the  terms  on  the 
left*hand  fide  of  the  equation,  or  that  involve  in  them 
any  powers  of  the  unknown  quantity  xy  are  added  to 
each  other,  or  connected  together  by  the  fign  +,  it  is 
obvious  that  fuch  an  equation  can  have  but  one  root. 

Thus,  for  example,  if  the  equation  be  *'  +  36  xx  + 
44,*  =  1,  it  is  evident  that  x  can  hare  but  one  value. 
For,  if  x  were  to  increafe  from  it's  firft  value,  or  the 
value  which  it  has  when  the  compound  quantity  x*  -f» 
36**  +  44.*  becomes  firft  equal  to  the  abfolute  term  i, 
to  any  greater  magnitude,  each  of  the  three  quantities  x3, 
36**,  and  44*  would,  at  the  fame  time,  increafe  con- 
tinually, or  without  ever  decreafing,  from  it's  firft  value 
to  a  greater  quantity,  and  confequently  their  fum  xl  «+■ 
36  x*  4  44*  would  alfo  increafe  continually,  or  without 
ever  decreafing,  from  it's  firft  value,  or  1,  to  a  greater 
quantity,  and  therefore  could  never  become  a  fecond 
time  equal  to  1. 

And,  in  like  manner,  the  biquadratick  equation  x4  + 
8q*'  +  1998  x:  +  14,937  x  =  5000  can  have  but  one 
root.    For,  if  x  were  to  increafe  from  it's  firft  value,  or 
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the  value  it  has  when  the  compound  quantity  *4  +  80*1 
+  1998  +  14,937*  is  firft  equal  to  5000,  to  any 
greater  quantity,  each  of  the  four  terms  **,  8ox5,  1998*% 
and  14,937*  would  increafe  at  the  fame  time  continually, 
or  without  ever  decreafing,  from  iPs  firft  value  to  fome 
greater  quantity,  and  consequently  their  fum,  or  the 
compound  quantity  x*  -+*  80*3  +  1998*1  +14,937*, 
would  alfo  at  the  fame  time  increafe  continually,  or 
without  ever  decreafing,  and  therefore  could  never  be- 
come a  fecond  time  equal  to  the  abfolute  term  5000. 

And  the  like  would  be  evident  in  any  other  equation 
whatfoever,  in  which  all  the  terms  on  the  left-hand  fide 
of  the  equation,  or  all  the  terms  that  involve  in  them 
the  powers  of  x%  were  added  to  each  other,  or  connected 
together  by  the  fign  +.  Therefore  every  fuch  equation 
can  have  but  one  root. 

Art,  4.  Secondly,  when  the  term  that  involves  the 
higheft  power  of  x  is  greater  than  the  fum  of  all  the 
other  terms  on  the  left-hand  fide  of  the  equation,  and 
the  excefs  of  the  faid  term  above  the  faid  fum  of  all  the 
other  terms  on  that  fide  of  the  equation  is  equal  to  the 
abfolute  term  of  the  equation,  (as,  for  example,  if  x%  is 
greater  than  36**  -+*  44 x,  and  x3  —  36  xa  —  44*  is 
equal  to  1  ;  or,  if  x4  is  greater  than  80  x3  •+*  J99&  xx  -fr* 
14,937*,  and  a*  —  80 x*  —  1998  xx  —  14, 937*  is 
equal  to  5000 ;)  the  equation  can  have  hut  one  root. 
And  this  root  will  be  greater  than  the  value  of  *  that 
would  refult  from  a  fuppofition  that  the  abfolute  term  of 
the  equation  was  equal  to  0. 

Thus,  ' 
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Thus, :  for  example,  the  root  of  the  cubick  equatioff 

«s  36**  —  44*  =  *  nmft  be  greater  than  the 

root  of  the  equation  a*  —  36  xx  — :  44  x  =  o,  or  than 
the  root  of  the  ouadratick  equation  xx  —  36*  —  44 
=  o,  or  xx  —  36  x  as  44 ;  and  the  root  of  the  bi- 
qtfadratick  equation  x+  —  8o*J  —  1998  —  14*93/  * 
=  5090  will  be  greater  than  the  root  of  the  equation 
80**  —  1998*1?  —  14*937*  ^  °»  or  than  the 
Toat^of  the  cubick  equation  x*  —  80  xx  —  1998*  — 

1 4*937  =  °>  or  *3  —  %°xx      «998*  -  J4»937- 

yfr/.  5.  The  truth  of  thefe  pofitiofts  will  be  evident 
from  considering  the  manner  in  which  the  feveral  term* 
involving  the  powers  of  x  In  any  of  thefe  equation* 
will  increafe  while  x  increafes  from  o  dd  ivfi*hUtm> 

For,  when  x  is  very  fmall,  all  the  other  terms  on  the 
left-hand  fide  of  the  equation,  which  will  involve  x\  x\ 
will  be  much  fmaller  than  a,  the  faid  powers  of 
x  being  continued  proportionals  to  1  and  x.  And  x  may" 
be  taken  of  fo  fmall  a  magnitude  that  the  proportion  of  x 
to  kz  (hall  be  greater  than  arty  ratio  of  majority  that  (hall 
have  been  afligned.  But)  as  x  increases,  the  other  terms, 
(which  involve  a*1,  x*>  x4,  &c,)  will  increafe  fafter  than  x\ 
and  the  ratio  of  x  to  *a  will  decreafe  continually,  from 
having  been  a  very  great  ratio  of  majority,  till  it  becomes 
a  ratio  of  equality  when  x  is  equal  te  1.  And  at  this 
time  all  the  powers  of  x,  to  wit,  k\  **,  a*,  x*9  &c,  will 
be  equal  to  each  other  and  co  I.  And,  when  x  increafes 
further  from  1  to  a  greater  magnitude,  x4  will  be  greater 
than  x,  and  likewife  than  xx  and      and  it's  increment 
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in  any  given  portion  of  time  will  be  greater  than  the 
contemporary  increment  of  x,  and  likewife  than  the 
contemporary  increments  of  either  of  the  other  powers 
of  x  that  are  lower  than  itfelf,  to  wit>  #2  and  x3.  And, 
by  this  means,  a4,  from  having  been  left  than  eirher 
14,937  sr,  or  1998  or  8b.rJ,  will  gain  ground  upori 
them,  and,  at  fome  one  point  of  time,  become  equal  to 
the  fum  of  alf  the  three  together  and  at  this  time  the 
compound  quantity  **  —  86**  —  1998 *l  —  14,937 x 
will  be  equal  to  o,  and  the  value  of  x  will  be  the  root  of 
the  biquadratick  equation  a*  —  8o  x%  —  1998  xz  — • 
14,937  x  =  °>  or  tne  root  °f  cubick  equation  x*  *- 
8oj?1  —  1998  x  —  14,937  =  o,  or  x*  —  8oa*  — 
j 998  x  =  14,937.  And,  when.*  increafes  further  from 
this  value  ad  infinitum^  the  increment  of  x*  (which  has 
already  been  greater  than  the  fum  of  the  contemporary  . 
increments  of  80  a-3,  and  1998  .t%  and,  14,937  a*,  fo  a^ 
to  enable  a.4,  from  having  been  at  firft  lefs  than  either  of 
the  three  quantities,  to  become  equal  to  all  the  three  put 
together,)  will  continue  to  be  greater  than  the  fum  ^of 
the  three  contemporary  increments  of  thofe  three  quau-  t 
tides,  80  xl,  1998  .v2,  and  14,937.1-,  and  in  a  continually- 
increafing  ratio  of  majority.  And  confequently  the  com- 
pound quantity  x*  —  80  x%  —  1998  .vl  '— -  '4*937  ,r> 
or  thYexcefs  of  the  fingle  quantity  a4  above  the  fum  of  " 
the  three  quantities  80. v5,  7998.V1,  and  1 4,0'37  x> 
increafe  continually,  or  without  ever  decreafing,  from  o 
ad  infinitum^  while  .v  increafes  from  being  equal  to  the 
root  of  the  cubickr  equation  a*  — -  So  v*  ^-  19$  8*  -  i 
14,937  ad  infinitum.  Therefore  the*  faid  compound  ' 
nuantity'^  —  86**  —"'1998**        4,937  A  'wilb,  at" 
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fame  one  inftant  or  time  during  it's  faid  increafe  from  O 
ad  infinitum)  become  equal  to  the  abfolute  term  5000,  or 
to  any  other  given  quantity  whatfotver  \  but  it  will  be 
equal  to  fuch  quantity  only  once  during  it's  faid  increafe 
from  o  ad  infinitum.    And  consequently  the  equation 
a4  —  80  x*  —  1958*1  —  14>937*  =  5000  can  have 
but  one  root,  and  that  root  muft  be  greater  than  the  root 
of  the  biquadratick  equation  x4  —  80  xJ  —  1998  x*  — 
1 4,93  7  x  ~  °»  or  *nan  ^c  root  OI>  c^ie  cubick  equation 
*5  — -  80^'  —  1998*  =  i4>937-  q.  d. 

And  it  is  evident  that  the  fame  things  will  rakt  place 
in  any  other  equation  whatfoever,  in  which  the  term  that 
involves  the  higheft  power  of  x  is  greater  than  the  fam 
of  all  the  other  terms  of  the  equation  that  involve  the 
other,  or  inferiour,  powers  of  .v,  and  it's  excefs  above 
the  faid  fum  is  equal  to  the  abfolute  term,  or  in  which  all 
the  terms  on  the  left-hand  fide  of  the  equation,  except 
that  which  involves  the  higheft  power  of  .v,  aTC  fubtradV- 
ed  from  that  term,  and  confequently  marked  with  the 
ii    ■  • 

Art.  6.  In  the  third  place,  when  the  term  that  involves 
the  higheft  power  of  x  in  the  equation  is  added  to  the 
next  term,  or  term  involving  the  next  power  of  xf  or  to 
the  two  next,  or  the  three  next  terms,  or  any  greater 
number  of  the  terms  next  following  it,  and  their  fum  is 
greater  than  the  fum  of  all  the  remaining  terms  on  the. 
left-hand  fide  of  the  equation,  or  than  all  the  other 

terms  that  involve  the  lower  powers  of  *>  and  the  latter 

fun* 
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firti  is  fubtratted  from  the  former,  the  equation  dan  havt 
but  one  toot. 

Thus,  for  example,  the  equation  x4  +  8 da-3  — 
J99S.V2-*-  14,937*  =  5000,  and  the  equation  x4  + 
80  a3  +  1998  .r*  —  i4>937*  =  500^*  can  have  but  one 
root  a- piece.  And  all  the  following  equations  will  have 
but  one  root  a  piece,  to  wit, 

•*7  4-  3*6  —  5*s  —  7^4  —  9**  —  n a1  —  13*  —  1 
and  a*  +  Jv°  +  5*s  —  J*4  —  9v3  —  1  i.\a  —  13*  =  15, 
and  .v»  +  3*6  +  $*s  +  l*4  -  9v'3  -  1  ix*  -  13*  =  15, 
and  a'  +  3  v6  +  5.1*  +  7**  +  9-r'.-  1  i**  -  13*  =  I 
and  a1  +  3.V6  +  ja5  +  7jt*  +  9*3  +  ti.v*  -  13*  =  i$- 
.    ■;  ,:i:t  J-  . 

This  will  eaflly  appear  from  reafuninga  concerning  the 
manner  in  which  the  fcvcral  terms  involving  the  powers  of 
~  increafe,and  in  which  the  excefs  of  the  fum  of  the  term9 
involving  the  higher  powers  of  .v  above  the  fum  of  the 
terms  involving  the  lower  powers  of  x  increafes,  exactly 
fimilar  to  the  rcafomngs  ufed  in  the  foregoing  article. 
And  therefore  I  do  not  think  it  ncccfiary  to  be  more 
particular  in  the  proof  of  it.  i 

Art.  7.  And  there  are  fome  other  cafes  iii  which  we 
may  be  fure  before-hand  that  an  equation  has  only  one 
real  and  affirmative  root,  though  the  figns  of  the  terms 
on  the  left-hand  fide  of  the  equation  mould  vary  from  -f 
to  — •  and  from  *—  to  +  two  or  three  times,  or  oftener. 
But  thefe  cafes  are  more  difficult  to  diftinguifti  arid  afcer- 
tain  than  the  three  cafes  before-mentioned.    Arid  there  ♦ 

«  h  1  f  jj         \  >  •  .  1    «  ■  ♦  * 

fote  I  (hall  fay  nothing  further  concerning  them. 

A  a  a  Art.  8. 
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Art.  8.  In  all  the  cafes  above'defcribed,  and  in  all 
others  where  we  know  before -hand  that  the  equation 
that  is  to  he  rcfolved  has  only  one  real  and  affirmative 
root,  the  beft  way  of  beginning  the  inveftigation  of  the 
value  of  it's  root,  in  order  to  approximate  further  to  it 
afterwards  by  Mr.  Raphfons  method  above-mentioned, 
(if  the  conditions  of  the  problem  from  which  the  equa- 
tion is  derived  do  not  themfelves  point  out  certain  limitt 
of  the  magnitude  of  the  faid  root,  which  will  afford  us 
a  futticiently  near  value  of  it  to  begin  our  approximation 
with,  which  they  often  will  be  found  to  do,)  will  be 
that  invented  by  Stcvinus,  a  mathematician  of  Bruges 
in  the  SpaniiH  Netherlands,  who  flouriftied  in  the  begin- 
ning of  the  laft  century,  and  died  in  the  year  1633. 
This  method  is  as  follows : 

Since  the  propofed  equation  can  have  but  one  real  and 
affirmative  root,  it  is  evident  that  the  whole  compound 
quantity  which  forms  the  left-hand  fide  of  the  equation 
will  incrcafe  continually,  or  without  ever  decreaGng,  at 
the  fame  time  that  x  increafes.  Therefore,  if  we  fubfti- 
tute  any  particular  value  for  x  in  the  faid  compound 
quantity,  and  we  find  that  the  value  of  the  faid  com- 
pound quantity  arifing  from  fuch  fubftitution  is  greater 
than  the  abfolutc  term  of  the  propofed  equation,  we  may 
conclude  with  certainty  that  the  faid  fubftitutcd  value  of 
*  is  greater  than  the  value  of  x  in  the  propofed  equation, 
or  than  the  root  of  the  faid  equation  :  and,  if  the  value 
of  the  fiid  compound  quantity  arifing  from  fuch  fubfti- 
tution is  lefs  than  the  abfolute  term  of  the  equation,  we 

may 
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V 

may  conclude  with  certainty  that  the  faid  fubflituted 
value  of  x  is  lefs  than  the  root  of  the, faid  equation. 
Let  us  therefore  fir(t  fubftitute  1  inftead  of  x  in  the  faid 
compound  quantity,  and  try  what  the  refult  will  be  ; 
and,  if  the  refult  is  much  lefs  than  the  abfolute  term  of 
the  equation,  and  confequently  1  is  much  lefs  than  the 
true  root  of  the  equation,  let  us  in  the  next  place  fup- 
pofe  x  to  be  equal  to  10,  or  to  9,  or  to  8,  or  to  7,  or 
fuch  other  number  confuting  of  one  or  at  mod  two 
figures,  as  we  conjecture  to  be  neareft  to  the  true 
value  of  x  in  the  propofed  equation ;  and  let  this  fecond 
conjectural  value  of  x  be  fubftituted  inftead  of  x  in  the 
faid  compound  quantity  which  forms  the  left-hand  fide 
of  the  equation.    And  thus,  by  a  few  cafy  trials,  we 
(hall  foon  find  a  value  of  x  that  will  be  true  to  at  Icall 
one  figure,  and  without  much  difficulty  we  may  find  a 
value  of  it  that  {hall  be  true  in  the  two  firft  places  of 
figures ;  and  we  (hall  know  at  the  fame  time  whether 
the  faid  value  is  greater  or  lefs  than  the  true  value  of  x 
in  the  propofed  equation ,  becaufe  it  will  be  greater,  if 
the  refult  of  the  fubftitution  of  it  in  the  aforefaid  com- 
pound quantity,  which  forms  the  left-hand  fide  of  the 
equation,  is  greater  than  the  abfolute  term  of  the  equa- 
tion ;  and  it  will  be  lefs,  if  the  faid  rtfult  is  lefs  than  the 
faid  abfolute  term.    And  from  this  firft  near  value  of 
fo  obtained  by  thefe  eafy  trials,  or  fubftitutions,  we  may 
begin  our  approximation  to  a  more  exact  value  of.  x  in 
the  manner  defcribed  by  Mr.  Raphfon,  and  which  has 
been  exemplified  above  in  the  Appendix  to  Dr.  Halley's 
Tract.    Nothing  more  therefore  need  be  faid  on  the  re- 
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folution  of  equations  of  this  kind,  which  we  know  before 
hand  to  have  but  one  real  and  affirmative  root. 

The  foregoing  method  of  rinding  the  two  firft  figures 
of  the  root  of  an  equation  of  this  kind  is  very  fully  il- 
luftrated  by  judicious  examples  by  the  learned  fir.  John 
Kerfcy,  in  his  excellent  Treatife  of  Algebra,  publifhed 
in  the  latter  part  of  the  laft  century,  in  the  years  1673 
and  167  4,  in  two  volumes,  folio,  than  which,  I  believe, 
there  is  not  a  better  T  reatife  on  that  fubje£r  to  be  met 
with  V  See  Vol.  I,  Book  II,  Chapter  10,  pages  265, 
266,  267;  which  10th  chapter  is  alfo  reprinted  above  in 
the  foregoing  part  of  this  prefent  work,  pages  325,  326, 
&c  33H. 

Art.  9.  But,  when  we  meet  with  a  cubick,  or  a  biqua- 
dratick,  equation,  or  an  equation  of  any  higher  order, 
in  which  there  are  two,  or  more,  changes  of  the  (igns 
+  and  — <-  that  are  prefixed  to  the  terms  that  involve  the 
powers  of  f,  and  in  which  confequently  there  are,  or, 
at  leaft,  may  be,  for  aught  we  know  to  the  contrary,  two 
or  more  real  and  affirmative  roots,  or  different  values  of  *, 

*  The  learned  Dr.  John  Wallis,  in  the  Preface  to  the  Latin 
Edition  of  his  Algebra,  in  the  and  volume  of  the  Colleelion  of 
all  his  Works  publiftied  at  Oxford  in  the  year  1693,  fj*aks  of 
Mr.  Kerfey's  Algebra  in  thefe  words :  Suaferim  ut  Le&or  con- 
Julat  ex  nflftris  (prater  alios  J  Kerfaum  710ft  rum  j  qui  duobm 
voluminibns  integrant  Algebra  Ira&ationcm  exbibu'it,  fuse  quid  a* 
St  perfpUue  traditam.  Quo  nemo  fel'ic'iui  quafiiones  Dnfbatitaas 
ffu»idayit. 

which 
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*  which,  being  fubftituted  inftead  of  x  in  the  terms  that 
form  the  left-hand  fide  of  the  equation,  will  make  the 
refult  of  them  equal  to  the  right-hand  fide  of  it,  or  it's 
abfolute,  or  known,  term,  it  is  often  difficult  to  know 
which  root  we  had  Deft  begin  to  inveftigate.  And,  if 
we  make  conjectures  concerning  the  middle  values  of 
or  if  we  make  conjectures  concerning  it's  values  in  ge- 
neral  j — and  the  quantities  we  pitch  upon  for  one  of  it's 
values  are  greater  than  it's  lead  value  and  nearer  to  one 
of  it's  middle  values  ; — and  we  fubftitute  one  of  thefe 
quantities  in  (lead  of  x  in  the  compound  quantity  that 
forms  the  left-hand  fide  of  the  equation  ; — and  we  find, 
after  fuch  fubftitution,  that  the  value  of  the  faid  com- 
pound quantity  thence  arifing  is  greater  than  the  abfolute 
term  of  the  equation- ; — we  (hall  not  be  able  to  conclude 
from  thence  that  the  faid  conjectural  value'of  x  is  greater 
than  it's  true  value;  nor,  vice  verfdt  if  the  value  of  the 
faid  compound  quantity  refulting  from  fuch  fubftitution 
is  lefs  than  the  abfolute  term  of  the  equation,  (hall  we  be 
able  to  conclude  that  the  faid  conjectural  value  of  x  is 
lefs  than  it's  true  value.  For,  in  thefe  equations  which 
have  more  than  one  real,  and  affirmative  root,  the  com* 
pound  quantity  which  forms  the  left-hand  fide  of  the 
equation  will  fometimes  decreafe  at  the  fame  time  that  x 
increafes,  as  may  be  feen  in  Chap.  X,  pages  71,  72,  &c 
-  -  -  90,  of  my  Difiertation  on  the  Ufe  of  the  Negative 
Sign  in  Algebra.  In  thefe  equations  therefore,  which 
have,  or  feem  to  have,  more  than  one  real  and  affirma- 
tive root,  there  is  often  a  good  deal  of  difficulty  in 
knowing  how  to  fet  about  the  refolution  of  them  by  Mr. 
Raphfon's  method  of  approximation.    And,  I  believe,  it 
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will  ufually  be  found  expedient  in  thefe  cafes  to  confine 
ourfelves  to  the  inveftigation  of  the  lead  root,  or  value 
of  x>  in  the  equation.    For,  from  the  foregoing  reafon- 
ings  concerning  the  increafe  of  x  from  o  ad  infinitum^ 
and  the  contemporary  increafe  of  each  of  the  terms  in 
the  equation  that  involves  x%  and  the  contemporary  in- 
creafe, or  decrcafe,  of  the  whole  compound  quantity 
that  forms  the  left-hand  fide  of  the  equation,  it  is  evident 
that  in  the  firft  part  of  the  increafe  of  x  from  o  ad  infi- 
nitum) or  while  it  increafes  from  o  till  it  becomes  equal 
to  the  leaft  root  of  the  propofed  equation,  the  faid  com- 
pound quantity  will  increafe  with  it  continually,  or  with- 
out ever  decreafing,  though  afterwards,  when  x  is  greater 
than  the  faid  lead  root,  the  faid  compound  quantity  will, 
if  the  equation  has  more  than  one  .real  and  affirmative 
root,  fometimes  decreafe  while  x  increafes*    This  cir- 
cumftance  will  enable  us  to  make  our  conjectural  ap- 
proaches to  the  value  of  the  faid  lead  root  of  the  equa- 
tion with  more  facility  and  perfpicuity  than  to  the  other 
roots  of  it,  and  will  enable  us  to  conclude  with  certainty 
whether  the  value  we  have  cither  aflumed  by  a  conjecture, 
or  round  by  any  previous  method  of  inveftigation,  for  the 
aid  leaft.  root  of  the  equation,  or  leaft  value  of  xy  is 
greater,  or  lefs,  than  it's  uue  value.    And  on  this  ac- 
count I  am  muc'i  inclined  to  think  that  the  Ijft  way  of 
refolving  an  equation  of  this  kind  is  to  bujin  with  the 
inveftigation  of  it's  Ieaft  root.    And  the  method  I  would 
recommend  for  this  purpofe  is  a  very  fimple  and  eafy  one, 
being  grounded  on  the  following  obvious  propofition  ; 
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A  LEMMA. 


Art.  10.  If  there  be  any  equation  involving  feveral 
dificrent  y  r.'.  crs  of  the  unknown  quantity  .v  that  are 
connected  with  each  other  both  by  addition  and  fub- 
trac~tion,  cr  byljoth  the  figns  +  and  — ,  fuch  as  the 
equation  x1  —  l.v6  +  lx*  —  m\*  +  ».r3  —  pxz  +  qx  —  rh 
and  there  be  another  equation  that  has  the  fame  abfolutc 
term  r  as  the  former  equation,  but  has  only  fo  many 
terms  in  the  left-hand  fide  of  it  as  there  are  term* 
in  the  left-hand  fide  of  the  former  equation  connect- 
ed together  by  the  fign  4-»  which  are  four,  to  wit, 
k79  /,vs,  //.v3,  and  qx\  and,  if  the  unknown  quantity 
contained  in  this  fecond  equation  be  called  v,  and  the 
powers  of  y  involved  in  thefe  terms  of  the  fecond 
equation  are  the  fame  as  the  powers  of  x  involved  in 
the  faid  terms  of  the  firft  equation  which  are  con- 
nected together  by  the  fign  +  ;  and,  if  the  co-efficients 
of  the  faid  powers  of  v  in  the  fecond  equation  are  the 
fame  as  the  co-efficients  of  the  fame  powers  of  x  in  the 
firft  equation  ;  and,  laftly,  if  all  thefe  terms  of  the  faid 
fecond  equation  involving  the  faid  powers  of  y  be  added 
to  each  other,  or  connected  together  by  the  fign  +  :  So 
that  the  faid  fecond  equation  (hall  be  y1  +  ly*  -4-  ny3  + 
qy  =  r  : — Then  will  the  value  of  v,  or  the  only  root  of 
the  fecond  equation  y1  4-  ly*  +  ny*  -f  qy  =  r,  be  lefs 
than  the  lead  root  of  the  firft  equation  x7  —  kx6  +  lx% 
—  tux*  +  /;.v3  —  px*  +  qx  =  r. 

DE- 


Digitized  by  Google 


I 


OP  THE  RESOLUTION  OF  EQUATIONS 

■ 

DEMONSTRATION. 


If  there  be  two  equations  *7  +  lx5  +  nx*  +  qx  =  r 
+  D,  and  f  4-  ly*  4-  ny*  +  qy  =  in  both  which  the 
terms  which  form  the  left-hand  fides  of  the  equations  are 
connected  together  by  the  fign  4- ,  and  involve  the  very 
lame  powers  of  the  two  unknown  quantities  x  and  j 
multiplied  into  the  very  fame  co-efficients  i,  /,  »,  and  q9 
W-the  abfolute  term  of  the  former  equation  exceeds  the 
abfolute  term  of  the  latter  equation  by  any  given  quantity 
called  D,  it  is  evident,  from  art.  3,  that  xf  or  the  only 
root  of  the  former  equation  x1  +  lx%  4-  nxi  +  qx  —  r 
4-  D,  will  be  greater  than  v,  or  the  only  root  of  the 
latter  equation  f  4-  /ys  4--»j?3  4-  qy  =  r. 

Now  let  the  three  terms  kx*,  mx*f  and  px*  in  the 
equation  x7  —  kx6  +  l-z>  —  mx4  4-  nxl  —  px%  +  qx  =*  r, 
which  are  marked  with  the  fign  — ,  be  added  to  both 
fides  of  the  equation.  Then,  it  is  evident,  we  (hall  have 
,7  _j_  &  +  nX*  +  qX  r  4.  ix*  +  wx4  4-  px1;  which 
will  have  the  very  fame  roots  as  the  former  equation 
jr7  —  kx6  +  1x5  —  rnx*  +  nxl  —  />.v*  4-  y.r  =  r,  he- 
caufe  it  is  only  the  fame  equation  under  another  form. 
Therefore  the  leaft  root  of  the  equation  x*  +  lx%  +  nx* 
4-  qx  =r  r  4-  kx*  4-  4-  />v2  will  be  alfo  the  leaft 
root  of  the  equation  *7  — ■  kx6  +  /.r5  —  mx*  4.  ha-s  — 

+      *  r- 

Let  the  lead  root  of  this  equation  a7  —  ix*  +  1x5  — 
jwa4  4~  «*3  —  pxz  4-  gjp  =  r  be  called  a,  and  it's  other 
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roots,  if  it  has  any  other  roots,  be  denoted  by  th«  letters 
b%  <r,  dy  kc. 

Then  it  is  evident  that  the  trinomial  quantity  kx€  + 
,  nix4  4-  px"  will  have  as  many  different  values  as  there  arc 
different  values  of  xy  or  different  roots  of  the  equation 
x1  — i  v6  +  Ixi  —  mx4  +  nxi  —  px*  +  qx  ?=  r,  or  of 
the  equation  .v?  4-  /*'  4-  nxl  +  qx  =  r  +  iar6  4-  m*4 
'  4-  />  v%  and  will  be  equal  either  to  the  trinomial  quantity 
i  6  4-  urn*  4  pa* j  or  to  the  trinomial  quantity  kb*  4- 
w£*  -f  pb\  or  to  the  trinomial  quantity  kc6  +  iwr4  4  pc\ 
or  to  the  trinomial  quantity  id6  4  W4  4  pd\  Sec;  and 
the  equation  x*  4  /xs  4-  nxl  4  y.r  =  r  4-  **6  +  m** 
4-  p*1  will  ieprefent  as  many  different  equations,  having 
pne  root  a-piece,  as  it  has  different  roots,  to  wit,  ift,  the 
equation  *7  4-  lx%  4  nxl  4  qx  =  r  4  ***  +  wfl4  4 
which  will  have  only  one  root,  to  wit,  a ;  and,  2<Jly»  the 
equation  *7  4  lx%  +  nx*  4  qx  =  r  4  kb6  4  /*£4  + 
which  will  have  only  one  root,  to  wit,  b  \  and,  in  like 
manner,  the  equations  x1  +  /*5  4  nxl  4  ^.r  =  r  4 
4  /wr4  4  pr1,  and  x7  +  Jx>  4  /ur*  +  qx  =  r  4  kd*  -f 
f»/4  4-  />iJ,  &c,  which  have  each  only  onf  root,  to  wit, 
c%  and  d,  &c,  refpe&ively.  Therefore,  if  we  fubftitute, 
indead  of  the  trinomial  quantity  kx6  4  mx4  +  />**,  any 
one  of  it's  particular  values,  ka6  4  ma4  +  pa\  or  kb6  -r 
'  ml*  4.  pb\  or  4  mc4  4  /r*,  or  kd6  4  md*  4-  &ct 
in  the  equation  a7  4-  lx*  4  «.i3  4  qx  =  r  4  Jx6  4  mx4 
4  ^*  ,  the  equation  thence  arifing  will  not  have  fcveral 
different  roots,  as  the  faid  equation  x7  4  lxs  4  nx*  +  qx 
=  r  4-  fr6  +  w<4  4  Ax*  had,  but  only  one  root,  to  wit, 
that  root  of  the  faid  general  equation  which  was  fubfti- 
lutcd  indead  of  x  in  the  trinomial  quantity  kx6  4  mx4 

.4-  px\ 

$  Let 
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Let  as  therefore  fuppofe  the  trinomial  quantify  4- 
iwjr*  +  px%  to  be  equal  to  the  trinomial  quantity  ka*  + 
tnaA  -f  pa\  which  is  it's  leaft  value ;  and  let  ia*  +  wj* 
+  pa2  be  denoted  by  the  letter  D. 

Then  will  &  +  k>  +  nx>  +  q.v  be  =  r  +  D ;  and 
this  equation  will  have  but  one  root,  which  will  be  equal 
to  a%  or  the  leaft  root  of  the  equation  x1  +  Ix*  +  nx*  -f- 
qx  =  r  +  kx6  +  iwjr*  -f  or  of  the  equation  x'  —  kx* 
+       —  m.v*  +  nxi  —  pxx  +  qx  =  r. 

Bot  it  has  been  obfarved  above,  that  the  root  of  the 
equation  x1  +  Zrs  +  /ix3  +  fx  =  r  4-  D  will  be  greater 
than  the  root  of  the  equation  y1  +  /y*  +      +  qj  =  r- 

Therefore  the  leaft  root  of  the  equation  x1  -f  /*'  + 
nx*  +  qx  =  r ■  +  +  ro*-*  -|-  px\  or  of  the  equation 
«;  —  ^.v*  +  /a.5  _  OT<y*  +  w>r3  —  px*  4.  ^  =  r,  will  be 

greater  than  the  root  of  the  equation  j7  +  If  +  ny*  + 
qx  =  r ;  or  the  root  of  the  equation  v7  +  /ys  +  "J3  + 
^  =  r  will  be  lefs  than  the  leaft  root  of  the  equation 
#1  —  kx6  +  /**        17/dP4  +  »*3  —  px*  +  ^  x  =  r. 

*  E.  D* 


37y  Application  of  the  foregoing  Lemma  to  the  Invefligaihn 
of  a  near  Value  of  the  Leofi  Root  of  an  Equation  that  hat 
more  than  One  real  and  affirmative  Root. 


Art,  1 1 .  This  Lemma  being  perfectly  underftood,  I 
would  propofe  to  begin  the  rcfolution  of  any  equation  of 

£  the 
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the  foregoing  form  x1  —  ix6  4-  lx*  —  mx4  +  nxS 
/a*  +  =  (or  in  which  there  are  two,  or  more 
changes  of  die  figos,  4-  and  — ,  of  the  terms  that  in- 
volve the  unknown  quantity  xs)  by  finding  the  fole  root 
of  the  equation  y1  +  ly*  4-  tiyS  +  qy  =  r>  which  is  de- 
rived  from  the  former  equation  by  dropping  all  the  terms 
that  have  the  fign  —  prefixed  to  them,  and  by  fubfti- 
tuting  y  inftcad  of  x  in  the  remaining  terms.  This  root 
I  would  find  in  the  manner  prescribed  by  Stevinus  and 
Kerfey,  to  about  two  places  of  figures,  and  would  denote 
it  by  the  fmall  Greek  letter  a,  to  diftinguifh  it  from  a9 
or  the  true  value  of  the  leaft  root  of  the  original  equa* 
tion  x1  —  ix6  4*  Ix5  —  mx4  4-  nx*  —  pxl  4.  qx  =  r, 
or  x1  4-  ix1  4-  nx*  +  qx  =  r  +  kx6.  4-  mx4  4-  px\  or 
of  the  fole  root  of  the  equation  x'  +  lx*  +  nx*  4-  qx 
=  r  +  ka*  +  ma*  +  pa2  j  than  which,  by  the  foregoing 
Lemma,  it  would  necefiarily  be  lefs.  And  this  quantity 
m  I  would  confider  as  the  firft  near  value  of  ay  or  the 
leaft  root  of  the  equation  x7  —  kx6  4-  /*J  —  mx4  4-  nx* 
—  pxz  4-  qx  =  r,  which  we  are  feeking. 

Art.  12.  In  the  next  place  I  would  fubftitute  a  inrtead 
of  .r  in  the  compound  quantity  *7  —  kx*  4-  lx*  —  mx4 
4-  nxl  —  px%  +  qx9  (which  forms  the  left-hand  fide  of 
the  equation  x1  kx6  4-  ixs  —  4-  «jt-j  —  ^x*  4- 
qx  =  r,)  in  order  to  find  how  far  the  value  of  the  faid j 
compound  quantity  refulting  from  this  fubftitution,  or 
how  far  the  compound  quantity  a7  —  ia6  4-  /a$  —  ma* 
+  no*  —  pa?  4-  q<h  (which  will  neceflarily  be  lefs  than 
the  abfolute  term  r,)  will  fall  fliort  of  the  abfolute 
term  r.    And,  if  I  found  that  the  faid  compound  quan* 

tiry 


* 


1 
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trty  a7  ^  U*  +  l*>  —  mo*  +  ft*?  —  />*1  4-  *rZt 
ctmfiderably  lefs  than  the  abfolute  term  ry  as,  for  ex* 
ample,  not  mote  than  two  third  parts  of  it,  I  would 
iocreafe  the  abfolute  term  r  of  the  equation  y1  +  If  4* 
"J1  3?  =  r  by  the  addition  of  the  three  terms  iaff 
maty  and  p&%9  and  would  feck  the  root  of  the  new  equa- 
tion thence  anting,  to  wit,  the  equation  /  +  if  4-  ny* 
+  qy  =  r  +  ka6  4-  mm*  4-  q *>  to  two  places  of  figures, 
by  the  method  of  Stevinus  and  Kerfey,  in  the  fame 
manner  as  we  had  before  found  the  root  of  the  equation 
yi  +  ly*>  4-  ny1  +  qy  =e  r ;  and  this  root  I  would  denote 
by  the  fmall  Greek  letter  C* 

•  - 

jfrt.  13.  This  quantity  C>  being  the  fole  root  of  the 
equation  yi  4-  ly*  4-  ny1  4-  qy  =  r  4-  la6  4-  w«*  +  fm\ 
would  be  greater  than  a,  or  the  fole  root  of  the  equation 
yf  +  ly%  +  ny%  4-  =  r,  becaufe  the  abfolute  term 
r  4-  +  ma*  4-  /a1  of  the  former  equation  is  greater 
than  r,  or  the  abfolute  term  of  the  latter  equation.  And 
it  will  be  lefs  than  a,  or  the  fole  root  of  the  equation 
a*  4-  lx*  +  nx*  +  qx  =  r  +  ia6+  ma*  4-  pa\  becaufe 
the  abfolute  term  r  +  i«6  +  m«4  4-  is  lefs  than  the 
abfolute  term  r  +  i«*  +  ma4  4-  Therefore  it  will 

be  of  an  intermediate  magnitude  between  a  and  a9  and 
will  approach  nearer  to  a  than  the  quantity  *  did,  and 
confequently  may  juflly  be  called  the  fecond  near  value 
of  a,  or  of  the  fole  root  of  the  equation  x7  +  Zr*  + 
ttx*  +  ^  c  r  +  <la6  4-  ma*  4-  or  of  the  lead  root 
of  the  equation  a7  4-  /*5  +  nxi  4-  =  r  4-  ix6  4- 
4-  px\  or  of  the  original  equation  x1  — »>  i*6  4-  /** 
—         4-       —  px1  -\-  qx  =  r. 

Art.  14* 
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Art.  14.  Having  thus  found  thefe  two  near  values, 
a  and  C,  of  ay  or  the  lead  root  of  the  original  equatioa 
*»  —  kx6  +  Ixs  —  tnx4  -f-  nx1  —  px*  +  qx  =  r,  by  re- 
folving  the  two  equations  y1  +  ly*  +  rtyi  +  qy  =  r  and 
y 7  +  If  +  nyl  +  qy  =  r  4-  la6  +  ma4  +  />a3  in  the 
manner  prefcribed  by  Stevinus  and  Kerfey,  I  would  de- 
note the  difference  by  which  the  fecond  of  thefe  neat 
values  of  a,  to  wit,  C,  falls  fliort  of  a$  or  the  lead  root 
of  the  equation  x7  —  kx6  +  Ix*  —  mx4  +  nx*  —  px* 
-f.  qx  =  r,  by  the  letter  z,  and  would  fubftitute  C  +  z 
inftead  of  x  in  the  faid  equation,  omitting  all  the  terms 
that  would  involve  in  them  any  powers  of  z  except  the 
dm  pie  power  of  it,  or  z  itfelf,  agreeably  to  the  directions 
of  Mr.  Raphfon  in  his  Analyfis  JEquationum  UmverfuIU 
above-mentioned,  and  would  refolve  the  new  equation 
refulting  from  fuch  fubftitution,  as  a  fimple  equation  ; 
by  which  we  mould  obtain  a  near  value  of  z,  which, 
being  added  to  C,  would  give  us  the  value  of  C  +  «,  or 
a  third  near  value  of  <z,  or  of  the  fole  root  of  the  equa- 
tion x7  -r-  Ix%  •+-  rxi  +  qx  =  r  +  ka6  ma*  +  pa\ 
or  of  the  leaft  root  of  the  equation  x7  +  Ix*  4-  nx1  -f 
qx  =  r  +  kx6  +  mx*  -f  px\  or  of  the  equation  a?  —  i** 
+  Ix*  —  mx*  +  /it  3  —  -f-  ^  =  r.  And  then  we 
might  go  on  to  find  a  fourth,  and  a  fifth,  and  other  fol- 
lowing near  values  of  <?,  or  the  faid  leaft  root  of  the 
equation  x1  —  ix6  +  Ix*  —  mxA  4-  nx1  —  px1  qx  =  r 
by  Mr.  Raphfon's  method  of  approximation,  in  the  manner 
exemplified  above  in  the  Appendix  to  Dr.  Halley's  Tradi, 
till  we  had  found  it  to  as  great  degree  of  cxaclncfs  as  we 
de fired. 

- 

This  method  of  proceeding  will  be  better  ondcrrt^od 

by 


368  OF  THE  RESOLUTION  OF  EQUATION'S 

by  applying  it  to  the  refolution  of  two  or  three  parti- 
cular equations* 


* 


An  Example  of  the  Refolution  cf  a  Cubick  Equation  by 
the  Method  above-defcribe'd. 


Art.  15.  Let  it  be  required  to  find  the  leaft  root  of 
the  cubick  equation  xi —  39**  4-  479*  a*  1881. 

TJiis  equation  has  three  real  and  affirmative  roots,  of 
which  we  will  now  endeavour  to  find  the  leaft  in  the 
manner  juft  now  described. 

In  the  firft  place,  wc  muft  feek  by  the  method  of  Stc- 
vinus  and  Kerfey,  the  fole  root  of  the  equation  j3  + 
4^oy  =  188 1  •,  which  will  be  lefs  than  the  leaft  root  of 
the  propofed  equation  *3  —  39V'  +  479*  =  1881,  or 
*3  +  4.79*  =  1881  -f  39*%  or  (if  we  put  a  for  the 
leaft  value  of  x  in  this  equation,)  than  the  fole  root  of 
the  equation  *3  +  479.V  =  1881  39a2.  Now  the 
fole  root  of  the  equation  yi  4-  479V  =  1881  may  be 
found  by  the  method  prescribed  by  Stcvinus  and  Kerfey, 

1 

by  proceeding  as  follows  : 

If  y  is  =  I,  the  compound  quantity  yl  +  4797  ^ 
be  (=  1  +  479)  =  480;  which  is  lefs  than  1881. 
Therefore  1  will  be  lefs  than  the  true  value  of  y. 

Secondly, 


Digitized  by  Google 


THAT  HAVE  MORE  THAN  ONE  .ROOT*  369 

Secondly,  if  y  is  =  10,  the  compound  quantity  y$  + 
479,;  will  be  ( ==  iooo  +  4790)  =  5790;  which  is 
greater  than  1881I  Therefore  10  will  be  greater  than 
tfie  true  value  of  j. 

Thirdly,  fince  y  is  greater  than  1,  but  lefs  than  10, 
let  us  fuppofe  it  to  be  equal  to  5.    Then  we  (hall  have 

fi  +  479J  (  =  125  +  479  X  5  =  125  +  2395}  = 
2520;  which  is  greater  than  1881.  Therefore  5  will 
oe  greateT  than  the  true  value  of  y. 

■  T 

Fourthly,  fince  y  is  lefs  than  5,  let  us  fuppofe  it  to 
be  =  4.   Then  we  (hall  have  yi  +  4797  (=  64  +  479 
X  4  =  64  +  1916)  =  1980;  which  is  greater  than 
1881.    Therefore  4  is  greater  than  the  true  value  of 
But  the  difference  cannot  be  great. 

Fifthly,  fince  y  is  lefs  than  4,  but  pretty  nearly  equal 
to  it,  let  us  fuppofe  it  to  be  ==  3.8.    Then  we  (hall  nave 

f  +  479J  (=  3^1*  +  479  *  3-8  =  54-87*  +  1820.2) 
=  1875.072;  which  is  a  little  lefs  than  1881.  There- 
fore 3.8  will  be  a  little  lefs  than  the  true  value  of  y  in 
the  equation  y3  +  479?  =  1881.  This  value  of  v,  or 
of  the  fole  root  of  the  cubick  equation  j?3  4-  479V  = 
i88i,  is  near  enough  to  it's  true  vaiue  for  our  prefent 
purpofe.  We  muil  therefore  confider  3.8  as  the  firft 
hear  value  of  or  of  the  lcaft  root  of  the  original 
equation  *3  —  3Q.r.r  +  479*  =  1881,  or  of  the  equation 
*3  +  479*  =  1 88 1  4-  3'oxr,  or  of  the  fole  root  of  the 
equation  xi  -f>  479*  ~  1 88  f  +  29a%9  This  ncar 
value  of  the  faid  root,  or  af  we  will  denote  by  the  fmali 
Greek  letter  a. 

B  b  Art.  1 6. 
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Art.  1 6.  We  mud  now  proceed  to  find  the  value  of 
the  fole  root  of  the  equation  y5  +  479V  =  188 1  + 

39«2>  (or  y\  +        =         +  39  X  p)%  ©r  /  + 
479^  —  188 1  4-  39  X  14.44,  or  j'       479  V  =B  1881 
■4-  563.16,)  or  fJ  4-  479;'  =  2444.16  by  the  method  of' 
Stcvinus  and  Kerfey. 

Now  wc  have  fcen  already  thar>  if  y  is  =  5,  we  (hall 
have  y*  4-  479y  =  2520;  which  is  greater  than  2444.16. 
Therefore  5  will  be  greater  than  the  trne  tatae  of  > 

But  the  difference  between  them  will  be  but  fmail  fa 
that  there  wiH  be  no  occafion  to  determine  the  value  of  y 
In  this  equation  to  any  greater  degree  of  exac\nefs.  We 
may  therefore  conftder  5  as  the  feeond  near  value  of  a9 
or  of  the  leaft  root  of  the  original  equation  x%  —  39** 
4-  479 a'  =  1 88 1,  or  of  the  equation  xl  4-  479***  = 
j  88  f  +  39-v%  or  of  the  fole  rpnt  of  the  equation  xJ  4- 
479.V  =  188 r  4-  39<*'.  This  fecond  near  value  of  the 
faid  root,  or  rz,  wc  will  denote  by  the  fmall  Greek 
fetter  C. 

« 

»  .       *  ■  « 

• 

Art.  17.  Having  thus  obtained  5  for  the  fecond  near 
value  of  the  leaft:  root  of  the  original  equation  a*5  — 
39AA*  4-  479-*  —  1881,  we  may  proceed  to  inveftigare 
the  faid  root  to  a  greater  degree  of  exaftnefs  by  Mr. 
Raphfon's  method  of  approximation,  by  putting  z  for 
the  difference  by  which  5  falls  fliort  of  the  true  value  of 
the  faid  leaft  root,  and  fubftituting  5  +  2  inftead  of  x 
in  thefard  equation,  viith  an  omiffion  of  all  the  teTms 
which  involve  an)  powers  of  z,  except  the  fimple  power 
of  it,  or  z  itfelf    This  may  be  done  as  follows  s 

9  '  Since 
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Since  x  is  =  5  +  z>  we  (hall  haye 

(=  5  +  zV  =  5l1"+  2  X  $z  +  &c)  =  25 
+  102  +  &c, 

and**  (=  **' 5*  +  3  *  •  +  &c  ~ 

125  +  3  X  25  X  z  +  &c)  s=  125  + 

and  39**  (=  39  X  25  +  roz  +  &c  =±  39  X  25  +  39 
X  loss  +  &c)  =  975  +  390  X  2  +  &c, 

and  479*  (=  479  X  5  +  *  =  479  X  5  +  479  X  2) 

=  ^395  +  479*> 
and  consequently  x*  —  39**  +  479*  = 

{  ; 

-   97S  -  39°*  -  &c  J 
=  1545  +  l64*  &c- 
But  x3  —  39**  +  479*  is  =  1881. 

Therefore  1545  +  1642  &c  will  alfo  be  =  1881. 
And  consequently  164  z  will  be  (  =  1881  —  1545  ) 

216 

—  336,  and  z  will  be  =        =  2.0  &c. 

Therefore  *,  or  5  +  z,  will  be  =  5  +  2.0  See  as 
7.0  &C|  or  will  be  greater  than  7* 

B  b  2  Art.  18. 


i*>  +   75*  +  &c 
97*  -  39°*  -  &c 
239J  +  479* 
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Art.  18.  Now  let  7  be  fubftituted  inftead  of  x  in  the 
compound  quantity  *'  —  39**  +  479-r,  in  order  to 
difcover  whether  the  refult  will  be  greater,  or  lefs,  than 
188 1,  or  the  abfolute  term  oF  the  equation  x*  —  39** 
+  47*  =3  1881  j  and  confequently  whether  7  is  greater, 
or  lefs,  than  the  true  value  of  the  leaft  root  of  the  faid 
equation.   By  this  fubftitution  we  (hall  have     —  39*^ 

+  479*  (  =DS  —  39  XT7I*  +  479  X  7  =  343 
-7  39.  X  49  +  3353  =  3*9°"  —  '9M)  =  «7«5  i 
which  is  lefs  than  1881.  Therefore  7  is  lefs  than  the 
true  value  of  the  leaft  root  of  the  propofed  equation 
x>  —  39*1  +  479*  =  1B8  J . 

Art.  19.  Let  us  therefore  fuppofe  x  to  be  7  +  v, 
and  fubftitutc  7  +  v  inftead  of  *  in  the  equation 
,r*  —  39*1  +  479*  ss  1881.    And  we  (hall  have 

xx  (=  7  +  vY)  ="7l1  +  2X7X*+&c  = 
49  +  14V  +  &c, 

and  *3  (=  7  +  vY  ="7l1  +  3X-)lXv  +  «fC 

=  343  +  3  X  49  X  v  +  &c)  = 
343  +  M7  X  v  +  &c, 

and  39**  (=  39  X  49  +  >4*  +  &c  =»  39  x  49  +  39 

X  14V  -h&c)  =  1911  4-  546  X  v  +&c, 

and  479*  (=  479  X  7  +  v  =  479  x  7  +  479  X  v) 

=  3353  +  479v> 
and  confequently  x*  —  39**  +  479*  =s 


••• 
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f  343-;+  147  x  v  +  5ec 

*         -  toil-  —  546  X  <v  -  Ike 
+  3353  +  479  X  v  +  Arc 

"*  t    -  I9IX  -  546  x  *  -  *c  f 

=  1785  +    80  X  *  > 

»  —       *  -* 

■    .      ,  '     ■-  -       i    .  -    *  ! 

•        /  •  -  ■»,  I"  .•     -       ^         . .      I  Li 

$ut*v~3p«*  +  479*  «  ~.i88i, 

•  *  ■  * 

Therefore  1785  +  80  X  v  &c  will  alfo  be  =  1881. 
And  confequently  80  X  v  will  be  (  =  1881  —  1785) 

=  06,  and  v  will  be  =  tt-  =  1.2.    Therefore  x>  or 

#0 

7  +  v,  will  be  (=  7  +  m)  =  8.2.  , 

■  ■  4 

^r/.  20.  Now  let  8.2  be  fubftituted  inftead  of  *  in 
the  compound  quantity  x* —  39**  +  479*,  in  order  to 
difcover  whether  the  refult  wjll  J>e. greater,  or  lefs,  than 
1 88 1,  pr  the  abfolute  term  of  the  propofed  _equation 
**  3?**  +  479*  =  1881,  and  confequently  whether 
8.2  is  greater,  or  lefs,  than  the  true  value  of  the  leaft 
root  of  that  equation.  , 

1 

.  „  ... 

By  this  fubftitution  we  {hall  have  x*  —  39**  +  479* 

.(=  8^1J  —  39  x  *Qa  +  479  x  8.2  =  551.368 

—  39  X  67.24  +  479  X  8.2  =  551.368  —  2622.36 
+  3927.8  =  4479.168  —  2622.36;  =  1856.808 j 
which  is  lefs  than  188 1.  Therefore  8.2  is  lefs  than  the 
true  value  of  the  leaft  root  of  the  equation  x1  —  39** 
+  479*  =  1881. 

B  b  3  Art.  ai« 
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ss  $.8..+  i^f  :  r  ■  ^ 

and  x*  (=  ».8  +  ^»  =  8TS1*  +  2  X  8.8  X  f  +  &c) 
=  77.44  +  17.6  X>  +  &c, 

and  x*  (=  8^f^J  =  ilfl1  X  3  X  8~8la  X  *  +  &c 

=  681.472  +  3  x  77I44  x  p  +  ice) 
=  681.472  +  232.32  xH  &c, 

and  39**  (=  39  X  77.44      «7«6        +  &c  =  39  X 

77-44  +  39  X  »7-6  X  ft  +  &c)  =^ 
302.0.16  +  686.4  «f  t 

and  479*  (=r  479  x  8.8  +  ft  =  479  *  8.8  +  479  *  ft) 

*  4*15-*  +  479  *  ft> 
and  consequently  *'  —  39**  +  479*  = 

681.47.2  +  a3a-3*  X  ft  +  *c 
—  3020.16  —  6S6.4   x  9  —  ire 

+  4*i5-2     +  479      X  ft  +  &c 

« 

'  r       4896.67a  +  711.32  x  ft  +  &c  ^ 
|    -  3020.16    —  686.4    x  ft  -  &c  J- 

=  1876.5  u  +  24.9a    X  ft  fee. 

■ 

But  x*  —  39**  +  479*  is  =  188 1. 


Therefore  1876.512  +  24.92  X  ft  will  alio  be 
1881- 

Therefore  24.92  X  ft  will  be  (=  1881  —  1876.512) 

4.4S8 

=  4.488  j  and  cojifcqudBtly  ft  will  be  =»     —  0.1& 

24*9* 

Therefore 
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Therefore  x9  pr  8.8  +  will  be  (  =  8.8  -f  0.18) 
^=  8  98,  or  the  leaft  root  of  the  propofed  equation  xl  — ; 

39**  +  479*  =         ^  *>c  =  **9**  3*  *•  V 

1,  - 

y/r*.  24.  This  value  of  the  faid  leaft  root  will  be  very 
little  lefs  than  the  truth.    For,  if  we  fuppofe  x  to  be  = 

8.98^  we  (hall  have  xx  (=  8.98V1)  =  80.6404,  and 

xs  (=  8T9FI3)  =  724-150^792,  and  39**  (=  39  X 

80.6404)  =  '31.44.9796,  ^479*  (=?  479  X  8-98)  = 
4301 .42,  and  cpnfcquently  x*  —  39**  -f-  479.V  (  =5 
724.150,792  —  3144.9796  ■+■  43OI-42  =  S01S'S7°* 
792  —  3144.979,6  )  =  1880.594,192;  which  is  very 
little  lefs  than  188  f,  or  the  abfolute  term  of  the  propofed 
equation  x3  —  39**  +  479*  =  188 r.  And  conse- 
quently 8.98  muft  be  very  little  lefs  than  the  true  value 
of  the  leaft  root  of  the  faid  equation. 

■ 

* 

Art.  25.  Since  8.98.  is  very  little  lefs  than  the  true 
Talue  of  0,  or  the  leaft  root  of  the  propofed  equation 
*3  —  39**  +  479**'  =  1881,  it  feems  reafonable  to 
conjecture  that  it's  true  value  may  be  the  whole  num- 
ber 9.  And  fo,  upon  trial,  we  (hall  find  it  to  be.  For, 
if  we  fuppofe  x  to  be  =  9,  we  (hall  have  xx  =  8 1,  and 
x>  =  729,  and  39**  (=  39  X  81)  =  3159,  and  479* 
(=  479  x  9)  =  431 1,  and  confequently  x*  —  39** 

+  479*  (=  729  ~  3'59  +  43"  =  5°4°  —  3'59> 
=  188 1.   Therefore  9  is  the  true  value  of  af  or  of  the 

leaft  root  of  the  propofed  equation  x*  —  39X*  +  479* 

=:  1881.  q.  E.  D. 

\  Art.  26* 
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4rf.  16.  Hating  thus  found  xne  of  the  foots  of  the 
cubicle  equation  t*  —  39**  4-  479  V  =3  1881,  we  may 
reduce  the  equation  to  a  lower  degree,  or  convert  it  into 
a  quadratick  equation  of  which  the  roots  (hall  be  the  fame 
with  the  remaining  roots  of  the  faid  cubick  equation,  by 
proceeding  in  the  manner  following : 

Let  a  be  put,  as  before,  for  9,  or  the  Ieafl  root  of  the 
faid  equation  ;  and  let  x  reprefent  each  of  the  other  two 
roots  of  it,  if  it  has  two  other  roots,  or  the  only  re- 
maining root  of  it,  if  it  has  but  one  other  root. 

Then,  fince  a1  —  39.0*  -f-  479a  re  =  1881,  and  x*  — 
39*x  -f  479?  is  alfo  =  188 1,  we  fhall  hare  a>  —  39a* 
4.  479J  =  ;<J  —  39 xx  4-  479V,  and  confequently  (add- 
ing 39.V.V  to  both  fiilcsj  a*  4-  479^1  +  39v-i'  —  29aa  = 
xl  4-  479^*>  and  (fubtra&ing  a1  4-  479<*  from  both  fides 
of  the  equation,)  ^qxx  —  39*0  =  xi  —  a*  +  479-**  — 

479,3,  or  39  X  xx —  aa  =  x*  —  fl3  +  479  X  x  —  a, 
and  (dividing  bcth  fides  of  the  equation  by  the  refidual 

quantity  x  —  a,)  39  X  x  4-  a  =  xx  -\~  xa  +  aa  +  479, 
or  39*  4-  39a  ^=  xx  -f-  ax  +  aa  +  479,  and  (fubtracl- 
mg  xx  4-  from  both  fides,)  39*  4-  39a  —  ax  —  xx 
~  aa  +  479,  and  (fubtra&ing  39a  from  both  fides,) 
3.9.V  —  ax  —  A\r  =  479  4-  aa  —  39^  or  (becaufe 

•  »  =  9>)  39 v  9*  —  =  479  +  81  —  39  X  9, 
or  30*  —  xx  (  =  560  —  39  X  9  =  560  —  351  ) 

=  209  \  which  is  only  a  quadratick  equation. 

«    »       •       •  1       *  » 

Q.   E.  F. 

-rfrr.  27 

1 
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Aft*  27.  This  quadratick  equation,  30*  —  xx  =  209* 
will  bave  two  roots,  which  may  be  found  in  the  manner 
following  : 

Subtract  both  fides  of  the  equation  30*  —  xx  =  209 
from  225,  0*  tfa  fquare  of  15,  or  of  ^  >  °r  of  half  the 

co  efficient  of  x  in  the  faid  equation.  And  we  (hall  have 
225  —  30*  +  xx  ( =  225  —  209)  =  16.  Therefore 
the  fquare-ro6t  of  the  trinomial  quantity  225  —  30-r 
-f  xx  will  be  equal  to  the  fquare-root  of  16,  that  is, 
to  4.  But  the  trinomial  quantity  225  —  30*  +  xx  has 
two  fquare-roots,  to  wit,  15  —  x  and  x  —  15.  There- 
fore 15  —  x  will  be  =  4,  and  confequently  15  will  be 
=  4+^5  and  x  will  be  =  15  —  4  =  1 1.  And  x —  15 
will  alfo  be  =  4,  and  confequently  x  will  be  =3  4  +  1 5 
=  19.  Therefore  1 1  and  19  will  be  the  two  roots  of 
the  quadratick  equation  30*  —  xx  =  209,  and  confe- 
quently will  be  the  middle  and  greateft  roots  of  the  pro- 
pofed  cubick  equation  x1  —  39**  +  479*  =  18S1. 

%  <*L  E.  I. 

»      I  1 

And  fo,  upon  trial,  we  (hall  find  them  to  be.  For,  if 
we  fuppofe  x  to  be  =  11,  we  (ball  have  xx  =  121,  and 
x%  =  1331,  and  39**  (=  39  X  121)  =  4719,  and 
479*  (=  479  X  11)  =  5269,  and  confequently  x3  — 

39™  +  479*  (=  *33 «  —  47*9  +  5269  =  6600  — 
4719)  =  1881. 

And,  if  we  fuppofe  x  to  be  =  19,  we  fhall  have 
otx  =  361,  and  x*  9  <5&5o>  and  39*.*  (=  39  x  361) 


r 
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14,079,  and  479*  (=  479  *  *9)  =  9Iof*  and  CW1' 
fequently  *3  —  39**  +  479*  (=  6859  —  l-WW  + 
9101  =  15,960  —  i4>°79)  =  l88l« 

Therefore  both  1 1  and  19  are  roots  of  the  propofcd 
equation  x3  —  39**  +  479*  =  1 881,  and  confequently 
the  three  roots  of  that  equation  are  9,  11,  and  19. 


Another  Example  of  the  Refolution  of  an  Equation  that,  by 
the  Form  of  it,  or  the  Charges  of  the  Signs        and  — 
prefixed  to  it's  Terms,  fans  capable  of  having  more  than. 
One  nut  ard  affirmative  Root,  by  means  of  the  foregoing 
Prccrjfis  defer ibed  above  in  Art,  9,  10,  If,  12,  and  13. 

jfrt.  28.  Let  it  be  required  to  refolve  the  equation 
.t5  —  7-r4,  +  2oa*s  —  i55-v*  =  10,000  (which  rifes  to 
the  fifth  power  of       by  means  of  the  faid  procefTcs. 

This  equation  is  of  fuch  a  form  as  to  be  capable  of 

l      4  •      — —  »•  \      i   »  i  \  t  A      I'll  v    C    1  * 

hatiuc  three  real  anil  affirmative  roots,  if  the  co-efficients 
of*4.**,  .r3,  and  v,  to  wit,  I,  7,  20,  and  155,  and  the 
abfolute  term  10,000,  are  of  the  proper  relative  magni- 

1  I  Ou  I  •  v 

tudes  with  rcfpcc~r  to  each  other  for  that  purpofe.  But 
of  thefe  roots,  (whether  they  be  three  in  number,  or 
fewer  than  thiee,)  I  now  propofe  to  inveftigate  only  one 


root 


» 
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root;  and  that  will  be  the  lead  of  them,  if  there  are 
more  than  one :  and  this  root  I  (hall  denote  by  the 
letter:  aL  -j 

.    .•       1  • 

Art.  29.  Now,  fince  *5  —  7**  4-  20 x*  —  i$5** 
is  =  jo>ooo,  we  (hall  have  x%,  4-  20.r'  =  I0,coo  + 
jx+  +  ISSXX*  an<^  confequently  (becaufe  a  is  equal  to 
one  of  the  values  of  jr,  to  wit,  the  leaft  value  of  it,  if  it 
has  more  than  one  value,)  a*  4-  20a3  will  be  =  io,oco 
+  70*  +  l$Saa*  1  We  mud  therefore  endeavour  to  find 
the  root  a  of  this  equation  o>  4  ioal  =  10,000  4 
7<j4  4  155  aa. 

Now  the  root  of  this  equation  will  be  greater  than  the 
root  of  the  equation  v5  +  20/  =  10,000,  becaufe  the 
trinomial  quantity  10,000  4  7a4  4-  1550a  *8  greater 
than  the  fingle  quantity  1 0,000.  We  will  therefore,  as 
a  full  approximation  to  the  value  of  a%  or  the  root  of 
the  equation  a5  4-  2oa3  =  10,000  4  70*  4  1550a, 
feek  the  value  of  y,  or  the  root  of  the  equation  yS  4- 
2oy3  =  10,000. 

>/r/.  30.  Now,  if  we  fuppofe  y  to  be  equal  to  x,  we 
(hall  have  f3  =  I,  and  yS  =  iy  and  2oy3  (=20X1) 
=  20,  and  confequently  yS  4-  20^3  (=14  20)  =21; 
Which  is  much  lefs  than  the'  abfolute  term  10, 000. 
Therefore  i  muft  be  much  lefs  than  the  value  of  y  in  the 
equation  vs  4-  2o>3  =  10,000. 

- 

Secondly,  if  we  fuppofe  y  to  be  =  10,  we  fhall  have 
fi  =  1000$  and  yS  an  ico,ooo,  and  2C;<3  =  20,000,  and 

>5  + 
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f  +  2oy*  (=  100,000  +  20,000)  =  i2o#oob*  whicft 
is  much  greater  than  the  abfolute  term  io»ooo.  There- 
fore 10  mud  be  much  greater  than  the  value  of  §  in  the 
equation  yS  +  20v*  =  io,ooo. 

.  ■  ■ 

We  will  therefore,  in  the  3d  place,  fuppofe  y  (O  be 
equal  to  5.  And  then  we  (hall  have  yl  =  125,  and 
=  3125,  and  toy1  (  -  20  X  125)  ==  2500,  and  rs  +• 
toy1  (=  3  125  -4-  2500)  =  5625 ;  which  is  lcfs  than  the 
abfolute  term  io,cod.  Therefore  5  muft  be  lcfs  thari 
the  value  of  y  in  the  equation  yS  +  20>*  =  io,cco. 

"We  will  therefore,  in  the  4th  place,  fuppofc  y  to  be 
equal  to  6.  And  then  we  fhall  have  y*  =  216,  and 
yS  =  7776,  and  2c;»J(=  20  X  216)  =  4320,  and  con- 
fequently  v$  +  20/  (=  7776  -f-  4320)  =  12,096; 
which  is  greater  than  the  abfolute  term  10,000.  There- 
fore 6  muft  be  greater  than  the  value  of  y  in  die  equation. 

jS  -f*  20j!*  =  10,000. 

p 

We  will  therefore,  in  the  fifth  place,  fuppofe  y  to  be 
equal  to  5.8.  And  then  we  fhall  have  y*  =  195.11?, 
and  y*  =  6563.56768,  and  20y3  (=  20  X  195.1  j 2)  = 
3902.240,  and  consequently  y5  +  2Cv*  (=  6563.56763 
+  3902.240}  =  10,465.807685  which  is  fomewhat 
greater  than  the  abfolute  term  10,000.  Therefore  5.S 
muft  be  fomewhat  greater  than  the  value  of  y  in  the 
equation  f  ■+  2qy3  =  10,020.  But  the  difference  will 
be  but  fmall,  and  consequently  we  may  confidcr  5.8  as 
the  root  of  the  fsud  equation  y*  +  toy1  s=  io,oco,  and 

as 
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is  the  fira  near  raiue  of  a  in  the  equation  a5  +  2©j3  = 
10,000  +  ja*  +  i55<7*.  m  ■ 

* 

Art.-$\.  Let  this  quantity  5.8  be  called  a.  And  let 
us,  for  a  fecond  near  value  of  a,  find  the  root  of  the 
equation  y*  4-  20  v'  =  ic,ooo  +  7  a4  +  155**.  Tor 
this  root  will  be  greater  than  a,  or  5.8,  or  the  root  of 
the  equation  ys  -f-  2Cy*  =  10,000,  becaufe  the  trinomial 
quantity  10,000  +  7  a4  +  155**  is  greater  than  the  lingle 
quantity  1 0,000;  but  it  will  be  lefs  than  a>  or  the  root 
of  the  equation  a*  -f  loa9  =  10,000  4*  7<?4  4-  155*1*, 
becaufe  the  trinomial  quantity  x 0,000  -f  7a4  +  155a* 
is  lefs  than  the  trinomial  quantity  10,000  4-  7*4 


.O 


Now,  fince  a  is  =:  5.8,  we  (hall  have  a1  {—  5^)  = 

33.64,  and  a*  (=  5.U4)  =  1 131.6496,  and  7a4  (=  7 
X  1 13 1.6496)  =  7921.5472,  and  155a1  (=  155  X 
33.64)  =  1 850. 20,  and  consequently  10,000  +  7a*  + 
155a*  (=10,000  +  7921.5472  +  1850.20)  *= 
19,1771.7472.  Therefore  we  (hall  have  y5  +  2~T3  (  = 
10,000  +  7a4  -f  155a2)  =  19,771.7472;  of  which 
equation  we  muft  now  endeavour  to  find  the  rost. 

■ 

Art.  32.  Now  we  have  feen  above,  that,  if  y  be  fup- 
pofed  to  be  =  6,  the  compound  quantity  y$  +  20;3  will 
be  =  12,096;  which  is  his  than  the  abfolute  term, 
19,771.7472,  of  the  preient  equation  ^5  -f-  20^*  » 
19,771.7472.  Therefore  6  muft  be  lefs  than  the  root 
of  the  faid  equation.  » 

We 


r 
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We  will  therefore  fuppofe  y  to  be  equal  to  7.  Arid 
then  we  (hall  have  y*  =  343,  and  y*  =  16,807,  anA 
confequently  2oy3  (-  20  X  343)  =  686o»  and  J$  + 
2oyl  (=  16,807  +  6860)  =  23,667;  which  is  greater 
than  the  abfolute  term  19,771.7472.  Therefore  7  muft 
be  greater  than  the  root  of  the  equation  yi  +  20/J  = 

*9>77J-7472- 

We  will  therefore,  in  the  next  place,  fuppofe  y  to  be 
equal  to  6.7.  And  then  we  ftiali  have  yl  =  300.763, 
and  y*  =  1 31501.25107,  and  consequently  2oy3  (=  20 
X  300.763)  =  6015,260,  and  y*  +  20j3  (  =  13,501. 
•25107  +  0015.360)  =  19,516.51107  j  which  isverf 
little  lefs  than  the  abfolute  term  I9>77i»7472.  There- 
fore 6.7  muft  be  very  little  lefs  than  the  root  of  the 
equation  ys  +  2o>3  =  19,771.7472.  We  may  therefore 
confider  6.7  as  the  fecond  near  value  of  o>  or  of  the  root 
of  the  equatibn  as  +  2oaJ  =  id,ooo  +  7a4  -f  155^ 
or  of  the. equation  as  —  7a4  +  20 c3  —  15500- 
ic,ooo,  or  of  the  leaft  root  of  the  propofed  equation 
—  7^4  +  2oxi  —  155**  =  lOiOOO. 

Art.  33.  This  fecond  near  value  of  a,  or  of  the  leaft 
root  of  the  propofed  equation  2*  —  7* 4  -h  2oj3  — ^ 
155**  •=  10,000,  is  confiderably  lefs  than  it's  true  value, 
for,  if  we  fuppofe  x  to  be  equal  only  to  this  fecond  near 
value  of  to  wit,  6.7,  the  two  terms  x*  +  icx*  will  be 
lefs,  inftead  of  being  greater,  than  the  two  terms  7-r4  + 
155**,  which  are  to  be  fubtra&ed  from  them.  For; 
upon  this  fuppofition  we  {hall  have  xx  =  44.89,  and 
«1  =  300.763,  and*4  sr  20x5.11214  and  x%  ==  13,501: 

.25107, 
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.25107,  and  7^  (=  7  X  2015. 1121)  =  14,105.7847, 
and  ao*1  (=  20  X  300.763)  =  6015.260,  and  155** 
{=155  X  44«89)  =  6957.95*  and  x*  +  20**  (  = 
13,501.25107  -f*  6015.260)  =  191516.51107*  and  yx4 

+  155**  (=  i4>io5-7847  +  6057.95)  =  21,063.7347! 
which  is  greater  than  19,516.51107,  or  *5  4-  20jc3. 

Therefore  x  muft  be  conGderably  greater  than  6.7,  in 
order  to  make  xS  +  20*3  become,  not  only  greater  than 
7*4  +  155-*"**  but  gteater  by  an  excefs  equal  to  10,000. 

We  will  therefore  fuppofe  x  to  be  equal  to  8.  And 
•then  we  (hail  have  xx  64*  and  x*  =  512,  and  #4  = 
4096,  and  xs  =  32768,  and  confcquently  jx+  (=  7  X 
4096)  =  28672,  and  2o#3  (=  20  X  512)  =  10240, 
and  155**  (=  155  X  64)  =  9920,  and  x*  —  jx*  -h 
2cx*  —  155**  (  ==  32768  —  28672  +  10240  —  9920 
=  43,008  —  38,592)  =  44165  which  is  lefs  than 
10,000,  or  the  abfolute  term  of  the  propofed  equation 
*5  —  7**  +  20*1  —  155**  =  10,00©.  Therefore  8 
will  be  fomewhat  lefs  than  the  lead  root  of  the  faid 
equation* 

f      We  will  therefore  now  fuppofe  x  to  be  =  8.5*  And 
then  we  (hall  have  xx     72.25,  and  x3  =  614.125,  and 
*4  =  5220.0625,  and  x>  =  44370.53125,  and  confc- 
quently 7*4.  (  =  7.  X  5220.0625)  =  36540.4375,  and  * 
2C*'  (=  20  X  614.125)  =  12282.500,  and  155**  (  = 
155  X  72.25)  =  11,198.75,  and  xS  —  7X4  +  20.vs 

—  155**  (=  44>370-53'*5  —  3<5>540-4375  + 
12,282.500  —  11,198.75  =  56,653.03125  —  47>7?9- 

Cc  .T875) 
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.1875)  =  8913  843755  which  is  lcfs  than  the  abfqVuttf 
term  io,coo.  Therefore  8.5  will  be  left  than-  the  leaft 
root  of  the  propofed  equation  x*  7**  +  20**  — 
155**  =  xo,oco.  But  the  difference  between  them  will 
not  be  great,  becaufe  8913.84375  is  not  a  great  deal 
lefs  than  10,000.  Therefore  8.5  will  be  fufEciently  near 
to  the  true  value  of  the  faiil  leaft  root  to  be  the  gtound 
of  a  further  approximation  to  it  by  Mr.  Raph Ton's  me- 
thod. 

•  ■  • 

j  ...  .  . 

'Art.  34.  Let  us  therefore  fuppofe  .v  to  be  =  8.5  +  2. 

* 

Then  we  (hall  have 

■ 

xx  (=  8"l  +  zV  =  ^sll  +  2  X  8,5  x  2  +  &c) 

SB  72.25  +  I7.O  X  Z  +  &LC, 

and  (=  8^)J  =  Q3  +  3  X  S?i*  *  *  +  *c 
.  =  614.125  +  3  X  72.25  X  z  +  &c) 

=  614.125  +  216.75  X  s  +  &c,  , 

and      (=  £J+z>  =17^4  +  4  X  T5V  X  z  +  &c 

=s  5220.0625  +  4  X  614.125  X  z  +  &c) 
j         =  5220.0625  4-  2456.500  x  z  +  &cf 

and  *«  (=  8'^+zNS  ±£?»  +  jXljl«Xi  +  ta 
=  44,370.53125  +  5  X  5220.0625  X  a 
+  &c)  =  44>37^53^S  +  acSioO.3125 

-  X   Z    +  &Cr 

Therefore 
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Therefore  jx*  will  be  (  =  7  X 

5220.0625  +  2456.500  X  z  4  &c  =  7  X  5220.0625 

4.  7  X  2456.5°°  *  *  +  &c)  =  3^540.43^  + 
17195.500  X  z  +  &c,  and  20*'  will  be  (=  20  X 

614.125  4-  216.75  X  2  +  &c  =s  20  X  614.125  4  20 
X  216.75  X  z  4  &c)  =  12,282.500  +  433S«o° 
X  z  4  &c,  and  155^  will  be  (  =  155  X 

72.25  4  17.0  X  z  4  &c  *  155  X  72.25  4-  155  X 
17.0  X  z  4  &c)  =  11,198.75  +  2635.0  X  z  4  &c, 
and  confequently      —  7**  4-  20 —  155** 
be  = 

f  44»37o-53^5  +  *6,ioo.3iz5  x  z  4-  &c 
J  -  36>*4°-437>  -  i7>i95%5°°  x  z  -  &c 
\  +12,282.506  4  4335*°°  x  «  +  &c 
I     -  11,198.75'      -    ^35.0       X  «  -  &e 

{ 56,653.03125  4  3°»435-3laS  X  *  +  &c  -\ 
-  47>739-*87S    -  *9>S3°.S0C>    x  »  -  &c  J 

=    8,913.84375  4  10,604.8125  x  %  &c. 
But  *5  —  7x4  4-  20**  —  155^  it  =  lo<ooo. 

Therefore  $,913.84375  4-  10,604.8125  X  z  4-  &a 
will  alfo  be  =  10,000. 

And  confequently  10,604.8125  X  z  will  be  (  = 
io^ooo  —  8,9*3.84375)       1086.156*25,  and  z  wilt 

I         1086.1c  63  c 
be  =  ■        >    >    =  0.10. 
20,604.8125  • 

C  c  2  fhepefoit 


Digitized  by 


3&ff  W  TBS  RESOtVTIOH  OT  EQUATION  3 

Tlerefore  8.5  +  2  will  be  (=  8.5  +  0.10)  8.60, 
or  8.6,  and  confequcntly  x,  or  the  leaft  root  of  the  pro* 
pofed  equation  *s  —  7*4  +  xox*  — <  155**  =  10,000 
will  be,  nearly,  =3  8.60,  or  8.6.  £.  1* 

Art.  35.  Now  let  8.6  be  fubftitutcd  inftead  of  *  in  the 
compound  quantity  x%  —  7a:4  +  20*3  —  i$$xx.  And 

we  fhall  have  xx  (=  tUT) 2 )  =  73* 96,  and  x2  sr 
636.056,  and  *♦  =  5470.0816,  and  .t*  =  47,042.701,76, 
and  confequcntly  7**  (=  7  X  5470.0816)  =  38,29c. 
.5712,  and20A3(=  20  X  636.056)  =  12,721.120,  and 
155.1*  (=  155  X  73  96)  jbs  11,463.80,  and  x* —  7** 
'+  2cx*  —  155**  (=  47,042.701,76  —  38,290.5712  + 
12,721.120  —  11,463.80  =  59,763.821,76  —  49»754- 
*3712)  =  10,009.450,56  ;  which  is  a  little  greater  than 
the  abfolute  term  10,000.  Therefore  &.6  mud  be  a 
little  greater  than  the  true  value  of  the  leaft  root  of 
.the  propofed  equation  *s  —  yx*  +  2oa3  —  155**  = 
'10,000. 

-  f 

Art.  36.  We  have  now  feen  that,  when  x  is  =  8.5, 
the  compound  quantity  x*  —  fx*  -f*  2CX1  —  155** 
be  equal  to  8913,84375  ;  and  that,  when  x  is  ~  8.6,  the 
faid  compound  quantity  will  be  equal  to  10,00945056. 
Therefore,  while  x  increafes  from  8.5  to  8.6,  the  com- 
pound quantity  x*  —  7**  +  20.\3  — *  155**  will  increafe 
from  8913.84375  to  10,009.45056.  Therefore  there  will 
be  fome  point  of  time,  during  the  increafe  of  x  from  8.5 
to  8.6,  at  which  the  compound  quantity  xs  —  Jx4  + 
2o.vJ  —  155**  will  be  equal  to  10,000,  which  is  of  an 

intermediate 
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intermediate  magnitude  between  $91^3.84375  and  10,009. 
•45°5^  *  °?t  *n  otbcr  wortls,  the  root  of  the  equation 
—  7**  -f  so*3  —  155**  will  be  of  an  intermediate 
magnitude  between  8.5  and  8.6.  But  it  will  be  much 
nearer  to  §.6  than  to  8.5,  becaufe  *0,pcj.45oj6  is  nmth 
nearer  tha.p  £9 1 3.84  j7  5 lo  1 0,000. 

We  whT  therefore  fuppofe  x  to  be  »  8.6  —  t>. 
And  then  we  (hall  have 

vv*  (=  8.6— il'a     83)*  —  2  X  8.6  X  *  -f  6rc)  =* 
73-0  —  17.*  *  v  +  &c,        ;  r 
an<  ^  (  «  *6|»_  3  x  IToV  X  v  +  &c- 

ss  636.056  —  3  X  73.96  X  v  +  &c) 

•  J"  ' 

=  636.056  —  221.88  X  v  +  &c, 

?nd  .v*(=  8.0-t/V  =  iTo^4  — 4  xljbl1  X  v  +  &c 
=  5470.0816  —  4  X  636.056  X  v  +  &c) 
=s  5470.0816  —  2544.224  X  v  +  &c, 

r 

?nd     (=  8.6— T)5  ss'To)1  —  5  X  &6>  X  v  +  &c 
=  47,042.70176  —  5  X  5470.0816  X 
v  +  &c)  =  47,042.70176  —  28350.4080 
;         X  v  +  &C, 

and  confequently  7.V4  (  =  7  X 

54700810  —  2544.224  X  v  +  &c  =  7  X 
5470.0816  —  7  X  2544.224  X  v  +  &c) 
=  38,2905712—  17,809.568  X  v  +  &c, 
C  c  3  and 
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and  20*J  (=  20  X  636.056  > —  221.88  X  v  +  ore  = 
1  20  X.  636.O56  —  20  X  221.88  X  V  +  &C) 
12,721.120  —  4437.60  X  v  +  &c, 

and  I55xr  (  =  I55  X  73.96  -^  17.2  X  v  X  &te  = 
155  X  73.96  —  T55  X  17.2  X  t;  +  &c) 

- 

=  ^1,463-80  -  2666.0  X  »  +  &c, 
and  x*  —  7*4  +  2ox*       155**  = 

.«  r 


.1 


{59,763.821,76  —  32,788.0080  x  v  +  Ac  V 
-  49»7S4-37»>2   +  20,475-568    x  v  -  kc  J 


- 


=  10,009.450,56  —  12,312.4400  X  v  &C. 

> 

•  .       J  ■ 


But  xS  —  7**  4.  20*'  —  i$Sxx  l5  =  10,00a 


Therefore  10,009.450,56  —  12,312.4400  X  v  wUJ 
likewife  be  *=  io,poo. 

* 

And  consequently  10*009.450,56  will  be  =  10,000 
+  12,312.4400  X  v,  and  12,312.4400  X  v  will  be  (  = 
10,009.450,56  —  10,000)  =  9.450,56,  and  v  will  be  = 

9'45°''*6     =  0.000,767,5. 

Therefore 
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•>!/•.-»•■  *  r  *  ~ 

Therefore  8.6  — v  will  be  (=  &.6  —  0.000,767,5) 
==  8.^99^32, 5  \  and  consequently  or  the  lead  root  of 
the  propofed  equation  *s  —  7*4  +  20*'  —  155**  5=2 
ibiooo,  will  ie  ±=  8.599,232,5*  -  q.  E.  1. 

f *  •»  •     V        ■  ^  •  i%  *  • 

.  Art;  3)7.  -This  .  number  8.599,232, 5  is  cxa&  in  either 
all  it's  figures,  or  all  but  the  laft  figure  .5.  But,  the  trial 
of  Ait  by  fuWUtuting-  it  inftead:;trf  x  in  the  compound 
qaxntfty  rfj*  +  20**  .j~  $55**  would  be  attended 
with  ilgpfd.  deal  of  bbowr#  However,  it  may  be  per- 
formed; with  &  tolerable;  d^  exa&nefs,  though  not 
with  perfect  exacTrnefs,  by  tk*  help  of  logarithms,  without 
any  great  trouble, ,in  the :  marmer  following :   -)  -j  1  v 

,     *  1 :      .jd        s.v?  '  1  —  —  «y.  Ins 

•  The- logarithm  of  £.599,200*0  is  0.934,458,0^1^ 
tjie  logarithm^  8,599,300,0  is  0*934,463,1,  whieh.ex- 
ceeds  the  former  logarithm  by  0.000,005,1.  Therefore 
the  logarithm  of  8.599,232,5  will  be  of  an  intermediate; 
magnitude.bttween  0.934,458,0  and  0.934,46$ f,  and  its; 
excels  above  0.934,458,0  is  to  be  found  by  the  following 
proportion*  |o  wit,  As  8.599,300,0  —  8.599,200,0  is  to 
8-599>232>5  —  8.599,200,0,  fo  is  0.934,463,1  — 
0.934,458,0  to  the  excefs  of  the  logarithm  of  8. 599,232, 5 
above  0.934,458,0,  that  is,  as  o.oco,  100,0  is  to  0000, 
032,5,  "fo  is  0.090,005,1  to  the  faid  excefs,  or  as  1000 
to  325,  fo  is  0.000,005,1  to  the  faid  excefs.  Therefore 

the  faid  excefs  will  be  =  *'*  *  =  £f£^ 

:    1000  J 000 

=  0.000,001,6  ;  and  confequently  the  logarithm  of 
8  599,232,5  will  be  (  =  0.934,458,0  «+•  0.000,001,6) 

Cc  4  a 


1 
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=  0.934,459,6.  Therefore,  if  *  be  fuppofed  to  be 
equal  to  5.599,2 32,5,  the  logarithm  of  xx  will  be  (=  2 
X  0.934,459,6)  =  1.869,919,2,  a^iil  the  logarithm  of 
x1  will  be  (=  3  X  o.934»459>6)  =  2.803,378,8,  and 
the  logarithm  of  x4  will  be  (=  4  X  0.934,459,6)  = 
3-737>*38>4»  the  logarithm  of  *5  will  be  (=  5  X 
o-934>459>6)  =  4-°7*>*9%o-  Therefore  **•  wiil  be  a 
73  946i702>7>  *nd  *5  will  be  =  635.885,294,1;  pud  »> 
will  be  =  5  4<&.  125,060407-3^1  *5  will  be- =  47,02*, 
.663,04^,4.  'Therefore  yi4  Will  be  (=  7  K  $4^-125, 
000,0)  s±  38,276^75,000^0^^  20*3  will  be  (  =s  20 
X  635*  883,294,1 }  as  i2i7ty.705>B^2,ov  and4  155** 
will  be  (=  155  X  73*94^7*^7)  is  ,I>4w^74^2I^5» 
and  x*  —  7*4  2p*3  —  155**  will  be  (=  47,021.663, 
°43>4 —  &>*lf>.$7s&x>>°'  tf  ^12,717.765,882,0  — * 
j  1,401.74^2 18,5  =  5^>739-368,925,4  —  49>73&°*3> 
218,5)  =s  10,000.745,70^9  j^whteh  exceeds  10,000,  or 
the  abfolute  term  of  the  prbpofed  equation  xS  —  jx*  + 
sox*  —  J  55?*  =  10,000,  by  lefs  than  an  unit,  or  the 
10,000th  part  of  the  faid  abfolute  term.  Therefore 
8-599»232»S  muft  be  very  nearly  equal  *o  the  root  of  the 

* 

{aid  equation.  ql:  e.  d. 

* 

Art.  38.  This  number  8.599,232,5  is  the  only  root 
pf  the  propofed  equation  —  7**  +  20^'  —  155XX 
=  ic,ooo.  For,  if  we  fhould  fuppofe  it  to  hare  any 
other  root  greater  than  ay  or  8.599,232,5,  an  impoflible 
conclufion  would  follow  from  fuch  a  fuppoCtion;  as  may 
be  (hewn  in  the  manner  following : 
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Let  b  denote  the  other  and  greater  root  of  the  pro- 
posed equation  *5      7*4  +  aox3  —  15$**  —  10,000, 

\(  it  can  have  fuch  other  root. 

* 

Then  will  the  compound  quantity  is  —  7$*  +  20/1 
r—  be  =  10,000  5  and  confequenUy  it  will  alfo 

be  equal  to  a>  7a4  +  20a3  —  1550a.  Therefore 
(adding  jb*  and  155^  to  both  fides,)  we  fhall  have 
h*  +  20$  =  a*  -f  7^4  -w.  7^+  •+•  20A3  +  «*. 
.  155^  ;  and  (fubtralting  as  +  2oaS  from  both  fides)  wc 
fliall  have  b*  —  a%  4-  2o£3  —  20a3  =  7**  —  7^4  4- 

155^  —  155**,  or  J$  -T-  a*  +  20  X  br-~a'  ~  7  x 
A4_fl4  +  IJ5  x  JfZZJay  and  confequently  (divide 
ing  both  fides  of  the  equation  by  b  «,)  b*  +  bla  + 
b*a*  +  ba>  +  a*  +  20  X  bb  +  ba  +  *a  =  7  X 
+  £  a  -f-  ba-  +  a*  +  155  x  T+T,  or  3*  -f  t*a  + 
4V  +  ba3  +  a*  +  20bb  +  20ba  +  2oaa  =  7^  -h 
"t^a  +  7^/j1  +  7fl3  +  I55^  +  l55a.  Therefore,  if  wc 
fubtracl  jai  -f  155a  from  both  fides  of  this  equation,  we 
fliall  have  7^  +  7JV  +  7^*  +  155  A  _  J  4  +  pa  + 
£*<J*  +  ^3  +  zebb  +  20ba  +  a*  —  7a3  +  20an  — 
—  155^5  and*  if  ve  fubtraft  £+  +  fo,  +  £V  +  ^l 
+  20^  +  2c^  from  both  fides,  we  fliall  have  7b2  + 
yb*a  +  fba*  +  iSsb  —  h*  _  _  ^*  _  ^1  _ 
20bb  —  20^  =  a*  —  7^  +         —  155/1,  or 

-  20^  +   7*3   _  £4 

+  -  trbb 
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.  «$  —  7<24  +  20*tf  +  ICC*» 


=  10,000  ,  or  (if  we  fubftitute  8  6  for  rf,  to  which  it 
id  very  nearly  equal,) 

»  • 

.  -  ■       «        *  ■ 

J    -     20  x  8.6*     -f-  7  X  8.653  ~  8.6** 

+'7x73.96x3-  73.96W  r 
(  -  636.056  x  b    —  j 


1 0,000  , 

=  =  1 162-7.  or 


ijji      -    apJf  "+    7  x  *»  -  ^ 

-  \  I 

—  172.0    x  3  +  60.2^  —  8.6  X  J*  I 

V 

+  517.72  x  b  —  73.96W 

—  636.056  x  b 


■   -  -      «  » 

■ 


J 


=  1162.7,  or 

c        672.72    x  3  —  93.96^4  -f     7^J     —  *4  *) 
j     -  808.056  xH  60.2  M  -  8.6  x  ,  J 

=  1162.75  that  is,  if  from  the  three  terms  672.72  X 
/•  +  60.2  X  /'/'  +  j/>*  we  fubtracl  the  four  terms 
808.056  93.96  X  hb  +  8.6  X  b*  +  3%  the  re- 

mainder will  be  equal  to  1 162.7.    But  the  faid  four 
terms  808.056  X  b  +  93.96  X  bb  +  8.6  X  JJ  + 
are  greater  than  the  faid  three  terms  672.72  X  b  +  60.2 
X  M  4-  "tk\  anti  therefore  cannot  be  fubtra&ed  from 
them.  Therefore  the  fuppofirion,  from  whick  it  followed 

that 


1 
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that  the  faid  four  terms  would  be  lcfs  than  the  fai<|  threA 
terms,  and  might  Jbe  fubtracled  from  them,  and  that  the 
remainder  would  be. equal  to  1162.7,  or  the  fuppqtition; 
that  the  equation  *$  —  jx*  -4-  20.V1  —  155**  =  10,000 
hjid  a  fecond  real  and  affirmative  root,  bf  that  was: 
greater  than      or  8,6,  could  not  be  a  true  fupppGuon/i 
We  may  therefore  conclude  that  8.6,.  or  8.5oo,232,5,vJi- 
the  only  root  of  the.  propofed  equation  a*  —  7.V4  +  zo*1 
—  155**  =  io;ooo.  ,0^  E.  p. 

*  ,  »  . 
•  *    1  * 


ass 


;  .  -OS1 


w4w/£*r  Example  of  tl>e  Refolution  of  an  Equation  tbaty  Ij 
*  /A*  /arw  0/"  i/|  or  the  Changes  of  the  Signs  +  and  -V 
prefixed  to  it's  Terms*  feems  capable, of  having  mors  than 
1  One  real  and  normative  Root,  by  means  of  the  fbfeghfng 
Precedes  defcribed  above  in  Art,  9,  10,  n,  12,  and  13. 


» 

- >        -  ~   »  •* 


-^r/.  30.  Let  it  be  required  to  refolve  the  equation 


equat 

r*  +  4X7  —  —  10*S  +  5*4  —  $x*  —  loxx  —  iox 
=  5»  (which  rifes  to  the  eighth  power  of  x,)  by  means 
oF  the  laid  procefles. 


« ■ 


This  equation  is  taken  from  Sir  Ifaac  Newton's  Aritb- 
mefsca  Univcrfalis,  page  276  of  the  fecond  edition,  and 
is  the  highed  numeral  equation  mentioned  in  that  learned 

treat  ifc. 
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treatifc.  It  is  of  foch  a  form  as  to  be  capable  of  having  • 
three  real  and  affirmative  roots,  if  the  co-efficients  of  the 
feveral  powers  of  to  wit,  i,  4,  1,  10,  5,5,  10,  and  10, 
and  the  abfolute  term  5,  are  of  the  proper  relative  mag- 
nitudes, with  refpeft  to  each  other,  for  that  purpofe. 
But  of  thefe  roots  (whether  they  be  three  in  number,  or 
fewer  than  three,)  I  now  propofe  to  invert  igate  only  one 
root  and  that  will  be  the  leaft  of  them,  if  there  are 
more  than  one  :  and  this  root  I  (hall  denote  by  the 
letter  a* 

Art.  40%  Now,  fmce      +  4**  — *«  5X* 

—  5*'  —  ioxx  —  iox  is  =  5,  we  (hall  have  x*  +  4X1 
+  $x+  =  5  +  x6  +  io*5  +  5*3  +  texx  +  10*.  But 
a  is  equal  to  one  of  the  values  of  x,  to  wit,  the  leaft. 
Therefore  we  (hall  alfo  have  a*  +  4a'  +  \a+  =  5  +  «# 
+.100*  +  5*3  +  tcaa  +  io*.  We  muft  therefore  en* 
deavour  to  find  the  root  a  of  this  equation  a*  +  4a7  + 
5<i*  =  5  +  a6  +  I0fls  +  5«3.+  loaa  +  I0«. 

Now  the  root  of  this  equation  will  be  greater  than  the 
root  of  the  equation  y*  +  $yi  +  5^*  =  5,  becaufe  the 
fcxtinomial  quantity  5  +  a6  -f  io<a*  4-  $e*  +  *oaa 
+  10a  is  greater  than  the  finglc  quantity  5-  We  will 
therefore,  as  a  nrft  approximation  to  the  value  of  a,  or 
the  root  of  the  equation  a*  +  4/17  •+•  50*  =  5  a*  •+• 
loa'  +  5^3  -f.  \oa*  •+■  ioj,  feck  the  value  of  y,  or  the 
root  of  the  equation  y%  -f»  4^  +  5J4  =  5. 

•  • »  « 

^r/,  41.  Now,  if  we  fuppofe  y  to  be  =  J ,  we  (hall 
have  >♦  s  i,  and  >'  =  1,  and  v8  =  1,  and  confequently 

1' 
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/+^+5;*(=i+4+S)=  10}  which  is 
greater  than  the  abfolute  term  5.  Therefore  1  mud 
be  greater  than  the  true  value  of  y  in  the  equation  y*  + 
4/  +       =t  5. 

We  will  therefore,  in  the  fecond  place,  fuppofe  y  to 
be  =  0.7. 

And  then  we  (hall  have  yy  =  0.49,  and  y*  =  0.343, 
and  =  0.2401,  and  f  =  0.168,07,  and  y*  =  0.1 17, 
649,  and  y7  =  0.082,354,3,  and  /  =  0.057,648,01, 
and  consequently  4/  (=  4  x  0082,354,3)  =  0.329, 
417,2,  and  $y+  (=  5  X  0.2401)  =  1.2005,  and  /  + 
4)i7  +  5/  (=  0.057,648,01  +  0.329,417,2  +  1.2005) 
=  1.587,565,31  ;  which  is  lefs  than  the  abfolute  term  5. 
Therefore  0.7  mud  be  lefs  than  the  value  of  y  in  the 

equation  /  +       +  cj+  =  5. 

*  *  • 

We  will  therefore,  in  ths  3d  place,  fuppofe  y  to  be 
=  0.9. 

- 

And  then  we  lhall  have  yy  =  0.8  r,  and  ^3  =  0.729, 
and  y+  =  0.6561,  and  y*  =  0.59049,  and  y*  =  0.531, 
441,  and  yf  =  0478,296,9,  and  y%  =  0.430,467,21, 
and  confequently  4?  (  =  4  X  0.478,296,9)  —  1.913, 
187,6,  and  5^  (=  5  X  0.6561)  =  3.2800,  and  y%  + 
A?  +  5V4  (=  0.430,467,21  +  1.913,187,6  +  3.2800) 
=  S-o23rf54j3i ;  which  is  fomewhat  greater  than  the 
abfolute  term  5.  Therefore  0.9  mud  be  fpnicwfiat 
greater  than  the  root  of  the  equation  /      4yf'  +  ''$j* 
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=  5.    But  the  difference  will  not  be  great 5  and  coirfe- 
quently  we  may  confider  this  quantity  0.9  as  the  firft 
near  value  of  a,  or  of  the  root  of  the  equation  a9  -f 
4a7  +  5/14  =  51  +  a6  +  IOfls  +  $al  -f  10**  +  IOtf,  of 
which  we  are  in  fearch. 

Aru  42.  Now  let  a  be  put  for  0.9,  or  the  faid  firnY 
near  value  of  a.  And,  as  a  fecond  near  value  of  it,  let 
us  fcek  the  root  of  the  equation  ?*  +  47'  +  531 4  =  5  -+- 
a6  +  io*s  +  5a3  +  tea2  +  lOa\  which  will  be  greater 
than  «,  but  lefs  than  a%  becaufe  the  feztinomial  quantity 
5  +  4*  +  loaJ  +  5a1  •+•  ioa5  +  10*  is  greater  than 
the  (ingle  quantity  5,  but  lefs  than  the  fextinomial  quan- 
tity 5  +  a6  +  iotf'  +  $a3  +  io«*  +  1 0*. 

Now,  becaufe  a  is  =  0.9,  we  (hall  have  a6  (  =  0T9)6) 
=  0.531,441,  and  ic*J  (=  10  X  O.59049)  =  5.90^9, 
and  5*3  (  =  5  X  0.729)=  3.645,  and  10a*  (=  10X0.81) 
=  8.1,  and  1  cot  (—  10  X  0.9)  =  9,  and  consequently 
5  +  a6  +  loot*  +  503  +  ica1  +  loa(=  5  +  0.5319441 
+  5.9049  +  3  645  +8.1  +  9)  =  32.181,341  5  and 
therefore  the  equation  /  +  4/  +  51*  =  5  -f  «•  + 

ic*s  +  Sai  +  ICfti  +  Ica  W*M  be  /  +  47?  +  5J*  = 
32.181,341,  or  (neglecting  the  decimal  fraction  0.1 8r, 

341,)  y*  4-  4jT  +  5J*  =  32.    Of  this  equation  we  are 
now  to  find  the  root. 

4  - 

Art*  43.  Now  let  y  (which  we  know  to  be  greater 
than  ft,  of  0.9,)  be  fuppofed  to  be  =  1  .2* 

Then 
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Then  we  {hall  have  yy  =  1.44,  and  y3  =  1.728,  and 
y*  =  2.0736,  and  y*  =  2.488,32,  and  y6  =  2.985,984, 
and  \y*  «=  3.583,180,8,  and  y%  =  4.299,816,96,  and 
consequently  4>7  (=  4  X  3-5&3>i8o>8)  =  i4-332>7*3>2» 
and  5/  (=  5  X  2.0736)  =  10.3680,  and  /  +  +y7  + 
'  -$y4  (=4.299,816,96  +  14.332,723,2  +  10.3680)  = 
29.000,540,16  •,  which  is  fomewhat  lefs  than  the  abfolute 
term  32.  Therefore  1.2  is  fomewhat  lefs  than  the  root 
of  the  equation  y*  +  4V7  4-  5V4  =  32.  But  the  differ- 
ence between  them  is  not  great.  And  therefore  we  may 
confidtr  1.2  as  the  fecond  near  value  of  the  root  of  the 
equation  *8  +  4<j7  +  5a4  =  5  -f  a6  4-  io.js  4-  5a1  + 
1  oo*  +  io<f,  of  which  wc  are  in  fearch. 

-  ^  r 

Art.  44.  Now  let  C  be  put  for  1.2,  or  this  fecond  near 
value  of  the  root  a  of  the  faid  equation  a*      4//'  +  5a4 
=  j  +  a6+  io/i$  -f  5/73  4.  ior?1  -f-  10^.    And  for  a 
third  near  value  of  it,  let  us  feek  the  root  of  the  equa- 
'  tion  /  +  4V7  +  5>4  =  5  4-  C6  +  icC>  +  5£3  +  i-C1 
.   -f-  10C ;  which  will  be  greater  than  C,  or  the  root  of  the 
equation  /  4-  4/  +  Sy*  =  32,  or  y*  4-  4V7  +  cy4"  = 
5  4-  a6  4-  icas  4-  5a5  4-  ica=  4.  ica,  but  lefs  than  af 
or  the  root  of  the  equation  </8  4-  4^ 7  4-  5^4  ==  5  +  a6 
+  ioa*  4-  5*3  +  10*/*  +•   to*/,  becaufe  the  fcxtinomial 
quantity  5  +  C6  4-  icC*  -h  5C3  4-  io€'  -\-  ic£  is  greater 
t  than  the  fcxtinomial  quantity  5  4-  a6  4-  icas  4-  5a1  4- 
10**  -f-  10a,  but  lefs  than  the  fcxtinomial  quantity  5  4- 
\  a6  4-  iojs  4-  Sa*  +  Ko* 

Now,  becaufe  C  is  =  1.2,  we  {hall  have  £5  (=  1.2  *) 

«  2.985,984,  and  io£s  (=   10  X   1.2V  =  10  X 

2.488,3.) 
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1.488,3a)  =  24.8832,  and  5#  (=  5  X  r^l*  =  JX 

1.728)  =  8.640,  and  icC*  (c  10  X  U2\2  ==  10  X 
1.44)  =.  14.4,  and  lof  (=  10  X  1.2)  =s  12,  and  con- 
sequently 5  +      +  loC*  +  5C*  +  icC*  +  io£  [=  5  + 
2985,984  +  24.8832  +  8.640  +  14.4  +  12) 
67.9091,184-   Therefore  the  equation  /  +  A?  +  SJ* 
=  5  +  'C*  +  ioC5  +  5c1  +  10C2  +  ioC  will  be  j*  -f 
4fr+»*  ~  67.909,184,  or,, nearly,  y*  +  4;'  +  5J* 
=  68.   This  equation  we  muft  now  endeavour  to  re* 
foivc. 

1 

*       "  *  

Art.  45.  Now  let  y  (which  we  know  to  be  greater 
than  C,  or  1.2,)  be  fuppofed  to  be  =  1.3.    Then  we 

fiiaJl  have  yy  (=  i^]')  =  1.69,  and  y*  (  =  T$t)  = 
2*197,  and  =  2.8561,  and  >•*  =t  3.712,93,  and  j6  «s 
4.826,809,  and  >,T  =3  6.274,851,7,  and  jf  s=  8.157* 
306,82,  and  confequcntly  4/  (=2  4  X  6.274,851,7)  = 
16.099,406,8,  and  5>*  (=  5  X  2.8561)  =  14.2805, 
arid  y%  -f  4/  +  5>4  (=  8.157,506,82  +  26.099,406,8 
4-  14.2805)  =  48.537,213,62;  which  is  lefs  than  the 
abfolute  term  68.  Therefore  1.3  will  be  lefs  than  the 
root  of  the  equation  y*  +  4/  +  5/  =  68. 

Now  let  >  be  fuppofed  to  be  =  1.4. 

And  then  we  (hall  have  rj>  t=  1*96,  and  =±  *-744» 
2nd  j4  =■  3-8416,  and  y5  =  5.37824,  and  y6  =  7*529,536, 
and  y?  -  10  541,350,4,  and  y*  =  M-757>89°»56>  and 
confequently  4J?7  (  =  4  x  10.541,350,4  )  =  42.165, 
401,6,  and  5/  (=  5  X  3  8416)  =  19.2080,  and  y%  + 


Digitized  by  Google 


THAT  HAVE  MORE  THAN  ONE  ROOT.  4OI 

4/  4-  Sjf*  (=  i4-757>89<M6  +  4^.165,401,6  + 
19.2080)  =  76.131,292,16;  which  is  greater  than  the 
abfolute  term  68.  Therefore  1.4  will  be  greater  than  the 
root  of  the  equation  /  «4-  Jy1  +  sf  *=  68.  But  the 
difference  will  not  be  great.  And  therefore  we  may  con- 
fideri.4  a8  a  third  near  value  of  the  root  of  the  equation 
6s +  44*  +  5a4  =  5  +  a*  +  iOfl5  +  5<23  +  !O0J+  10^,  or 
as  a  third  near  value  of  the  leaft  root  (if  it  has  more  than 
one  root,)  of  the  equation  x*  +  4**  +  5**  »  5  -f 
4-  icwv5  4-  5*s  4-  1  or1  4-  10*,  or  of  the  propofed 
equation  x*  4-  4*'  —  a6  —  10*5  +  5**—  5*3 —  iojb* 

—  ioa  =tr  5.  ,  *  1 

•  * 

■  ■  1 

^r/.  46.  Now  let  1.4  be  fubftituted  irHlead  of  x  in  the 
compound  quantity  x*  4-  4**  —  a-6  —  10a*5  -f  5  a*  — 
5x3 —  \oxz —  ioa-,  and  it  will  be  =  14.757,^90,56  +. 

4  x  10.541,350,4  —  7-579)53^  —  10  x  5-378*4  + 

5  X  3.84.16  —  5  X  2.744  —  10  X  1.96  —  10  X 
1.4  =  i4.757>89°,56  +  42-165,401,6  —  7-529>536 

—  53.7824  4-  19.2080  —  13.720  —  19.6  — •  14  =s- 
76.131,292,16  —  108.631,936  *1  by  which  it  appears 
that  the  three  terms  a8  +  4A7  4-  5  a4,  which  ought  to 
be  greater  than  all  the  five  terms  a6  4-  ioa5  4-  $aJ  + 
ioa1  4-  ioa;  and  to  exceed  them  by  the  number  5,  will 
be  lefs  than  the  faid  five  terms*  Therefore  1.4  will  be 
lefs  than  the  value  of  x  in  the  propofed  equation  a8  4- 
4A7  —  a6  —  ioas  +  5A4  —  5*1  —  ioa*  —  10* 

—  5- 

Art,  47.  We  will  therefore  fuppofe  x  to  be  =b  1.6. 

D  d  "  And 


Digitized  by  Google 


402  OP  THE  RESOLUTION  OF  EQUATIONS 

And  then  we  fhall  have  xx  =  2.56,  and  xl  =  4.09^ 
and  x*  =  6.5536,  and  x*  =  10.48576,  and  *6  = 
16.777,?  16,  and  x7  =  26.843,545,6,  and  x*  =  42.949, 
672,96,  and  consequently  4x1       4  X  26.843,545,6)  = 
107.374,182,4,  and  ioa5  (  =  10  X  10.48576)  = 
J04.8576,  and  5**  (=5  X  6.5536)  =  32.7680,  and 
5V  (=  5  X  4.096)  =  20.480,  and  iox*  (=  10  X 
2.56)  =  25.6,  and  iox  (=s  10  X  1.6)  =  16,  and  x* 
+  4*7  —  x6  — <  1  ox*  +  5*4  —  5**  —  icr1  —  iox 
<  =  42.949,672,96  +  107.374,182,4  —  16.777,216  — 
^04.8576  +  32.7680  —  20.480  —  25.6  —  16)  = 
183.091,855,36  —  183.714,816;  of  which  quantities 
the  latter,  to  wit,  183.714,816,  (which  is  equal  to  x*  + 
io*$  +  $x*  4-  io.r2  4-  ic#,)  is  greater  than  the  former, 
to  wit,  183.091,855,36,  (which  is  equal  to  *s  +  4*?  -h 
5.14,)  and  therefore  cannot  be  fubtracled  from  It,  as  it  is 
fuppofed  to  be  in  the  propofed  equation**  4-  4X7  —  x6 
—  io*5  4-  5**  —  5*3  —  ioxz  —  iox  =  5.  There- 
fore the  root  of  that  equation  mud  be  fomewhat  greater 
than  x.6. 

Art.  48.  Let  us  therefore  fuppofe  x  to  be  =  1.6  4-  2, 
and  let  us  proceed  to  invert igate  the  value  of  z  by  Mr. 
Raphfon's  method  of  approximation. 

Then,  fince  x  is  =  x.6  4-  z,  we  (hall  have 

xx  (=  i.6-j-~z>  =  ToV  +  2  X  1.6  X  z  +  &c) 
=  2.56  +  3.2  X  *  -f  &c, 

and  x1  (-      +      =  iTc]*  +  3  X  To)2  X  z  4-  &c 

=  1*1*  +  3  X  2.56  X  z  +  &c)  = 
4  096  4.  7.68  X  z  4-  &c, 

and 
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and  ( =  iToTz)*  =  ToV  +  4  X  lib  x  z  +  &c 
=  +  4  X  4.096  X  z  +  &c)  = 

6.5536  +  16.384  X  z  +  &c, 

and  *'  (=  i.b+sfl*  =  1T0I5  '+  5  X  iTol4  X  z  4-  &c 
=  i76l5  +  5  X  6.5536  X  s  +  &c)  « 

IO.48576  +  3^.7680  X  2  +'&C, 

•  •         ■  .  ■ 

and  *6  (=  +  =  TToV  +  6  X  Tr6ls  X  z  + 
8cc  =s  i^6l6  +  6  X  10.48576  X  z  +  &c) 
=s  16,777,2*6*  +  62.91456  X  z  +  &c, 

and  x1  (=  1.6+ aT*  =  il>Y  +  7  X  i~oV  x  z  +  &c 
-   ==  TTb)7  +  7  X  16.777,216  X  z  +  &c) 
=  26.843,S4S>6  +  117.44.0,512  X  * 
+  &c, 

P 

and  *»  (=  1.6 +  z>  =  T^8  +  8x  TioV  X  z  +  &c 
=  T<>  +  8X  26.8^3,545,6  X  z  +  &c) 
=  42.949,672,96  4-  214.748,364,8  X  z 
+  Sec, 

and  confequcntly  4-r7  (  =  4  X 

26.843,545,6  •+-  1*7.440,512  X  z  4*  &c 
=  4  X  26.843,545,6  +  4  X  117.440,512 
X  z  +  &c)  =  io7.374,i8?,4  +  469. 
•762,048  X  z  +  &c, 

D  d  2  and 
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■ 

and  io*5  (  =  io  X  10.485,76  +  32.7680  x  *  +  &c 
=  10  X  10.485,76  +  10  X  32.7680 
X  2  +  &c)  53  104.8576  +  327.680 
X  2  +  &c, 

and  5**  (=  5  X  &-5536  +  1^3^+  X  z  &c  =  5  X 
6,5536  +  5  X  ^.384  X  *  +  &c )  = 
32.7680  +  81.920  X  2  +  &c, 

and  5*J  ( as  5  X  4.096  +  7.68  X  z  +  &c  =  5  X 
4  096  +  5  X  7.68  X  z  +  &c)  =a 
20480  +  38.40  X  2  +  &c,t 

and  io*a  (  =  io  X  2.56  +  3.2  X  2  +  &c  =  10  X 
2.56  +  10  X  3.2  X  2  +  &c)  =  25.6 
+  32  X  2  +  &C, 

and  ioa*  (  =  lo  X  1.6  +  2  =  10  ;X  1.6  +  10  X  2) 
=  16  +  lOz. 

■ 

v 

Therefore  the  compound  quantity  x*  +  4*7  —  — 
10*5  +  5#4  —  5.V3  —  io.v*  —  io.r  will  be  equal  the 

♦  ♦    *  ■  . 

complicated  quantity 


42.949, 

■ 
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42.949,672,96  +  214.748,364,3  X  X  +  &C 

+  107.374,182,4 

+  469.762,048 

X  a  +  fiVc  J 

—  16.777,216, 

—  62.914,56 

X  *  —  &c  1 

-  104.857,6 

—  327.680 

X  *  -  &c  [ 

+  32.768,0 

+  81.920 

x  %  +  &c  r 

—  20.480 

-  3*4° 

X  Z  —  &c  1 

-  25.6 

X  z  -  &c  I 

-  16. 

-  10 

X  J6 

r     183.091,855,36  +  766,430,412,8  x  x  +  &c 
=  S  —183.714,816,00  —  470.994,560,0  x  %  —  &c  j 

=  —   0.622,960,64  +  295.435,8)2,8  x«&c. 

But  the  compound  quantity  x%  +  4*7  —  *6  —  iox* 
■f  5^r4  —  5**  —  ic*a  —  iox  is  =  5. 

Therefore  295.435,852,8  X  z  See  —  0.622,960,64 
will  alfo  be  =  5.  And  confequently  (adding  0.622, 
960,64  to  both  fides,)  we  (hall  have  295.435,852,8  X  z 
(  =  5  •+■  0.622,960,64)  =  5.622,960,64,  aqd  z  = 

„np  .  ,rog,  o  =   0.019.    Therefore  I.6  +  2,  or  .r, 

will  be  (=  1.6  +  0.019)  =  1. 619;  that  is,  the  lead 
root  of  the  propofed  equation  x*  -f-  4-r7  —  *6  —  icu* 
+  $x*  —  5*3  —  iox*  —  jox  =  5  will  be  1.6 19. 

Qi  k.  1. 


Art,  49.  This  value  of  x  will  be  pretty  near  the  truth, 
but  will  exceed  it  by  a  very  fmall  quantity.    For,  if  we 

D  d  3  fuppofc 
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fuppofc  x  to  be  =  i. 6 1 9,  wc  (hall  have  xx  =z  2.621,161, 
and  xl  =  4.243,659,  and  x*  =  6.870,484,  and  x*  = 
11.123,213,  and  x6  =  18.0.8,482,  and  x7  =  29.155, 
732,  and  a*  =  47  203,130,  and  consequently  4*'  (=4 
X  29.155,732)  =  116.622,928,  and  JOxs  (  =  10  X 
II  123,213)  =  111.232,130,  and  5A4  (=  5  X  6.870, 

484)  =  34'35M*°»  a°d  5*3  (  =  5  x  4-243>6-9)  = 

21.218,295,  and  104*'  (=  10  X  2.621,161)  =  26.211, 

610,  and  10*  (  =  10  X  1.619)  =  16.190,000,  and 

x9  +  4**  —  x6  —  jo*5  +  5-r4  —  5*5  —  1  ox1  — 
10  x  = 

4~.i03,!3O 
+  116,622,928 

+  34-3S2»42° 


198.178,478  —  192.860,517  =  5.3x7,961;  which  is 
fomewhat  greater  than  5,  or  the  abfolute  term  of  the 
propofed  equation  x*  +  4.**  —  x6  —  icx*  +  5X4  —  ^ 
Sxi  —  iox*  —  iox  =  5.  Therefore  1.6 19  will  be 
fomewhat  greater  than  the  true  value  of  x  in  that  equa- 
tion. Q.  E.  D. 

Jri.  50.  We  will  therefore,  in  the  next  place,  fuppofc 
x  to  be  =  1. 619  —  v. 

And  then  we  (hall  have 


—  18.008,482 

—  in. 232,130 

—  21. 2l8, 29J 

—  26.2II,6lO 

—  16.190,000 
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xx  (=  1.619— I .  b  1 9^  2  —  2  X  1.619  X 
v  +  &c  =  2.621,161  —  3.238  X  v 
+  &c, 

and  a>  (=  i.bi9  — v>  =  1.619)3  —  3  X  Hoi^1  X 
v  +  &c  =  1.6191s  —  3  X  2.621,161 
X  v  +  &c)  =  4.243,659  —  7-863,483 
X  v  +  &c, 

and  a4  (=  1.619  —  vy  =  i.6iq>  —  4  X  "^T? S  * 
„  +  &c  =  1.619V  —  4  X  4-*43>659 
X  v  +  &c)  =  6.870,484  —  16  974,636 

X  v  +  Sec, 

and  aS  (=  1.C19  -  v*  =  1.619  5  —  5  X  "i^"}4  X 
v  +  &c  =  l  619)5  —  5  X  6.870,484 
X  v  +  &c)  =  11.123,213  —  34-352, 
420  X  v  -h  &c, 

and  a6  (=•  I.O19  —  v\6  =s  1. 1.19. 6  —  6  X  1.619V  X. 

v  +  &c  =  ubiyf  —  6  X  U.123,213 
X  v  +  &c)  =  18.008,482  —  66.739, 


•1?  i»i  n 


v  ?riyv 


278  X  v  +  &c, 


and  a7  (=  1.619  —  v)7  = 

-  v  +  &c  =To7^7  —  7  X  i8too,$,4*2 

.  #  • 

X  v  +  &c)  =  29.155,732  —  126.C59, 
374  X  v  +  &c, 

D  d  4  an£ 
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and  x*  (=  i. 619  —  v\*  »  1.619  *  —  &  *  1 .619^ 

X  v  +  &c  =  j,6i9A'»  —  8  X  29.155, 

732  X  v  4-  &c)  =  47-203>I3°  — 
233  245,856  X  v  -h  &c, 

and  confeauemly  4*'  (  =  4  x  29.155,732  —  4  X 
126.059,374  x  v  +  &c)  =  116.622,928 

—  5°4-237>496  X  v  +  &c> 

and  iox*  (=  10  X  11.123,213  —  10  X  34-35M20 
X  v  +  &c)  =  111.232,130  —  343-524» 
200  X  v  +  &c, 

and  5**  (=  5  X  6.870,484  —  5  X  16.974,636  X 
v  +  &c  )  =  34.352,420  —  84  873,180 
X  v  +  &c, 

and  5**  (  =  5  X  4-M3><559  —  5  X  7-863>43i  X 
-  v  +  &c)  =  21.218,295  —  39.317,415 
X  v  +  &c, 

and  iojt*  (=  10  X  2.621,161  —  10  X  3-*38  X  t» 
+  &c)  =s  26.211,610  —  32.380,000  X 
v  4-  &c, 

and  10*  (=  10  X  1.619  —  10  X  v)  =  16.190,000 

—  10.000,000  X  v, 

and  *•  +  4*'  —  x6  —  10* 5  +  5**  —  5*1  —  io*a 

1 

—  ior  = 
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47.103,130  -  233.245,856  X  v  +  &c 
■f  116.622,928  —  504.237,496  X  V  +  &c 

-  18.008,482  4-    66.739,278  X  0/  -  *C 

—  111.232,130  -f-  343-524»*oo  X  v  —  &c 
+    3-;.3S2,4*o  -    £4.873,180  x  v  +  &c 

-  21.2  8,295  +    39  3f7,4i5  X  «  -  &c 

—  26.211,61a  4-    3*. 380,000  X  v  &c 
,  —    16.190,000  4-    10.000,000  x  v 

{198.178,478  -  822.356,532  x  «  +  &c  V 
-  192.860,517  4.  491.960,893  x  v  -  &c  J 

i 

=     5-3i7i96"  —  33°-395/39  X  v  &c 

■ 

But  the  compound  quantity  *•  4.  4**  — .  *6  — •  iors 
+  5**  —  5*J  —        —  iojt  is  =  5. 

Therefore  SW&i  —  33Q-395>639  X  v  will  alfo 
be  =  5. 

■ 

And  confequently  5.317,961  will  be  =  5  4.  33o. 
•395*^39  X  v,  and  0.317,961  will  be  =  330.395,639 

X  v.    Therefore  v  will  be  «  ^2!2f^L  o.000> 

962,3,  and  x.619  _  v  will  be  (  =  1.619,000,0  — 
0.000,962,3)  =  1.618,037,7;  that  is,  at,  or  the  leaft 
root  of  the  propofed  equation  *•  +  4*1  —  *«  _  Iart 

+  5*4  -  5«*  —  10^  —  10*  =  5  will  be  nearly  equal 
to  1.618,037,7,  ^  *.  It 

Thif 
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This  value,  1.618,037,7,  of  the  Ieaft  root  of  the 
equation  *8  4-  4*7  —  *6  —  iar5  4-  5  r*  —  5x3  —  io*1 

—  ioo*  =  5  is,  probably,  exact  in  the  firft  fevcn  places 
of  figures  1.618,037. 

X 

Art,  51.  In  order  to  difcover  whether  the  equation 

xl  4-  4**  —  x6  —  icx*  +  5**  —  Sx>  —  10x1  — 
lox  =  5  has  any  other  root  greater  than  1.618,037,  we 

may  proceed  as  follows  : 

9 

Let  the  root  already  found,  to  wit,  1.618,037,7,  or 
(neglecting  the  three  lad  figures  377,)  1.618,  be  called  0, 
as  before  •,  and  the  greater  root  of  the  equation  (if  there 
be  any  fuch  root,)  be  called  b. 

Then  we  fhall  have  b%  +  4J7  —  b6  —  io£J  4-  5^ 

—  5Z3  —  io/x  —  icb  =z  5,  and  confequently  =  a9 
+  4a7  —  a6  —  lOus  4-  5<i4  —  5^3  —  ioa*  —  100. 
Therefore  (adding  b6  +  lobs  4-  5^  +  lob2  4-  10b  to 
both  fides  of  the  equation,)  we  fhall  have  b%  4-  4b1  4- 
5/-*  zr  a9  4-  4<i7  —  a6  —  ica5  4-  sn*  —  Sal  —  loa*  — 

—  iorf  +  Z-6  4-  io£s  +  5/3  4-  irV  4-  ic£  =  a*  4-  4c7 
+  Z>6  — 4.  ic£$  —  JOa$  4-  5^4  4-  5^3  —  4- 
10Z'1  —  "ion*  4-  10/'—  ir<j,  and  (fubtracling  a1 '+  4/17 
4-  5**  from  both  fides,)  /;»  —  a1  4-  4^7  —  4a7  +  5''* 

—  5**  =  £6  —  a6  4-  ici5  —  joa5  4-  5^  —  5*3  4- 
lo£*  —  loo3  4-    loZ»  —  ica>  or  b%  —  a9  +  4  X 

/7  —  a7  4-  5  X  £4  —      =      — a6  4-  10  X  45  —  -s 

T 

4-  5  X  TTIT?  +  iq  x  — <r  4-  10  X  b  -  if, 
and  (dividing  both  fides  of  the  equation  by  ^  —  a,)  we 

fhall 
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(hall  have 


-  a% 
b-  a 


+  4  X 


&  -  ai 
b  —  a 


+  5  X 


b*  -  «6 

b  —  a 


+   10  X 


Js  - 


+  SX 


-  <I* 
3  -  a 


+  10  X 


+  b'a+  4-  +  £«6  4-  aJ  +  4  x 


b6  +        +  +  ^«j3  4.  £  <a*  +  ^J  +  a<>  +  5  x 


bl  4-        4-        4-  a*  =  £5  4-  b*a  +  l>*u*  4-  £^3  4-  bat 

+  «5   +   ID   X  tH  +  A3.j  +  £ad    +  £a3  +  a*  +  5  X 

*a  +  +  a2  +  13  X  £  +  a  +  10,  or  J7  +  ab*  +  <j5£s 
4-  a'*4  +  tfb*  4-  a5*1  +  a%  +  a'  +  4^  +  4^*  +  ASb* 
4-  4^3  +  4a4b*  4-  4a5^  +  4«*  4-  4-  5***  4-  Sa^ 
4.  5a3  =  4-  ab*  4-  4-  M%  «+■  a4£  4-  a*  +  10^4 
4-  ic<?£3  4-  icfl^s  +  ioj33  4-  ica4  +  5**  4-  5*£  4-  $a% 
4-  io£  4-  ioa  4-  io,  or 

V      4-        4-  «**s  4-  a5£4  4-   tf4£*  4-   a*P  +  a*b  4-  -\ 


L 


b*  4-   *J4   4-  aH*   +    *3£*   4-    a4b   4-  a* 
4-  iob*  4-  io<jJ3  4-  loa**1  4-  4-  10** 

4-  $b%    +  +  5"* 

4-  10$    4-  10a 

+  10, 
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—  ioa4 

-  5-* 


■  • 

1  J_    f/A      _l_  i-»A 


— .  /O 


I 


+  5**   +  5** 


and  (fubtra&ing  from  both  fides  of  tins  equation  all  the 
terms  on  the  left-hand  fide  of  it  that  involve  the  powers 
of  b,  and  placing  all  the  terms  that  involve  the  powers 
of  b  on  the  left-hand  fide  of  the  new  equation,) 

\ob  +  5*2  -f  ioa&*  +  xol*  +  A*  —  4b6  — 
+    5«5  +  io«'ft>  +  .  +ab*—4ab*  —  ab* 


+ 

-  - 

5^ 

4a  *b 

=  at  +  4fl*  —  as  —  lOtf4  +  5«3  —  5*a  —  ICS  —  10, 
or  (if  we  range  the  terms  in  the  feveral  vertical  columns 
on  the  left-hand  fide  of  this  equation  according  to  the 
powers  of  </,) 
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+  5^  -  sat*  +  ioab*  +        -4***  —  ab6 

-  4<f*3  -  ****  ^  ^ 


•6l> 


=.  a1  +  4<j6 *s  _  i0fl4  4.  ^3  ...  I0<1  ia 

But  the  o&inomial  quantity  a*  +  4a*  —  a*  - 
ioa*  +  5^3  —  50*  —  ioa  —  10  is  = 

c*  +  4<r?  -  a6  -  log*  +  ^  „,       __  iQtftf  —  10a 

=        ,=  3.090. 

Therefore  the  complicated  quantity 

!to*  +    5**    -  5^  +  io*4  +  ^ 
4-    $ab  —  4-iooP  +  —4* 

—  -f-  ioa*J*  +  a*J»  -  40^*  -  4i» 

will  be  =  3.090. 

Art*  52.  Now  let  1.6 1 8  be  fubftituted  in  the  terms  o£ 
this  equation  inftead  of  a. 

And 
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And  wc  fliall  have  aa  (=~i.6i8}')  =  2.617,924*  ™<* 
0}  =  4.235,801,  and  a4  =  6.853,526,  and  a* 
11.089,005,  and  *6  =  17.942,010,  and       =  29.030, 
17a,  and  a*  =  46.970,818,  and  confequently  $a  (=  5 
X  1.618)  =  8.090,  and  sa%  (  =  5  x  2.617,924)  = 
13.089,620,  and  lOfl1  (=  10  X  4-235»8oi)  =  42-353> 
do,  and  4a*  (=  4  X  11.089,005)  =  44-35^20,  and 
10*  +       -  $a  b  +  icn^  +  a4£  —  ^o>b  —o6b  {=  lob  + 
8.090  X  *  —  13.089,620  X  b  +  42.3 ?8,oioX  6.853, 
516  X  £  —  44  356,020  X  b—  17.942,010  X*)  =  67.301, 
536  x  ^  —  75.387^5.0  X       and  io*1  (  =  10  X 
2.617,924)  =  26.179,240,  and  4a4  (=  4  x  6.853,526) 
=  27.414,104,  and  5^  —  5^2  -f  10^*  +  a>bx  —  4a4  J* 
(=  $bx  —  8.090  X  *2  +  26.179,240  X  b*  + 

4.235,801  x  **  -  27.414,104  X  *l  —  n.089,005  X 

b  )  =  30.415,041  X  —  46.593»i°9  X  and  10* 
(=  10  X  1.618)  =  16.18,  and  4*'  (=  4  X  4-235>8ol) 
=  16.943,204,  and  —  5^  +  IOd£3  +  a*bl  —  *a*bx 
_  **J3  (=  —        +  16.18  X  b*  +  2.617,924  X  &  — 

16.943,204  x  ^^6.853,526  x^J)=  -  28.796,730 

X  +  18.797,924  X  bl\  and  4a1  (=  4  X  2.617,924) 
~  10.471,696,  and  lo£4  +  ab*  —  4«244  —  a*b+  (  = 

10*4  +  1.618  x  b+  —  10.471,696  x  44  -  4.235,801 

X  £4)  =  11618,000  X  b*  -  14.707,497  X  J4;  and 
4fl  (=  4  X  1.618)  ==  6.472,  and  —  4^s  —  ^  (= 
-  6.472,000  X  A*  —  2.617,924  X  P)  =  *5  — 
9.089,924  X  £s;  and  —  4^  —  ob*  (—  —  4.000,000 
X  *6  —  1.618,000  X  46)  =  —  5.618,000  X  b*.  There 
fore  the  left-hand  fide  of  the  foregoing  equation  will  be 
equal  to  the  following  compound  quantity,  to  wit, 

67.301, 
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67.301,536  X  b  ~-  75.387,650  X  b  +  30.415,041  X 

&  —  4^-593>l09  x  hz  —  28-790>73°,  X  +  »8-797» 
924  x  P  +  n.6i8,coo  X  £4  —  14.707,497  X  b*  + 

1.000,000  X  £$  —9.089,924  X  £s. —  5.618,000  X  b* 

—  b7.  Therefore  this  laft  compound  quantity  muft  be 
equal  to  3.090  -7  or,  in  other  words,  the  five  quantities 
67-30  !>536  *  b  +  30  415,041  X  b%  +  18.797,924  X 
bl  +  11.618,000  X  b+  +  1.000,000  X  Js  muft  be 
greater  than  the  feven  quantities  75*387,650  X  b  -f 
46.593,109  X  J*  +  28.796,730  X  I*  +  14.707,497  X 
£+  -f  9.089,924  X  +  5  6i8,coo  X  b6  +  £7,  and  the 
excefs  muft  be  equal  to  3.090.  But  the  faid  five  quan- 
tities are,  refpc&ively,  lefs  than  the  five  firft  quantities  of 
the  faid  feven  quantities,  and  therefore,  h  fortiori^  muft 
be  lefs  than  all  the  faid  feven  quantities,  and  therefore 
the  faid  feven  quantities  cannot  be  fubtra&ed  from  the 
faid  five,  quantities,  as  they  are  fuppofed  to  be  in  the  faid 
laft  equation.  And  confequently  the  faid  laft  equation 
is  impoflible.  Therefore  the  fuppofition  from  which  the 
faid  equation  is  derived,  to  wit,  the  fuppofition  that  the 
equation  x*  +  4A.7  •—  x6  —  io*s  -f*  5*4  —  5*'  —  lox2 

—  icx  =  5  has  a  fecond  real  and  affirmative  root  bf 
greater  than  a,  or  1.618,  muft  be  a  falfe  fuppofition. 
And  confequently  we  may,  at  laft,  conclude  that  1.6 18, 
or  1.618,037,  is  the  only  root  of  the  propofed  equation 

A 8  +  4*7  —  X6         10.1s  +  5X4  —  5*3  _  I0A2  —  lOX 

=  5.  Q,.  £.  I. 

i  ■ 

♦ 

Art.  53.  This  root,  1.618,  is  pretty  near  the  truth. 
For,  if  we  fuppofc  x  to  be  =  j.618,  we  fliall  have 
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-f  4**  —  X6  —  10X5  +  $X4  —  $X$  —  IOX*  —  IOJT 

(^46.970,818  +  4  x  29.030,172  —  17.942*010  — 
10  X  11.089,005  +  5  x  6.853,526  —  5  x  4.235,8b! 

—  IO  X  2.617,924  —  1.0  X  I.618)  =•  46.970,818 

+  116.120,688  —  17.942,010  —  110.890,050  + 
34.267,630  —  21.179,005  — 26.179,240  —  i6.i8cyoto 

—  »97'3S9»'3^  —  i92-37°>3°5  —  4-988*831;  which 
is  lcfs  than  5,  or  the  abfolute  term  of  the  propofed 
equation  x*  +  4X7  —  x*  —  io**  +  5**  —  5**  — 
iox*  —  iox  =  5,  by  only  the  fmall  difference  0.61  f, 
169,  which  is  lefs  than  the  447th  part  of  the  abfolute 
term  5.  Therefore  1.6 1 8  muft  be  fomewhat  lefs  than, 
but  very  nearly  equal  to,  the  true  value  of  x  in  the  faid 
equation.  o^  e,  d. 


A  SCHOLIUM. 


Art*  54.  Wb  have  now  gone  through  the  refolutkm 
of  three  equations  confiding  of  terms  marked  with  the 
figns  —  and  +  alternately,  (and  which  therefore  arc 
capable  of  having  more  than  one  real  and  affirmative 
root,  if  the  co- efficients  of  the  powers  of  *  and  the 
abfolute  terms  of  the  equations  are  *f  certain  wbtive 
magnitudes,  with  refpecTto*  each  other,  ,  that  ate  proper 

7  *     ,    ,  v  for 
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for  that  purpofc,)  to  wit,  the  cubicle  equation  #3  — 
39**  +  479*  =  188 1,  and  the  equation  *5  —  jx+  -f- 
20jt»  —  155'*  =  *Oj°co,  and  the  equation  x*  +  ^x7 
*—  —  lot*  +  5*4  —  5*s  10**  -i.  lor  =  5, 
by  means  of  the  proceficS  defcribed  above  in  Art.  9,  xo; 
Ii,  15,  and  13,  together  with  Mr.  Raphfon's  method 
of  approximation,  after  a  tolerably  near  value  of  the 
leaft  root  of  each  of  thofe  equations,  fomewhat  lefs  than 
the  true  value  of  it,  had  been  firft  obtained  by  thofe  pro* 
cefles.  And  thefe  procefles  have  been  fet  forth  fo  fully 
and  diftin&ly  that  nothing  more  Is  neceflary,  as  I  con* 
ecive,  to  be  added,  in  order  to  explain  and  illuftrate 
them.  And  I  have  Jikewife  (hewn,  at  the  end  of  each 
of  thefe  examples,  a  method  of  reducing,  when  fuch  re- 
duction is  pofiible,  and  of  attempting,  in  other  cafes,  to 
reduce,  the  equation  (after  it's  leaft  root,  or  it's  only  root,  0, 
has  been  obtained,  to  a  fufficient  degree  of  exa£tnefs,  by 
means  of  the  faid  procefles  and  of  Mr.  Raphfon's  method 
of  approximation,)  to  an  equation  one  degree  lower  than 
the  firft  equation,  by  putting  b  for  one  of  it's  other  roots* 
which  are  greater  than  a>  (if  it  has  any  fuch  other  roots,) 
and  dividing  the  terms  of  the  equation  refulting  from  that 
fuppofition  by  the  rcGrdual  quantity  J— a.  Arid  by  this  re- 
du£tion,or  attempt  at  a  reduction,  of  the  faid  equation  to  ad 
equation  one  degree  lower,  we  can  ufually  difcover  whether 
the  original  equation  has,  or  has  not,-  any  other  root  than  a. 
For,  if  the  equation  obtained  by  this  divifion  is  a  poffiblc 
equation  (as  was  the  cafe  in  the  firft  of  the  three  fore- 
going examples,  where  the  equation  fo  obtained  was  the 
quadratic),  equation  30*  —  jcx  =  209,  which  is  a 
poflible  equation,  and  has  two  roots,)  the  original  equa- 
tion, from  which  it  was  derived,  will  have  more  roots 

E  e  than 
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than  a,  to  wit,  the  root,  or  roots,  of  the  faid  fecond 
equation,  which  was  derived  from  it  by  means  of  the 
faid  divifion :  but,  if  the  faid  fecond  equation  .appears 
to  be  impouible  (as  was  the  cafe  in  the  fecond  and  third 
of  the  three  foregoing  examples,)  the  original  equation, 
from  which  it  was  derived  by  means  of  the  faid  dnrifion, 
can  have  no  other  root  than  the  root  a9  which  has  been 
already  found.  And  in  the  former  cafe,  or  when  the 
faid  fecond  equation  is  found  to  be  a  poflible  one,  ir*s 
lead  root  may  be  found  by  a  repetition  of  the  proccflca 
above •defcribed,  together  with  Mr.  Raphfoir*s  method 
of  approximation,  in  the  fame  manner  as  the  lead  toot 
of  the  original  equation  had  been  obtained  before.  And 
then  the  next  greater ,  root  of  the  faid  fecond  equation, 
and  the  next  greater  than  that,  and  fo  on,  may  be  found 
in  the  fame  manner,  till  all  it's  roots  are  known ;  which 
are  likewife  roots  of  the  original  equation  from  which 
the  faid  fecond  equation  was  derived.  And  thus  at  iaft 
all  the  roots  of  the  faid  original  equation  will  be  ob- 
tained :  whkh  is  all  that  can  be  dc fired  on  the  fubjc&. 

■ 

* 

Art.  55.  But  I  am  apprehenfive  that  k  may  be  thought 
that  the  number  of  procefles  to  be  ufed  in  this  method 
is  too  great,  fo  as  to  make  the  inveftigation  of  the  value 
of  at  or  the  lead  root  of  the  propofed  equation,  a 
tedious  and  trouble  fome  bu  fine  ft.  That  it  is  fo,  in 
fbme  degree,  I  readily  confefs :  but  I  apprehend  that 
this  difficulty  and  tedioufnefs  are  inherent  in  the  fubjec* 
fofelf,  and  infeparable  from  it,  and  that  the  leaft  reel, 
or  any  othtr  root,  of  an  equation  of  the  eighth-  degree, 
that  has  all  it's  terras  complcat  (at  is  the  cafe  with  the 

t  *  equation 
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Equation  x*  4-  4*?  —      —  xox*  «+•  5*4  — *  $**  — 
1  ox2  —  1  ox  =  5,)  cannot  be  found,  by  any  method 
hitherto  discovered,  with  lefs  trouble  than  was  taken  in 
the  foregoing  inveftigation  of  the  root  of  the  faid  equa- 
tion a*  +  4*'  —      —  iox*       %x*  —  5*1  —  ioxa 
.  10*  =r  5.    And  it  mud  be  obferved  that  the  pre- 
cedes by  which  the  near  value  1.6  (which  was  made  the 
bafis  of  the  further  approximation  to  the  root  of  the 
laid  equation  by  Mr.  Raphfon's  method  of  approxima- 
tion,) was  obtained,  though  they  were  pretty  many  in 
number,  were  very  fimple  and  eafy  arithmetical  opera- 
tions.   For  they  were  only  fubftitutions  of  the  feveral 
fhort  numbers  1,  0.7,  0.9,   1.2,  1.3,  1.4,  and  1.6", 
(confiding  of  only  one  and  two  figures,)  inftead  of  y, 
and  *,  and  C,  and  x,  in  the  compound,  quantities  y%  + 
Ay1  +  5/>  and  5  +  a*  +  ioas  +  5*'  +  10a*  +  10a, 
and  5  +  C6  +  ioCs  +  sC1  +  icC*  +  icC,  and  x*  + 
4*7  —  x*  —  io*s  +  5**—*  5*J  —  1  ox4—-  1  ox.  The 
remaining  part  of  the  inveftigation  of  the  value  of  a, 
or  of  the  ieaft  root  of  the  equation  x'  +  4*7  —  x6  — . 
iox*  +  5X4       5x3  —  iox2  —  iox  =  5,  after  we 
have  obtained  1.6  for  a  near  value  of  it  fomewhat  lefs 
than  the  truth,  is  performed  by  Mr.  Raphfon's  method 
of  approximation,  which  is  fubftantially  the  fame  with 
Sir  Ifaac  Newton's,  and  is  allowed  on  all  hands  to  be 
the  (horteft  and  bed  method  that  can  be  taken  for  yfhe 
purpofe.    I  therefore  conceive  that  the  only  anfwer/ that 
can  be  given  to  this  complaint  of  the  tedioufnefs  of  the 
foregoing  method  of  obtaining  the  leaft  root  of  an 
equation  of  a  high  degree,  is  that  which  is  faid  to  have 
been  given  by  Euclid,  the  author  of  the  Elements  of 

Eea  Geometry, 
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Geometry*  to  Ptolemy  Philadelphus,  King  of  Egypt,  wheit 
he  made  a  like  complaint  concerning  the  difficulty  of  that 
method  of  arriving  at  the  knowledge  of  Geometry,  to  wir, 
"  That  there  is  no « royal  highway  to  the  kuoiu'edge  of  Geo- 
"  metry,  and  tttuth  lefs  to  Hat  of  the  method  of  refolving  o» 
"  equation  of  the  eighth  degree^  cr  of  any  higher  order.1* 

End  of  the  Scholium  hegun  in  Art.  54. 


Art.  56.  In  the  foregoing  three  equations  which  *f 
have  TClolvcd  in  the  metnod  defcribed  above  in  art.  iot 
11,  12,  13,  and  14,  in  order  to  illuftrate  the  faid  method* 
<o  wit,  the  Cubic!:  equation  xs  —  39**  +  479-v  —  1881, 
and  the  equation  .v*  —  jx*  20.13  —  1 5 5-r 1  =i  ic,OCo, 
and  the  equation  .***  «+•  4.17  —  .r6  — .  io.i*  4-  5.1-*  —  5** 
—  io.t,:  —  io.v  =  5,  the  highefi  power  of  jr  is  marked 
with  the  fign  -f-,  or  the  fum  of  the  bigheft  power  of  x 
and  jhe  terms  that  are  added  to  it  is  greater  than  the 
ium  of  the  other  terms  of  the  equation  involving  the 
other  powers  of  x>  and  the  latter  Aim  is  fubtra&ed  from 
the  former  fum,  and  the  terms  that  compofe  it  arc 
lonfequently  marked  with  the  fign  —  •  But  the  method 
defcribed  in  art.  10,  11,  12,  13*  and  14,  is  equally 
ufeful  in  inveftigating  the  firft  near  value  of  the  leail 
root  of  an  equation  that  has  feveral  roots,  when  the 
highefl  power  of  v  is  marked  with  the  fign  — ;  of  which 
it  may  be  proper,  before  I  conclude  this  difcourfe,  to 
give  an  example.  I  (hall  therefore  now  proceed  to  apply 
this  method  to  the  refolution  of  an  equation  of  this  kind*, 
and  the  equation  I  {hall  chufe  for  this  purpofe  (hall  be 
the  biquadratic'*  equation  I4>937*  —  1998.1''  H-  8cx* 
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—  .r*  =  5000,  which  we  have  already  refolved  in  the 
former  part  of  this  volume,  and  which  refulted  from 
Dr.  Wallis's  Solution  of  Colonel  Titus's  Arithmetical 
Problem  above-mentioned.  This  equation  has  been  al- 
ready examined  at  great  length  in  the  former  part  of  this 
volume  ki  the  Appendix  to  Dr.  Halley's  Tract ;  and  it 
has  been  ihewn  to  have  four  different  real  and  affirmative 
roots,  to  wit>  the  numbers  0  3 50,987,  ore,  11756,441, 
794,480,744,022,  &c,  32.060,290*8,  &c,  and  34.832, 
280,  &c,  of  which  the  fecond,  or  lead  but  one,  to  wir^ 
12.756,441,794,480,744,02*,  &c,  was  jnveftigated  in 
pages  65,  66,  67,  &c  -  »  •  96,  and  the  -other  three 
were  inveftigated  afterwards  in  pages  144,  145,  146, 
fcc  -  -  -  175.  And  in  page  161  it  is  averted  that  the 
firft,  or  lead,  of  thefe  roots,  to  wit,  0.350,987*  &c, 
uould,  if  computed  to  a  greater  degree  of  exactnefs,  be 
found  to  be  equal  to  o  350,987,045,866,14.  This  lead 
root  I  now  propofe  to  inveftigatc  by  the  method  above- 
defcribed,  fo  as  to  find  a  firft  near  value  of  it  that  (hall 
be  fufticiently  near  to  it's  true  value  to  be  made  ufe  of  as 
a  convenient  ground,  or  bafts,  of  a  further  approxima- 
tion to  the  faid  true  value  in  the  manner  recommended 
by  Mr.  Raphfon  ;  and  I  (hall  afterwards,  by  means  of 
Mr.  Raphfon*s  method,  continue  the  inveiligation  of  it 
to  twelve  or  thirteen  places  of  decimal  figures,  but  (hall 
fay  nothing  more  of  the  other  three  roots  of  this  tquation, 
which  have  been  fufficienjiy  couGderpd  in.  the  former 
part  of  this  volume* 

Jrt.  57.  This  lead  root  of  the  equation  14,937*  -r 
19980.-*  +  8o.v3  —      =  5000  is  the  more  worthy  of 
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our  attention  and  of  a  more  accurate  investigation  than 
has  been  already  beftowcd  on  it,  becaufe  it  is  of  ufe  in 
the  folution  of  Colonel  Titus's  Problem  above-mention- 

ed,  as  well  as  the  fncond  root  1 2  7  56,44  •  ,794,480,744, 
022,  &c  which  Dr.  Halley  has  invcftigated :  for  it 
enables  us  (as  we  have  feen  above  in  pages  234,  235, 
and  236,)  to  find  the  fecond  fet  of  numbers,  or  of  values 
of  a%  by  and  r,  in  Colonel  Titus's  Problem,  that  will 
anfwer  the  conditions  of  that  problem,  to  wit,  the  num- 
bers 0.418,919,470,  &c,  3.912,226,866,  &c,  and 
4.044,884,670,  &c.  This  leafl  root  of  the  faid  equation 
14,937a-  —  1998a-1  +  8 ex3  —  a*  =  5000  I  (hall  there- 
fore  now  proceed  to  inveftigate  in  the  method  defcribed 

above  in  art.  10,  u,  12,  13,  and  14. 

• 

■  '■        ■       n  

Art  Jnvejiigatisn  of  the  Leajt  Root  of  the  B'tquadraiick 
Equation  14,937* — .  i998.tr1  +  #0.v3  — •  =  50CO 
by  Means  of  the  Proceffes  defcribed  in  Art.  10,  11,  12, 
13,  and  14,  and  Mr.  Rafhfons  Method  of  Approxi- 
mation, 


Art.  58.  In  the  firft  place  we  will  feek  the  root  of  the 
curtailed  equation  14,937a  +  80*3  =  5000,  or  14,937^ 
4-  Sov1  =  5000,  which  has  but  one  root.  And  this 
one  root  we  will  feek  by  conjectures  and  trials  made  in 
the  manner  dire&ed  by  Stevinus  and  Kerfey.  This  may 
be  done  as  follows : 

Lc: 
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t  Let  us  firft  fuppofe  y  to  be  =  i,  and  try  the  effect  of 
this  fuppofition. 

Now,  if  ;  is  sr  1,  we  (hall  have  ;*  alfo  =  I,  and 
and  8c;»  (=  80  X  1)  =  80.  Therefore  14,937;  + 
8oyT  will  in  this  cafe  be  (=  14,937  +  80)  =  15,017-, 
which  is  much  greater  than  5000,  or  the  abfolute  term 
of  the  equation  14*937?  +  8oy*  =  5000.  Therefore  1 
muft  be  much  greater  than  the  true  value  of  ;  in  this 
equation,  or  the  faid  true  value  of  y  muft  be  much  lefs 
than  r.  • 

%        1  '  ■  ► 

.  ,    q  *     « « ■  *  •  *  * 

„  i    .  -* 

Secondly,  fince  y  is  lefs  than  1,  yy  will  be  lefs  than  y9 
and  ;'  will  be  lefs  than  ;;,  and,  £  fortiori,  lefs  than  ;. 
Therefore  Bb;a  will  be  much,  lefs  than  14,937;,  and 
consequently  14,937;  alone  will  be  nearly  equal  to 
,4>937j^  +  80  v3,  and  therefore  to  (it's  equal,)  5000* 

Therefore  y  will  be  nearly  equal  to  ,  or  to  0.3?. 

Therefore,  (by  the  Lemma  demonftrated  in  art.  10,) 
©•33  (which  is  nearly  equal  to  the  (ingle  root  of  the 
equation  14,937;  +  8o;3  =  5000,)  muft  be  lefs  than 
the  lead  root  of  the  original  equation  14,937*  —  1998** 
+  8ox*  .**  =  500c,  and  may  therefore,  if  it  is  near 
enough  to  the  true  value  of  the  faid  lead  root,  be  con- 
veniently made  ufe  of  as  the  ground,  ot  bafis,  of  a 
further  approximation  $0  the  true  value  of  the  faid  lead 
root  by  putting  x  =  0.33-1-2,  and  fubftituting  o  33  4-s 
inftead  of  at  in  the  terms  of  the  equation  14,937* 
1998*1  +  8ox*  —  *4  =  5000,  and  refolving  the  tranf. 
fQrmcd  equation  refulting  from  fuch  fubftitution  as  if  it 
1  E  e  4  were 
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were  a  mere  furaple  equation,  according  to  the  directions 
of  Mr.  Raphfon. 

/rr.  59.  Wc,  muft  therefore  in  the  next  pjace  endea- 
vour to  difcover  whether  0.33  is  near  enough  to  the  true 
value  of  a-,  or  the  lead  root  of. the  propofed  equation 

I4i937r  —  >99^a  +  8q-Vj  —  .**  =  5°°P  to  be  fit  to 
be  made  ufe  of  in  tjiis  manner.  And  for  this  purpoCe 
we  mull  fijbftyute  it  intyead  of  x  in  the  quadrLnomul 
cjuaptity  14,0,37*  —  I99§x-*  •+-  Sdx1  —  and  com- 
pare the  value  of  the  faid  quadrinomial  quantity  retailing 
from  fuch  fubftitution  with  the  abfolute  term  5000,  to 
which  the  faid  quadrinomial  quantity  is  equal  in  the  pro- 
posed equation  14,93^—1998^  +  Hex*  —     =s  5000. 

Now,  if  x^sz  0.33,  we  (hall  fia»e  **  (=  033! XJ 

=  0.1039,  and  a-'  (  =  0.33V ^  =  0.035,937,  and  x*(= 

<^y$*)  =  0.011,859,21,  and  confequently  14,937*  (= 
14,937  X  0.33)  s=  4929.2/,  and  1998**  (=?  1998  >f 
0.1089)  —  217.5822,  and  Bar3  (  =  80  X  0.035,937) 
2.874,960.    Therefore  the  whole  compound  quantity 
14,9370:  —  J99&*2  -f  80*5  —  .v*  will  be  (=*  4929.21 
—  217  5822  .-r   2.574,960  —  0.011,859,21  ^  4932. 
.084,96©        217.594,059,21)  =  4714.490,900,79; 
which  is  confiderably  lefs  than  5000,  or  the  abfolute 
term  of  the  propofed  equation  14,937*  —  ^998**  + 
Ew*3  —  x*  =  5000.    Therefore  0.33  will  he  confider- 
ably Icfs  than  the  true  value  of'*,  or  the  leaft  root  of 
that  equation  :  and  therefore  it  will  be  expedient  to  form 
another  conjecture  concerning  the  faid  true  value  of  x, 
that  will  be  rather  nearer  to  it.    And,  on  account  of 
the  magnitude  of  the  difference  of  the  foregoing  refult 
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4714.490,900,79  from  the  abfolute  term  •  5000,  it 
feems  reafonable  to  conje&ure  that  the  laid  true  va- 
lue will  be  wry  nearly  equal  tfr  0.35.  We  will  there- 
fore fuppofc  x  to  be  equal  ta  0I35,  and  will  fub- 
ftitute  0.35  inftead  of  x  in  the  terms  of  tha  cjuadri- 
nomial  quantity  14,937*  — ■  1998**  -f-  8o;r*  In 
order  to  difcover  whether  the  xefult  of  fuch  fabftitutioa 
will  be  greater,  or  lefs,  than  the  abfolute  term  5000, 
and  consequently  whether  0.35  will  be  greater,  or  lefs, 
than  the  true  value  of  #,  or  the  leaft  root  of  the  propofed 
equation  14593$;*  —  1998**  +  80*3  *♦ :  =  ^©po, 
and  like  wife  wjhet  her  the  faid  -re&uVwill  approach  near 
enough  to  the  faid  abfolute  term  to  make  it  expedient  to 
make  ufeof  0.35  as  the  ground,  or  bafis,  of  a  further 
approximation  to  the  true  value  of  the  faid  leaft  root  in 
the  manner  recommended  by  Mr.  Raphfon. 

Art,  6q.  Now,  if  x  is  6.35,  we  (hall  have  jt  (= 
035)*)  =  0.1225,  and  xT  (=  0351')  =  0.042,875, 
and  .*•*(  =  0.015,006,25,  and  confequently 

J4>937*  (=  14,937  X  0.35)  =  5227.95,  and  1998** 
(-  1998  X  0.1225)  =  244.75^  atld  *ox%  <  =  80  X 
0.042,875)  =  '3.'4 30,000,  and  confequently  14,937.?  — - 
1998  V1  +  8o,v3  —  (=  5227.95  —  244.7550  + 
3430,000  : —  0.015,006,25  =  5231.3^0,000  —  244. 
.770,006,25)  =  4986.609,993,75;  which  is  fomcwhat 
lefs  than  £006,  or  the  abfolute  term  of  the  equation 
J4>937*  —  1998^  -f-  8cx3  —  x*  =  5060 ;  but  the 
difference  between  them  is  but  fmall.  Therefore  0.35 
will  be  fomewhat  lefs  than  the  true  value  of  x%  or  the 
faid  equation/;  but  the  difference  between  them  will  be 
but  fmall.  c^  e.  1. 

Art,  61. 
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Art.  61.  We  wtU  therefore  now  take  0.55  for  the  bafi* 
of  a  further  approximation  toward*  the  true  value  of  xj 
or  the  leaft  root,  of  the  proposed  equation,  in  the  manner 
recommended  bjr  Mr.  Raphfon,  and  inppofc  *  to  be  as 
0.35  +  «,  and  fubftitule  tke  (aid  binomial  quantity  in, 
ftead  of  -x  in  the  terms  of  the  faid  equation.  This  »ajr 
be  done  in  the  following  manner : 

Since  'jr.  is  =  0.35  . 4-  *,  we  (hall  hare  x1  (  = 
0.3S  +  *V  ~  oT^V  -H-2  X  0.35  Ksi&cs  o^1 
-f*  0.70  Xs  +  Jcc)  «  0/1*15  +  0.70  X  i  +  &c, 

  r  1  .,   •   

*nd  *'  (=  0.35  -r  ~  ^JH1  +  3X  o7i5l*  x  % 
+  &c  =  o.35ls  +  3  X  0.1225  X  s 
+  &c  =  <M?3  +  0.3675  X  %  +  &c) 

==  0.042^75  +  O.3675  X  *  +  *C> 

and  x4  (=  0.35  +  al*  =*  0.35V  +  4  X  0.35V  * 
z  +  &c  rs  0.35I4  +  4  X  0.042,875 
X  *  +  &c  =  0.35I4  +  0.171,500  X 
z  +  Sec)      0.015,006,25,  +  0.171,500 

X  36  +  &C. 

Therefore  i4>937*  will  be  (=  14,937  X  0.35  +  « 
=  M.937  X  0.35  +  14,937  X  z)  =  5227.95  + 
14>937Z»  an<*  i998.tr  will  be  (  =  1998  X 

0.1225  +  0.70.X.  si  +  &c  =  1998  X  0.1225  -h  1998 
X  O.70  X  z  +  &c)  as  244.7550       1,398.60  X  a  1 

an4 
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and  8or*  will  be  (=  80  X  fo.04 2,875  +  0.3675  X«  +  &c 

«  80   *  0.042,875   +80X  O.3675    X  *   +  &C)  a 

3.430,000  ^-  29.4000  X  z  +  &c ;  and  consequently 
the  whole  quadrinomial  quantity  14,937^  —  1998.V*  + 


8o:r3  —  will  be  equal  to  the  following  compound 
quantity,  to  wit, 


5231.380,000,00  +  14,966.400,000  X  *  +  &c 
244.770,006,25  -    1,398.771,300  X  »  -  &c 


} 


4986.609,993,75  f  13,567.628,500  X  z  &c 


But  the  quadrinomial  quantity  I4»937<r  —  1998^*  -f- 
80*?  —  x+  is  =  500a 

Therefore  the  quantity  4986.609,993,75  +  13*567. 
.628,500  X  z  &c  will  alfo  be  =  5000.  And  confe- 
qucntly  13,567.628,500  X  z  will  be  (=  5000.000,000,00 
—  4986.609,993,75)  =  13.390,006,25,  andz  will  be 

{=  i3,56?.6.8,5oo>  =  °-coo'986,9-  Therefore  *,  or 
0.35  +  z,  will  be  (=  0.35  +  0.000,986,9)  =  0.350, 
986,9,  or,  very  nearly,  0.350,987  ;  that  is,  0.350,987 
will  be  another  near  value  of  xt  or  the  leaft  root  of  the 
propofed  equation  14,937*  —  1998**  -f-  8o*a  —  x* 
=  5000,  that  will  be  much  nearer  than  0.35,  or  it's  laft 
near  value,  to  jt's  true  value.  o.  1.  1. 

Art.  62. 
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ArU  f>2.  Now,  in  order  to  difcover  how  near  this  Ia& 
number,  0.350,987,  will  approach  to  the  true  value  of  x, 
or  the  lcaft  root  of  the  propofcd  equation  t4,937x  — 1998** 
+  Box?  —  x4  =  500c,  and  likewife  to  difcover  whether  it 
will  be  greater,  or  lefs,  than  the  faid  true  value,  let  0.350, 
987  be  fubftituted  in  (lead  of  *  in  the  terms  of  the  qua- 
drinomial  quantity  14,937*  —  1 998 a*  +  8o*»  —  a*. 
This  may  be  done  as  follows ; 

If  *.  is 0*350,987,  we  (hall  have  x*  3=  0^123, 
i9I>87>4^69,  and  *'  =  0^43,238,746,338,954,803, 
and  x4  ss  0.015,176,237,861,270,729,440,561,  and  cen- 
fequently  M>937*  («  *4»937  *  0.350,987)  «  5242. 
692,8 19,  and  1998**  (=  1998  X  0.123,191,874,169) 
=5  246.137,364,589,662,  and  8cx3  (=  80  X  0.043,238, 
74^»33*>954»So3)=  3.459,099,707,116,384,240.  There- 
fore the  whole  quadrinomial  quantity  14,937*—  J998X* 
■+•  8o*J  —  *4  will  be  (=  5247.692,819,  —  246.137, 
364,589^62  +  3-459>°99.7o-»i  16,384,240  —  o.cx  s, 

I76>^37^&6M70>729t44o>56*,  =  SM^- i5*>9l8>7°7» 
116,384,240  —  246.i52,54o,827,523,27o,729»44O,56'0 

=  4999-999>377>879>593>,I3>5I°o59>439  i  wnich  « 
lefs  than  5000,  or  the  abfolutc  term  of  the  equation 

14,937*  1998X1  +  So*1  —  x4  =  5000.  There- 
fore 0.350,987  is  lefs  than  the  true  value  of  x,  or  the 
leaft  root  of  that  equation,  o<  e.  l. 

9  *  t  •  * 

* 

* 

• 

Art.  63.  We  will  therefore  now  put  x  =  c.350,987 
+  s,  and  fubftitute  this  binomial  quantity  inftead  of  x 
in  the  propofed  equation  14,937*  1998**  4*  8o*3  — 
x4  =  5Cco,  and  refolvc  the  transformed  equation  thence 

anting 
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arifing  in  the  manner  prefcribed  by  Mr.  Raphfon,  1%. 
order  to  obtain  a  dill  nearer  value  of  or  the  lead  root 
of  the  faid  equation,  than  0.350,987,  This  may  be 
done  in  die  manner  following  : 

Since  x  is  =  0.350,987  +  z,  we  (hall  have  *2  (= 

0.350,987  +  z)1  =  0.350,987V  +  2  X  o.350,98> 

X  z  +  &c  =  0.350,987) 2  0.701,974  X  z  +  &c) 
=  0.123,191,874,169  +  0.701,974  X  2  +  &c, 

and  *•  (=  0.350,987  +  z)i  =  .0.350,98713  +  3  x 
0.350,987V  X  z  +  &c  =  0-350,9^7^ 

+  3  X  0.123,191,874,169  X  z  4-  &C  a 

0.350,987^3  +  0.369,575,622,507  X  z  + 
&c)  =  0.043,238,746,338,954,803  + 
°-369>S75>622>5°7  X  z  +  &c, 
and  *♦  (=  0.350,987  +  £[  ♦  =  0.350,987^  +  4  x 
0T3507987I3  X  z  +  &c  =  0.350,987V 
+  4  X  0.043,238,746,338,954,803  X  2 

+  &c  =  0.350^87". 4  +  o.i72,954,985» 
355,819,212  Xz  +  &c)  =  0.015,176,237, 

861,270,729,440,561  +  0.172,954,985, 

355,819,212  X  z  +  &c. 

Therefore  14,937*  will  be  (=  14,937  X  0.350,987+2! 
—  *4>937  X  0.350,987  +  14,937  X  z)  =  5242.692, 

**9  +  *4>937*; 

and 
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and  1998**  will  be  (=  1998  * 


0.123,191,874,169  +0.701,974  X  x  +  &C 
=  1998  X  0  X23,191,874,169  +  1998  X 
0.701,974  X  z  +  &c)  =  246.137,364, 
589,662  +  1402.544,052  X  *  +  &c; 

|hd  8arJ  will  be  (=  80  X  0.043*238,746,338*954,803 
+  80  X  0  369,575,622,507  %  z  +  &cj 

—  3'459*°99>7°7>11^384>240  +  29.566, 
049,800,560  X  z  4-  Sic  1 

arid  confequentty  the  whole  quadrinomlal  quantity 
14,937*  —  1998**  4*  80  —  *♦  will  be  equal  ttf 
the  following  compound  quantity,  to  wit* 


^  .  -  - 


5242.692,819  4-  *4,937  *  * 

—246.137,364,589,662  —  1402.544*052  x  x  —  ice 

4-   3.4i9»o9^707,"6,384,240  +    29. 5  66^049,800, 5  60  x 
—  0.015,176,237,861,270,729,440,561  * 

-  0.171,954,985,355,819,21*  x 

/  5246.151,9x8,707,116,384,240  .  •  ^ 
J  4-  14,966.5^6,049,800,560,  X  x  4-  &c  I 

*S  -246.152,540,827,523,270,729,440*561  f 
f  —  1402  717,006,985,355,819,212  X*  — &c  I 

=  4999-999>377>879,593>»3i5io>559»43?  —  *3»S63- 
.849,042,815,204,180,788  X  x  &c. 


But  the  quadrinomlal  quantity  14,937*  — '  *998*4  + 
8o.v3  —  x+  is  =±  500* 

Therefore 
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Therefore  the  quantity  4999.999»377i879»593»"3>5»0» 
559*439  +  ii>5^3-849>°42,8 1 5,204,180,788  X  2  &c 
will  alfo  be  =  5000;  and  consequently  the  quantity 
13,563.849,042,815,204,180,788  X  z  &c  will  be  =3 

{£OO0.O0O,OOO,OCO,O0O,OOO,OO0,OOO,0OO 
-  4999-999»377i879»593.»i3»5 10,559,439  J 

=         O.0OO,62  2,1  20,406,886^9^40,561, 

and  z  will  be  =  0-OQO'022>120>4o6^^A>4s9i44o>56ft 

1  j>563-849'°4a»8l$»*°4»'8o,788 

* 

,0.000,000,045,866,06  &c.  Therefore  x9  or  0,350,987 
+  2,  will  be  =  0.350,987  +  0.000,000,045,866,06  &c 

=  0.350,987,045,866,06  &C  E.  I. 

Art.  64.  This  value  of  x  differs  from  the  number 
0.350,987,045,866,14  (to  which  I  had  aflerted  in 
page  161  that  the  lead  root  of  the  equation  14,937*  — 
1998**  +  80*'  —  as  5000  would  be  found  to  be 
equal,)  in  the  13th  place  of  decimal  fra&ions;  fo  that  I 
mud  have  made  a  flip  in  one  of  the  two  calculations  by 
which  I  obtained  thefe  numbers  in  that  place  of  figures. 
But,.as  this  difference  of  the  two  numbers  occurs  only  in 
the  13th  figure,  we  may  fafcly  conclude  that  the  firft 
twelve  figures  0.350,987,045,866,  of  the  number  0.350, 
987,045,866,06,  that  has  juft  now  been  obtained  by  the 
foregoing  inveftigation,  which  are  the  fame  in  both  cal- 
culations, will  be  exact. 

End  of  the  General  Method  of  invejii gating  the  7 'wo  cr 
Three  Firfl  Figures  of  the  Lenjl  Root  of  an 
Equation  that  has  more  than  One 
Real  and  Affirmative  Root. 
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A  Specimen  of  Viet  a' s  Method  of  refolving 
Algebraick  Equations  of  any  Order  by  Ap- 
proximation ;  containing  an  Example  of  the 
Refolution  of  the  Equation  x%  —  $x%  + 
$oox  =  7,905,504,  (which  is  the  SubjeEt 
of  the  1  $th  Problem  of  his  Difcourfe  upon 

this  Subject  J  according  to  his  Method.  * 

»  i  1 

*  • 

mm^mmm —— —       ■  1 

t 

Article  I.  JN  the  foregoing  part  of  this  Volume  of 
Trails  I  have  endeavoured  to  explain  and 
illuftrate  the  three  fevcral  methods  of  refolving  Affetled 
Algebraick  equations  by  approximation  thatliave  been 
given  us  by  Sir  lfaac  Newton,  Mr.  Raphfon,  and  Dr. 
Halley,  and  have  compared  them  with  each  other,  in 
order  to  enable  my  readers  to  judge  of  their  feveral 
merits,  and  determine  to  which  of  them  they  will  give 
the  preference.  This  comparifon  has  been  made  between 
Mr.  Raphfon's  and  Dr.  Halley's  methods  in  the  Appendix 
to  Dr.  Halley's  Trac"l  on  this  fubje£t,  which  forms  the 
Second  Trad  in  this  colledion,  and  extends  from  page  25 
to  page  183.  In  this  Appendix  I  have  refolved  each  of 
the  three  equations  which  Dr.  Halley  has  brought  as 

F  f  2  examples 
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examples  of  his  method  of  refblutkm,  to  wit,,the  cublek 
equation  x*  —  l-jx%  +  $4*  =  350,  and  the  biquadra- 
tick  equations  x*  —  %xx  +  75*  sx  10,000  and  14,937* 
—  1990V  +  Sox1  —  —  5000,  in  two  different  man- 
ners, to  wit,  firft,  in  the  manner  prefcribed  by  JSu 
HaHey,.and,  fecoadlyj  m  the  manner  prefcribed  by  Mr. 
Raphfon,  that  the  advantages  and  difad vantages  of  each 
method  may  be  the  more  apparent :  anjd  I  have  ft  a  ted  my 
reafons  for  thinking  that,  in  moft  cafes,.  Mr.  Raphfon's 
method  defcrves  to  be  preferred  to  Dr.  Halley's.  And  1 
have  compared  Shr  Ifaac  Newton's  method  of  resolution, 
with  that  of  Mr.  Raphfon  in  the  Trad  mtirfed  "  Oh- 
fervations  on  Mr.  Raphfon's  Method  of  refolv'mg  AfeQed 
Equations  of  all  Degrees  by  Approximation"  which  extends 
from  page  279  to  page  323  5  in  which  Tra£k  I  have  re- 
folved  the  only  equation  that  has  been  brought  by  Sir 
lfaac  Newton  as  an  example  of  his  method,  to  wit,  the; 
cubick  equation  xl  —  zx  ==.  5,  in  two  different  manners* 
io  wit,  firft,  in  the  manner  prefcribed  by  Sir  Haac  New* 
ton,  and,  fecondly,  in  the  manner  prefcribed  by  Mr. 
Raphfon*,  and  have  compared  the  methods  with  each; 
other  in  the  feverai  proceffes  of  them,  ftep  by  ftep,  and 
mentioned  my  reafons  for  concluding  that  Mr.'Raphfon's 
method,  though  it  differs  but  httle  from  Sir  Ifaac  New- 
ton's, yet  deferves,  in  fome  degree,  to  be  preferred  to  it. 
And,  as  in  all  thefe  three  methods,  of  Sir  ifaac  Newton, 
Mr.  Raphfon,  and  Dr.  Haliey,  it  i*  prefuppofed  that  the 
calculator  is  already  able  to  find  the  value  of  (or  the 
firft  near  value  of  *,  or  the  root  fought,)  to  a  tolerable 
degree  of  exa&nefs,  (or  to  within  one  hundredth  pars, 
or,,  at  leaft,  to  within  one  tenth  part,  of  the  true  yahte 
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of  *,)  cither  by  conje&ure  and  trial,  or  otherwife,  which 
firft  near  value,  ay  is  to  be  made  the  ground,  or  bafts,  of 
a  further  approach  to  the  true  value  of  x  by  their  feveral 
methods  of  approximation and,  as  neither  of  thofe 
eminent  writers  has  given  his  readers  any  directions  as 
to  the  manner  of  finding  fuch  fir  ft  near  value;— I  have 
endeavoured  to  fopply  this  defect  by  re -printing  the 
10th  Chapter  of  Mr.  John  Kerfey's  excellent  Treatife  oh 
Algebra,  in  which  that  clear  and  eafy  writer  has  fet-forth 
and  illuftrated  by  examples  the  general  method  given  us 
by  Simon  Stevinus,  (the  Flemifli f  Mathematician  of  the 
former  part  of  the  laft  century,)  for  that  purpofe:  and 
to  this  method  I  have  fubjoined  a  little  improvement  of 
my  own,  which  will  be  of  ufe  in  fome  particular  cafes, 
which  might  otherwife  create  fome  doubt  and  per- 
plexity :  1  mean  thofe  cafes  in  which  fome  of  the  terms 
which  involve  the  powers  of  x  in  the  equation  are 
marked  with  the  fign  -f*,  and  others  of  them  are  marked 
with  the  fign  — ,  and  in  which  it  is  consequently  often 
probable  that  the  equation  that  is  to  be  rcfoh/ed  may 
have  more  than  one  real  and  affirmative  root  j  in  all 
which  cafes  the  improvement  here  alluded -to  will  enable 
us  to  find  a  quantity  that  will  always  be  lefs  than  the 
Jeaft  of  the  feveral  different  roots  of  the  equation,  if  it 
has  more  than  one  fuch  root,  or  than  the  only  root  of  it, 
if,  notwithftanding  the  appearances  to  the  contrary,  it 
(hould  have  only  one  fuch  root  \  and  from  this  quantity 
(which  is  always  lefs  than  the  true  vtilue  of  the  faid  leaft, 
or  only,  root,)  we  may  make  gradual  approaches,  by 
Stevinus's  method,  or  otherwife,  to  the  faid  true  value, 
\\\\  we  are  come  near  enough  to  it  to  make  it  expedient 

F  f  3  to 
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to  proceed  afterwards  to  greater  degrees  of  eaactnefs  by 
Mr.  Raphfon's  method  of  approximation.  Ant!  m  this 
h(i  Tract  I  have  likcwife  (hewn  how,  when  the  leaft,  or 
only,  root  of  the  propofed  equation  has  been  fo  discover- 
ed, we  may,  if  the  equation  has  no  other  root  befides 
that  which  has  been  fo  discovered,  determine  with  cer- 
tainty that  it  has  no  other  root,  and,  if  it  has  one  or 
more  other  roots,  redoce  the  equation  to  another  equa- 
tion one  degree  lower  than  the  former,  which  will  in- 
volve the  faid  other  root  or  roots  of  the  firft  equation  » 
after  which  we  may,  by  performing  the  Kke  proceffes 
with  refpect  to  the  fee  on  d  equation,  at  feft  obtain  the 
values  of  all  the  feveral  rootsf  of  the  faid  firft  equation, 
to  as  great  a  degree  of  exactnefs  as  we  pleafe.  And  this 
feems  to  be  aH  that  is  neceflary  to  be  done  towards 
making  this  method  of  rcfolving  equations  by  approxi- 
mation, according  to  the  directions  given  us  by  Mr. 
Raphfon,  quite  complcat.  I  therefore  now  hope  rhar, 
after  the  careful  perufal  of  all  the  foregoing  Tracts  con- 
tained in  this  volume,  the  reader  will  find  himfclf  per* 
fettly  mailer  of  Mr.  Raphfon's  method  of  refolving  high 
affected  equations  by  approximation,  and  will  be  able  to 
apply  it  readily  to  the  refolution  of  any  Algebiaick 
equation  that  may  be  propofed  to  him  to  contribute 
to  which  was  the  principal  object  I  had  in  view  in  pre- 
paring thefe  difcourfes  for  the  prefs.  I  might  therefore 
here  with  propriety  put  an  end  to  this  volume.  Bur,  as 
there  is  another  method  of  refolving  all  equations  by 
approximation,  which  was  invented  by  the  celebrated 
Victa,  above  a  hundred  years  before  the  publication  of 
Mr.  Raphfon's  and  Dr.  ilalK-y\s  methods,  and  which  was 

generally 
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generally  adopted  and  pra&ifed  by  the  ableft  Mathema- 
ticians of  thofe  times,  and  particularly  by  Mr.  Oughtredj 
Dr.  Pell,  and  Dr.  Wallis,  though  it  has  fince  been  aban- 
doned on  account  of  the  greater  facility  of  the  methods 
of  Sir  Ifaac  Newton,  Mr.  Raphfon,  and  Dr.  Halley 
I  conceive  that  it  will  be  agreeable  to  the  readers  of  thefc 
Tracts  to  be  made  acquainted  with  the  principles  on 
which  tt  is  grounded,  and  the  manner  in  which  we  arc 
enabled  by  it  to  inveftigate  the  value  of  the  root  of  any 
equation  whatfoever.    And  for  this  reafon  I  (hall  now 
proceed  to  lay  before  the  reader  a  fpecimen  of  this  me- 
thod, by  refolving  in  the  manner  prefcribed  by  it  one  of 
the  affected  equations  which  Vieta  himfelf  has  exhibited 
as  an  example  of  it :  but  in  doing  this  I  (hall  not  adopt 
that  writer's  language,  or  phrafeology,  becaufe  it  is  now 
grown  fo  obfolete  that  the  ufe  of  it  would  only  tend  tof 
increafe  the  difficulty  of  underftanding  the  method  it* 
felf. 

Art.  2.  The  equation  I  (hall  felecl:  for  this  purpofe  is 
that  which  is  the  fubjedt  of  the  1 5th  I  roblem  of  Vleta's 
tHfcourfe,  intitled,  "  De  Numerofd  PotcJIjtum  Adfedarum 
Rrfolut'um?  in  pages  2oS,  209,  and  2 JO  of  Schooten's 
edition  of  his  works  publifhed  at  Leyden  in  the  year 
1646,  and  which  is  expreflcd  as  follows  in  his  notation  ; 
to  wit,  iQC  -  5C  +  5C0N  =  7,90c, $04;  th-it  is, 
"  the  product  of  the  multiplication  of  the  fquare  (Q) 
of  a  certain  unknown  number  (N)  into  the  cube  (C  )  of 
the  fame  number,  being  fir  ft  diminiftied  by  fubtracling 
from  it  5  tlhies  the  cube  (C)  of  the  faid  number,  and 
being  then  increafed  by  adding  to  the  remainder  of  the 

F  f  4  faid 
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/aid  fubtraaion  500  tiroes  the  faid  number  (N)  ttfetff 
and  the  refuk  being  fuppofed  to  be  equal,  to  the  given, 
or  known,  number  7*905,504  ;  it  is  required  to  find  the 
faid  number  (N)  itfelf."  This  problem,  if  expreficd  in 
our  prefent  more  convenient  Algcbraick  notation,  will, 
jf  we  put  x  for  the  unknown  number  fought,  be  as  fol- 
lows ;  "  If  x'  —  +  5CO*  be  —  7,905,504,  it  is  re- 
quired to  find  the  number  *  "  We  will  therefore  now 
endeavour  to  (hew  in  what  manner  Vieta  proceeds  to 
find  the  faid  number  .r,  or  the  root  pf  the  equation; 
x>  —  5*J  +  5ooAf  =  7,905,504. 

Art,  3*  The  trinomial  quantity  Xs  —  5**  +  500*, 
(which  forms  the  fir  ft,  or  left-hand,  fide  of  the  equation 
x*  —  5-**  +  $oor  —  7>995>5C4)  i*  called  by  Vieta  an 
fijfe&ed  fifth  power  of  x%  in  contra-diftin£Uon  to  the 
fingle  quantify  xs  which  he  calls  the  pure  fifth  power  of  x\ 
and  he  calls  the  faid  trinomial  quantity  by  this  name  0/ 
an  erfetled  fifth  power  of  becaufe  the  quantity  x59  or 
the  pure  fifth  power  of  x$  occurs  in  it,  but  is  intermixed 
with,  and  ajfeftedy  or  altered  in  its  magnitude,  hy>  the  twp 
terms  $x>  and  50c*,  which  invplve  two  lower  powers 
of  x,  of  which  the  former  term  5**  is  fqbtracled  from  x'9 
and  therefore  tenq>  to  diminifh  it,  and  the  latter,  term 
500*  is  added  to  x\  and  therefore  tenrfs  to  increafe  it. 
And  Vieta's  manner  of  mveitigating  the  value  of  x  iu 
the  faid  trinomial  quantity*  or  affected  fifth  power  of  *, 
to  wit,  —  5*3  +  500*,  when  the  faid  fifth  power  is 
fuppofed  to  be  equal  to  the  known  number  7,905,504,  is 
fimilar  to,  and  derived  from,  his  manner  of  inveftigatiog 
the  value  of  x  in  the  pure  fifth  ppwer  of  #,  to  wit,  tl* 


Digitized  by  Google 


ALGEBKAICK  F.QtTAflONS  BT  AV?*OTlU  4TI0N.  44t 

tingle  quantity  **,  when  the  faid  pure  fifth  power  of  x9 
or  the  fingle  quantity  .v',  is  equal  to  the  fame  known 
number  ^905,504  ;  or,  in  other  words,  his  manner  of 
refolving  the  afletfted  equation  xs  —  5**  +  500*  = 
7,905,504  is  fimilar  to,  and  derived  from,  his  manner  of 
refolving  the  pure  equation  =  7,905,5^4,  or  of  ex- 
tracting the  fifth  root  of  the  known  number  7^905,504. 
Therefore,  in  order  to  underftand  Vieta's  manner  of  in- 
veftigating  the  value  of  *  in  the  affccled  equation 
xs  —  5.t3  +  $OQx  =  7,^05,504,  we  muft  firft  conGder 
his  manner  of  ipveftigating  the  value  of  x  in  the  pure 
equation  =  71905,504,  or  his  manner  of  extracting 
the  5th  root  of  the  number  7,905,504.  Now  his  man- 
ner  of  extracting  this  5th  root  is  as  follows  : 

«     «  .  ■  ' 

♦ 

Thi  Extrafiion  rf  the  Fifth  Root  of  the  Nmnher  7,905^^0^ 
oxettding  to  VietJs  Method  of  Invft'igdttoH.    '!  - 

1,  ■■—  '    ,  ■ 

■«. 

'  •  r  •  •         *  *■* 

*  ; .         ^  1 

r  •  *       *  , 

Art.  4.  We  muft  firft  compare  the  given  number 
7,905,504,  (of  which  we  are  required-"  to  find  the  5th 
root,)  with  the  fifth  power  of  the  number  10,  in  order 
to  determine  whether  the  faid  clh  root,  which  we  are 

feekingj  will  be  greater,  or  lefs,  than  10. 

»  .     -1  .  . 

*  -  *  I|      .  >  *    V  •  S  m  -4  ■ 

t  s.'  ■       '  «■    'I'    '  '  '*     '      '  '* 

'  \ 

vtNbw  the  fifth  power  of  ipis  f  00,000,  which  is  much 
lefs  than  the  gWcri  number  7*905,504.   Therefore  10 

will 
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be  lefs  than  the  fifth  root  of  the  faid  given  number, 
or  the  faid  fifth  root  will  be  greater  than  10. 

We  muft  next  compare  the  given  number  7,905,504 
with  the  fifth  power  of  the  number  mo,  in  order  to 
determine  whether  the  faid  fifth  root  of  7,905,504,  which 
we  are  feeking,  will  be  greater,  or  lefs,  than  10c. 

Now  the  fifth  power  of  100  is  10,000,000,000,  which 
It- much  greater  than  the  given  number  7,905,504, 
Therefore  100  will  be  greater  than  the  fifth  root  of  the 
faid  given  number,  or  the  faid  fifth  root  will  be  lefs 
than  100. 

We  therefore  now  know  that  the  faid  fifth  root,  which 
we  are  feeking,  is  greater  than  10,  but  lefs  than  ICO. 

But  the  higheft  figure  of  every  number  that  is  greater 
than  10  but  lefs  than  100  muft  be  a  figure  in  the  place 
of  tens,  and  muft  be  either  1,  3,  3,  4,  5,  6,  7,  8,  or  9 
in  the  place  of  tens,  and  consequently  muft  be  equal  to 
either  10,  or  20,  or  30,  or  40,  or  50,  or  60,  or  70,  or 
80,  or  90. 

Therefore  the  higheft  figure  of  the  number  which  is 
the  fifth  root  of  7,905,504,  will  be  a  figure  in  the  place 
of  tens,  and  will  be  either  1,  2,  3,  4,  5,  6,  7,  8,  or  9 
in  the  place  of  tens,  and  confequently  will  be  equal 
either  to  10,  or  20,  or  30,  or  40,  or  50,  or  60,  ot  70, 
or  8o,  or  90* 

Further, 
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Further,  the  number  7,905,504  is  t  greater  than 

3,200,000,  or  than  32  X  100,000,  or  than~D*  X  \o\\ 
but  lefs  than  24,300,00*),  or  than  243  X  100,000,  or 

than  3I5  xTcV.  Therefore  the  fifth  root  of  7,905,504 
will  be  greater  than  the  fifth  root  of  3,200,000,  or  thart 
2  X  10,  or  than  20;  but  it  will  be  lefs  than  the  fifth 
root  of  24,300,000,  or  than  3  X  10,  or  than  30.  There- 
fore the  highefl  figure  of  the  number  which  is  the  fifth 
root  of  7,905,5:4  will  be  a  2  in  the  place  of  tens,  and 
will  rcprefent,  or  fttind  for,  20.  And  thus  we  have 
found  the  firft,  or  higheft,  figure  of  the  fifth  root  of 
7,905,504,  which  we  are  feeking.  c^.  e.  i. 

■ 

Art.  5.  Now  let  a  be  put  for  20,  and  z  for  the  un- 
known remaining  part  of  the  fifth  root  of  7,905,504. 

» 

Then  will  a  +  2  be  =  ^5  (7,905,504,  and  confer 
quently    +  s]5  will  be  =  7,905,504. 

But  a  +  z)$  is  =  aS       5^3  +   iofl'z2  +  IOcV 

1 

Therefore  tfS  4-  50*3  +  I0<?J2*  +  io*V  +  $<7z+ 
z5  will  be  =  7,905,504  ;  and  (fubtradling  aS  from 
both  fides,)  $a4z  +  icaV  +  1 00  V  -f  5^3*  +  a*  will 

be  =  7>9°S>5°4  "s  ( =  7*005,504  -  ~2c|5  = 
7,905,504  —  3,200,000)  =  4>7°5»5°**  which  Vieta 
calls  the  Refolvend.  Therefore  $a*z  alone  will  be  lefs 
than  4,705,504,  and  confequently  2  will  be  lefs  than 

i£5j2i ,  or  thim  ±124^ ,  cr  than  ,  f 

cr 

7 
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or  than  yog. $04    or  than     g  &c    ^  ^ 

000,000 

/ore  fuppofe  a  (which  we  know  to  be  left  than  5.8 
&c,)  to  be  =  5,  and  will  fubftitute  5  in  Read  of  2  in 
the  quinquinomial  quantity  50*2  4-  xoaiz'  +  ic*V 
4.  $az4  4.  2%  in  order  to  difcover  whether  the  va- 
lue of  that  quinquinomial  quantity  refulting  from  fuch 
fubditurion  will  be  equal  to,  greater  than,  or  lefs  than, 
4,705,504,  and  consequently  whether  5  will  be  equal  to, 
greater  than,  or  lefs  than,  the  true  value  of  2. 

Now,  if  z  is  =  5,  we  (hall  have  x*  =  25,  and  z*  ^ 
125,  and  z4  =  625,  and  2'  =  31*5,  and  confequently 
5^*2  -f  $oa3z-  4-  lOrrz1  -f*  5***  +  :5  (=  §a4  X  5  + 
ICX.-3  x  2S  +  ioaa  X  125  +  5«  X  625  +  3125  =  5 
X  l6o,oco  X  5  +  TO  X  80OO  X  25  +  10  X  400  X 
*?S  +  5  X  20  X  625  4-  3125  =  800,000  X  5  -f» 
8c,coo  X  25  +  4000  X  125  -f  ico  X  615  +  312$ 
=■  4,000,000  2,000,000  +  500,000  +  62,506  4- 
3125)  =  6,565,625.  This  number  is  greater  than 
4,705,504.  Therefore  5  muft  be  greater  than  *,  or  z 
(which  we  before  knew  to  be  lefs  than  5.8  &c)  will  not 
only  be  lefs  than  5.8  $c,  but  alfo  lefs  than  5. 

Let  us  therefore  in  the  next  place  fuppofe  2  to  bq 
=  4,  and  try  the  effect  of  that  fuppofitiou. 

Now,  if  z  is  —  4,  we  (hall  have  s*  =  1 6,  and  xi  = 
64,  and  z4  =  256,  and  z$  =  1024,  and  confequently 
5.1*2  4-  iortV  4-  lOaV  4-  5^z4  +  zs  =  S°4  x  4  + 
*p.i3  X  16  +  lOa%  X  64  -J-      X  256  +  1024  (  =  5 

X 
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X  160,000  X  4  +  10  x  8000  x  16  +  10  X  400  X 

64  +  5  X  20  X  256  +  IO24  =  800,000  X  4  + 
8o,0C0  X  16  +  4C00  X  64  +  100  X  25^  +  IO24  as 
3,200,000  +  l,28o/000  +  256,000  +  25600  4-  1024) 
=  4,762,624.  This  number  is  alfo  greater  than  4,705, 
504,  though  not  in  any  great  proportion.  Therefore  4 
mutt  be  fomewhat  greater  than  z,  or  *  mud  be  lefs 
than  4>  ad  well  as  lefs  than,  5*8  &c  and  5*  We  will 
therefore  in  the  next  place  fuppofe  z  to  be  =  3,  and  try 
the  effecl  of  that  fuppofition. 

Now,  if  z  is  =  3,  we  (hall  have  2a  =  9,  and  »3  =  27, 
and  z4  =  Si,  and  z*  =.  243,  and  confequently  sa*z  + 
lO/^z*  4-  tea2*}  +  5/7Z4  4-  z*  =  5a4  X  3  +  ioa*  X 
9  4-  ioa1  X  27  +  50  X  81  4-  243  (=  8co,ooo  X  3  4* 
86,000  X  9  4-  4000  X  27  +  100  X  81  +  243  = 
2*400,000  +  720,000  +  108,000  +  8,100  +  243)  = 
3>23°>343-  This  number  is  lefs  than  4,705*504.  There- 
fore 3  is  lefs  than  z,  and  confequently  z  (though  lefs 
than  4,)  is  greater  than  3.  Therefore  the  firft,  or  higheft, 
figure  of  the  value  of  z  will  be  a  3  in  the  place  "of 
units.  Therefore  a  4-  z  will  be  greater  than  a  4-  3,  or 
20  +  3,  or  23,  but  lefs  than  a  +  4,  or  20  4-  4,  or  24; 
and  therefore  23  will  be  the  two  higheft  figures  of  the 
value  of  a  4-  z,  or  of  the  fifth  root  of  the  propofed 
number  7,9-5,504-  <^  e.  i. 

Art,  6.  If  more  figures  of  the  value  of  the  fifth  root 
°f  7>9C5>5°4  arc  wanted,  we  muft  proceed  as  follows : 

When  z  is  =  3,  or  a  4-  z  is  =  23,  we  have  feen  that 
the  quinquinomUl  quantity  $a*z  -f-  IC^V  +  I^rzJ  4- 

C.7Z* 
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+  z*  is  =  3,236,343.  But  fl5  is  (=  ~20»  = 
2,200,oOo.  Therefore  a*  +  $a*z  +  iCrt3z'-  +  iojV 
4-  5^2*  +  *s  will  be  =  3,200,000  +  3*236,343  = 
6,436,343;  that  is,  a  +  zl  *,  or~2ps,  will  be  = 
6,43^343- 

■ 

Now  let  a  denote  23,  inftead  of  20 ;  and  let  2  be  put 
for  the  difference  between  23  and  the  true  value  of  the 
5th  root  of  the  propofed  number  7,905,504, 


Then  will  a  -Ms]5  be  =  7>9°5>5°4' 

Put  ^Tzl5  is  =  <>>  +  5**2  +  lOrtV  +•  I0a*z*  + 

Therefore  a*  +  5/7*2  +  lotfz  +  10^x3  +  5*2* 
+  25  will  be  =  7,905,504. 

But  a*,  or  2?s,  is  =  6,436,343. 

Therefore  6,436,343  +  5<**~  +  l^a**1  +  JCa3z* 
+  5<7~4  -f-  as  will  be  =  7,905,504;  and  confe- 
quemly  the  quinouinomial  quantity  5*4z  4-  iOalzl  + 
lea  z5  +  5^z+  +  z>  will  be  =  7,905,504  —  6,436,343 
—  1,469,161.  Therefore  50*2,  or  the  firft  term  of  the 
faid  quinquinomial  quantity,  will  be  lefs  than  1,469,161, 

and  confequcntly  z  will  be  lefs  than  ,  or  than 

54* 

7,160,161          .        1,469,161  1,469,161 
— —  — - -  ,  or  than   --5 —  ,  or  than  ~-   , 

or  than  1.04. 

We 
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We  will  therefore  fuppofe  2  to  be  =  1,  and  will  Cub- 
flitute  1  inftead  of  2  in  the  quinquinomial  quantity 
£a*z  +  fate  4-  joaV  4-  $<z*  +  2s  (which  is  equal 
to  1,460,161,)  ;n  order  to  dilcover  whether  the  refulr 
will  be  equal  to,  greater  than,  or  lefs  than,  1,469,161, 
and  confequenrly  whether  1  will  be  equal  to,  greater  than, 
or  lefs  than,  the  true  value  of  2  in  the  faid  equation  $a*z 
+  loofc*  +  icaV  +  $az*  +  2*  =  1,469,, 6,,  or  the 
true  excefs  of  the  5th  root  of  7,905,504  above  the  num- 
ber 23. 

Now,  if  2  is  ss  r,  we  fli?ll  have  $a4z  +  jo<iV  4- 
IC*V  +  5az*  +  2*  (  =  S(l+  X  I  +  io«3  x  1  +  ioa> 
X  I  +  5^  X  1  +  1  =  $a*  +  ICM3  4-   IO/11  +  5/14. 
J  =  5  x  ">  4-  10  X  I>  4-  ic  X  7) ■  +  5  X  23  + 
1  -  5  X  279,841  4-  10  X  12,1(7  4.  i0  X  529  +  j 
X  23  4-  1  =  ',399>2°5  +  121,670  4-  5290  4-  ns 
+  1)  =  1,526,2*1.    This  number  is  greater  than 
',469,1  or  ;  and  confequentJy  1  is  greater  than  the  true 
value  of  2  in  the  faid  equation  5,2*2  4-  io*V  +  ica2zl 
+  5"*4  +  25  =  1,469,  6j,  or  than  the  excefs  of  the 
fifth  root  of  7,905,504  above  the  number  23.    This  alfo 
might  have  been  concluded  from  what  was  fl,cwn  in  ' 
art.  5,  to  wit,  that  this  fifth  root  would  be  left  than  24 
though  greater  than  23. 

We  will  therefore  now  fuppofe  2  to  be  =  0.0,  and 
will  fubftitute  0.9  inftead  of  2  in  the  quinquinomial 
quant.ty  Sa*z  +  ioa32*  4-  ioa*z*  +  5«s*  4-  2'  vwhich 
is  equal  to  1,469,161,)  in  order  to  difcover  whether  the 
refult  will  be  equal  to,  greater  than,  or  lefs  than,  1,469, 
l6i}  and  confequently  whether  0.9  will  be  equal  to, 

greater 
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greater  than,  or  lefs  than,  the  trae  value  of  %  in  the 
faid  equation  5<z4*  +  ioaV  «+■  lOa*zi  +  5«t4  +  **  = 
1,469,161,  or  the  true  excefs  of  the  fifth  root  of  7,905, 
504  above  the  number  23. 

Now,  if  z  is  =  0.9,  we  (hall  have  s  0.81,  and 
z3  =  0.729,  and  **  =  0,6561,  and  a*  =  0.590^9. 

Therefore  5**3  will  be  (=  $a*  X  0.9  =  5  xl^4  X 
0.9  =  5  X  279,841  X  0.9  —  i>399'105  X  0.9)  = 
1,259,284.5,  and  lou'a*  will  be  (=  10  X  a*  X  0.81  = 

10  XI13I*  X  0.81  sx  10  X  12,167  X  0.81  =  121,670 
X  0.81)  —  98,552.70,  and  l0tf7*3wifl  be  (  =  10  X  ax 

X  0.729  =  10  X  23V  X  O.729  =  10  X  529  X  O.729 
=  5290  X  0.729)  =  3856.410,  and  50a4  will  be  (=5  X 
23  X  0.6561  s±  115  x  0.6561)  =  75  4515,  and  con- 
fequently the  whole  quinquinomial  quantity  $a*z  4- 
+  loa**1  +  ioa'z3  -f  5^2*  +  2$  will  be  (=  1,259, 
284.5  +  98>55*-7°  +  385<*  4*o  +  75  45'5  +  0.500,49) 

■ 

=  i>3^|)7^9»°51>99  >  which  is  lefs  than  1,4^9, 16  C. 
Therefore  0.9  will  be  lefs  than  the  true  value  of  %  in  the 
equation  $aAz  +  loa'as1  -f  io*V  +  5/1**  +  z*  = 
1,469,161,  and  confequently  %  will  be  greater  than  0.9, 
though  lefs  than  X.  Therefore  0.9  will  be  the  firft,  or 
higheft,  figure  of  the  true  value  of  *,  and  confequently 
23.9  will  be  the  three  firft,  or  higheft,  figures  of  the  value 
of  a  +  z,  or  of  the  fifth  root  of  the  propofed  number 
7,905,504.  e.  1. 

Art.  7.  If  more  figures  (till  of  the  true  value  of  the 
fifth  root  of  7,905,504  are  wanted,  we  mud  now  put 
a  =  23.9,  and  a  +  *  =  V5f  7,903,504,  and  confe- 
quently 
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•quently  a  +  2' 1  =  7»9°S>5°4>  or  *s  +  5fl4*  +  xoaV 
-f  ioaV  +  5««*  +  zs  =  7,905,504;  whence  it  will 
follow  that  the  quirtqoinomial  quantity  5<r*a  +  io«  V1  + 
loaV  +  5tfz4  +  s»  will  be  =  7,905f5°4  -  a%  —' 

7,905,504  —.23^5  (=  7,905,504  -  f23  +  0.9 1$  = 
7i905>5°4  —  ^l5  —  5  X         X  0.9  —  10  X  2^' 
X  0.81  —  10  X  ajl*  X  0.729  —  5  X  23  X  0.9 
0.590,49  =s  7,90^,504  —  23U  —  1*361,769  =? 

7,9°5>5°4  —  6>436>343  -  i>36»>769^5**99  =  M-69* 
161  —  1,361,769.651,09)  =  107,391.348,01.  There- 
fore $a4z  alone  will  be  lefs  than  107,391.348,01,  arid, 

confequently'z  will  be  lefs  than  I°7**I'*4*'01,  or  than 
io7,39.-£48,o,  ,o7,39«,.?4e^        or  thsn 

107.391.348.01  or  than  0  ^  &c<  Thererore  the  firft, 
1,631,404.3205 

1  ft 

or  hrghcft,  figure  of  the  true  vaTue  of  s  muft  be  either 
0.06,  that  is,  6  in  the  fecond  place  of  decimal  fra&ionsV 
or  fome  lower  figure  j  and,  if  the  value  of  the  qu  lifted  fc- 
nomial  quantity  $a*z  +  ioa3z2  -f  icsV  +  5^*  +  aJ 
refulting^  from  the  fubftitution  of  p.06  in  it's  tcVnis  in- 
ftea4  of  zt  (hall  be  equal  to,  or  lefs  than,  lo^^i'. 348,01, 
.{the  abfolute  term  of  the  iafl  equation  5*7*2  4-  ioalz*  + 

ioa2*3  +  sa**  +  z5  =  167,391- 34^>OI>)  tne  ^d 
fraaion  0.06  will  at  the  fame  time  be  cither  exrfaty  equal 
to,  or  lefs  than,  the  true  value  of  z,  and  in  the  latter  cafe 
the  figure  6,  in  the  fecond  place  of  decimal  ,  fractions, 
will  be  the  firft,  orhigheft,  figure  of  thejfaid  true  value 
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of  *.  We  mud  therefore  now  fubftitute  0.06  Inftead  of 
*  in  the  quinquinomial  quantity  5<i4z  4-  loato*  4-  ioa**J 
+  c/i**  4-  %S%  in  order  to  difcover  whether,  the  rcfulc 
will  be  equal  to,  or  lefs  than,  107,391.348,01. 

Now,  if  %  is  =s  0.06,  we  (hall  have  as*  =e  0.003  °# 
and  fc3  =  0.000,216,  and  z*  ==  0.000,012,96,  and  *»  = 
0.000,000,777,6,  and  consequently  50*2  (=  5a4  X  0*06 

=  5  X  23^4  X  0.06  =5  X  326,280.8641  X  0.06  ss 
1*631,404.3205  X  0.06)  =  97*884.259,230,  and  iocis* 

(=  loa*  X  0.0036  =  10  X  23.9V  X  0.0036  =  10  X 
13,651.919  X  0.0036  =  136,919.19  X  0.0036)  rs 
401.469,084,  and  loaV  (=  loa*  X  0.000,216  =  10 

x  23.9V  x  0.000,216  =  10  x  571.21  X  0.000,216  = 
5712,1  X  0.000,216)  =  1.233,813,6,  and  $az?  (=  5*  X 
0.000,01 2,96 -5X  23.9  X  •.ooo,ci  2,96  =  1 19.5  X 0.000, 
012,96)  =  0.001,548,720.  Therefore  the  whole  quinqui- 
nomial quantity  50*2  +  jotf'z*  4-  loa'atf  4-  5*2*  4-  z5  will 
be  (=  07,884.259,230  +  491.469,084  4-  1*^33)813,6 
+  0*001,548,720  4-  0.000,000,777,6)  =  98,376.963, 
677>°97»6;  which  is  lefs  than  107,391.348,01.  Therefore 
0.06  is  lefs  than  the  true  value  of  %  in  the  equation 
$a4z  4-  lQa3zx  4*  io*r«3  4-  $az>4  4-  %S  =  107,391.348,01, 
and  will  be  the  firft,  or  higheft,  figure  of  the  laid  true 
value.  Therefore  the  four  higheft  figures  of  the  value 
of  a  4.  s,  or  of  23.9  4.  *,  or  of  the  fifth  root  of  the 
propofed  number  79905,504,  will  be  23*96.        o^.  e.  i. 

And  in  this  manner  we  may  continue  the  inveftigation 
of  tills  fifth  root  to  as  many  decimal  figures  as  we  pleafe, 

•  »»r 
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by  putting  a  for  the  part  of  the  root  that  is  already  dis- 
covered, and  *  for  the  unknown  remainder  of  it,  and 
proceeding  in  the  manner  that  has  been  defcribed  in  the 
foregoing  articles  ;  every  new  pTocefs  of  the  computation 
giving  us  a  new  figure  of  the  faid  root. 


A  SCHOLIUM. 

■  ■ 


jfrt.  8.  This  method  of  extracting  the  fifth  root  of 
the  number  7,905,504  is  perfectly  juft  and  accurate, 
but  is,  as  we  have  feen,  attended  with  a  great  deal  of 
labour.  And  this  has  induced  the  Mathematicians  of 
the  latter  part  of  the  lad  century  to  look-out  for  eafier 
methods  of  obtaining  the  fame  end.  And  in  this  they 
have  been  remarkably  fuccefsfull,  partly  by  means  of  the 
noble  invention  of  Logarithms,  (found  out  by  Lord 
Napier  in  the  year  16x4,  and  brought  to  great  perfection 
by  Mr.  Henry  Briggs  in  the  yeaj  1624,)  and  partly  by 
Mr.  Raphfon's  and  Monfieur  de  Lagny*s  methods  of 
extracting  the  roots  of  numbers  by  approximation.  Tor 
by  the  common  Tables  of  Logarithms  we  may  find  any 
root  of  a  given  number  exact  to  five  places  of  figures 
with  very  little  trouble,  without  making  ufc  of  the  pro- 
portional parts  that  are  fet  down  in  thefe  Tables  5  and 
by  the  help  of  thofe  proportional  parts  we  may  obtain 
thefe  roots  to  two  figures  more,  that  is,  to  feven  places 
of  figures,  or,  at  leaft,  to  fix  places  of  figures.  And, 
when  we  have  by  this,  or  any  other,  means  found  the 
root  of  a  number  exact  to  any  number  of  figures,  we 
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may,  by  only  one  application  of  the  expreflion  given  us 
by  Monfteur  de  Lagny  for  finding  a  moTe  exac~t,  value  of 
it,  find  twice  as  many  more  figures,  or,  at  leaft,  twice 
as  many  more  figures  wanting  one,  of  the  faid  root,  a* 
we  had  before  obtained  by  means  of  the  Table  of  Lo- 
garithms, or  in  any  other  way ;  fo  that,  if  the  root 
already  found  (by  means  of 'the  Table  of -Loga- 
rithms, or  otherwife)  was  exac"r,  to  five  places  of  fi- 
gures, wc  may  find,  by  that  expreflion  of  MonGeur  de 
Lagny,  ten  more  figures,  or,  at  leaft,  nine  more  figures, 
of  the  faid  root,  that  will  be  all  exact.  Of  this  I  will 
now  give  an  example  in  the  cafe  of  the  fifth  root  of  the 
number  7,905,504,  which  we  have  juft  now  extracted 
by  the  method  of  Vieta,  and  of  which  wc  have  found 
the  firft  four  figures  to  be  23.96. 

The  Extraction  of  the  Fifth  Root  of  the  fame  Number, 
7,905,504,  by  Means  of  the  Expreffion  given  ly  Monfteur 
de  Lagny  for  that  Purpose. 

Art.  9.  Monficur  de  «Lagny*s  general  expreffion  for 
the  value  of  any  root  of  a  given  number,  when  a  full 
near  value  of  the  faid  root,  that  is  lefs  than  it's  true  va- 
lue, has  been  already  found,  is  as  follows :  If  the  given 
number  be  called  N,  and  the  mth  root  of  the  faid  num- 
ber be  required  to  be  found,  vi  being  any  whole  number 
whatfoever;  and  a  be  a  firft  near  value  of  the  root 
fought,  that  is  Icfs  than  it's  true  value  ;  the  more  accu- 
rate value  of  the  faid  w;th  root  of  the  number  N  will  be 


1  ,  la  X  N  —  <T 

very  nearly  equal  to  a  + 


m  —  1 [  a  N  +  m  +1)  X  a" 

No\r 
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Now  let  it  be  required  to  find  the  fifth  root  of  the 
number  7,905, 504-  And  let  it  be  fuppofed  that  we 
have  already  found,  (either  by  a  Table  of  Logarithms, 
or  in  fome  other  way,)  that  the  three  firft  figures  of  this 
fifth  root  arc  23.9. 

Then  will  N  be  =  7,905,504,  and  m  will  be  =  5, 

and  a  will  be  =  23.9,  and  a*  will  be  ( =  23. 9I5)  = 

7,798,112.651,99,  and  N  —  a"  will  be  (=  7,905,504  — 
7,798,112.651,99)  =  107,391.348,01,  and  2a  will  be 

(=  2  X  23.9)  =  47.8,  and  2a  X  N  —  am  will  be  (  = 
47.8  X  107,391.348,01)  =.5,133,306.434,878.  And 
m  —  1  will  be  (=  5  —  1)  =  4,  and  m  +  1  will  be 

(;=  5  +  1)  =  6,  and  m  —  1)  X  N  will  be  ( =  4  x 
7,905,504)  =  31,622,016,  and  m  4-  l1  X  a*  will  be 
(=6X  7>798>1i2.65i,99)  =  46,788,675.911,94,  and 

« 

m  —  i)  X  N  +  m  +  1)  X  a*  will  be  (=  31,622,016  + 
46,788,675.911,94)  as  78,410,691.911,94.  Therefore 


2a  x  N  -  a' 


 wiM  bc  _  5»'33»3o6.434>878 

^xN  +  »+,))(/  78,410,691.911,94 


3*  x  N  —  am 

0.065,466,9.  Therefore  a  + 


m- 1\  x  N  +  m+i]  x  <*" 
will  be  =  23.9  +  0.065,466,9,  or  23.965,466,95  that 
is,  the  fifth  root  of  the  number  7,905,504  will  be  very 
nearly  =  23.965,466,9.  q.  e.  i. 
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22*  Extraction  of  the  Fifth  Root  of  the  fame  Number^ 
7,905,504,  by  Mean;  of  the  ExpreJJion  pvert  bj  Air. 
Raphjon  for  thai  Purpofe. 

Art.  10.  Mr.  Raphfon's  expreflion  for  the  fccond  near 
value  of  the  mth  root  of  fhe  number  N  is  f  +  ■        x » 


which  in  the prefent cafe  13  =  23.9  +  7*9°  $>5Q*~  1*3-9  ' 

5  x  .63.97* 

*  T  5  X  3*6,2.80.80+1  jy  T 

igf^L  =  23.9  +  co658)  =  23.9«58.  Th«e. 

fore,  according  to  this  expreflion  given  us  by  Mr.  Raph? 
fon,  the  5th  root  of  the  number  7 > 905,504  is  at 
23.9658.  fc.  1. 


This  value  of  5/5 ^^905^504  agrees  with  Ac  former 
value  of  it  found  above  by  Monfleur  de  Lagny's  more 
accurate  expreflion,  to  wit,  23.9x55,46619,  in  the  rive 
firft  figures  23.9651  which  therefore  muft  be  exa& :  and 
consequently  this  fimple  expreflion  of  Mr.  Raphfon  has 
given  us  two  new  figures  of  the  root  fought;  to  wit,  thfr 
two  figures  0.065,  eaa&ly. 

*  * 

■ 

Of  the  Refetnblanee  between  Vieta's  Method  of  extruding  the 
fatd  Fifth  Root  of  7,905,504,  and  Mr*  Raphfon9!  Method 
of  extra&wg  iU 

Art.  11.  Though,  according  to  Vieta^s  method  of 
proceeding  in  the  extraction  of  thefc  roots,  we  obtain 

but 
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but  one  new  figure  of  the  root  by  every  new  procefs  of 
the  inveftigation  (which  makes  the  extraction  of  a  root 
to  ten  or  twelve  places  of  figures  by  this  method  into* 
lerably  laborious,)  yet,  in  truth,  each  procefs  of  the  in- 
veftigation would,  if  we  continued  the  divifion  of  the 
known  number  that  is  equal  to  the  quinquinomial  quan- 
tity $a4$s  +  io^-V  +  ioa2*'  +  5***  +  «%  or  to 
7>9°S>504  —  a9,  (which  known  number  Vieta  calls  the 
Tifilvend,)  to  more  than  one  figure  in  the  quotient,  give 
us,  at  lead,  as  many  new  figures  of  the  root,  wanting 
one  figure,  exact  as  there  are  figures  in  0,  or  the  part  of 
the  root  that  is  already  known.  Thus,  for  example,  in 
the  laft  procefs  of  the  foregoing  inveftigation,  if  we  had 
continued  the  diviGon  of  the  laft  dividend,  or  refolvend% 
107,391.348,01  by  the  divifor  50%  or  1,63 1,404,3205, 
(in  art.  7,;  to  two  figures  in  the  quotient,  (which  would 
have  been  the  two  figures  0.065,)  we  (hould  have  ob- 
tained the  fifth  figure  of  the  true  value  of  a  +  *,  or  of 
the  5th  root  of  7,905,504,  to  wit,  0.005,  as  well  as  the 
fourth  figure  of  it,  to  wit,  0.06,  and  we  might  have 
concluded  that  23  965  was  the  value  of  the  faid  fifth  root 
to  five  places  of  figures,  inftead  of  concluding  that  13.96 
was  it's  value  to  only  four  places  of  figures.  And  (his 
obfervation  may,  perhaps,  have  been  the  ground  of  Mr. 
Raphfon's  very  fimple  and  ufefull  method  of  extracting 
the  roots  of  numbers  by  approximation,  (which  1  have 
fet  forth  and  explained  in  pages  508,  509,  and  510  of  a 
Tract  publifhed  in  the  year  1795  in  a  large  volume  in 
octavo,  containing  Mr.  James  Bernoulli's  Doctrine  of 
Permutations  and  Combinations,  and  other  ufefull  traits 
on  mathematical  fubjects,)  the  very  fame  operation  of 
Aivifion,  with  the  fame  dividend  and  dmfor,  which  is 
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here  performed  in  one  of  the  procefies  of  Vieta's  method 
of  extracting  the  roots  of  numbers,  being  performed 
alfo,  in  Mr.  Raphfon's  method  of  extraaing  them,  but 
with  a  continuation  of  the  divifion  to  more  than  one 
figure  in  the  quotient,  and,  in  general,  to  fo  many  fi- 
gures, wanting  one,  as  there  are  figures  in  af  or  the  part 
of  the  root  that  is  already  known.  But  in  the  foregoing 
inveftigation  of  the  fifth  root  of  the  number  7,905,504, 
(contained  in  art.  4,  5,  6,  and  7,)  I  have  adhered  Uriel  I  y 
to  Vietas  method  of  proceeding,  by  which  only  one  new 
figure  of  the  root  is  obtained  by  each  new  procefs  of  the 
inveftigation  ;  becaufe  the  only  reafon  for  my  exhibiting 
in,  the  foregoing  articles  this  example  of  Vieta's  method 
of  extracting  the  roots  of  numbers,  or  refolving  equa- 
tions involving  only  pure  powers  of  an  unknown  quan- 
tity, was  to  lay  a  foundation  for  the  more  ready  appre- 
henfion  of  his  method  of  proceeding  in  the  extraction  of 
the  roots  of  affected  powers  of  an  unknown  quantity,  or 
in  the  refolution  of  affected  equations.  I  therefore  (hall 
now  endeavour  to  explain  his  method  of  refolving  the 
above-mentioned  affected  equation  of  the  fifth  order,  tQ 
wit,  *5  —  5*»  +  500*  =  7,905,504. 


A  Refolution  of  the  Affeiled  Equation  xi  —  5*3  +  500* 
=  71905,504  in  the  Manner  prefcribed  by  Vieta. 


Art,  12.  Vieta  begins  his  refolution  of  this  affected 
equation  by  obferving  that  it's  root  muft  be  nearly  equal 
to  the  root  of  the  pure  equation  x%  =  7,905,504,  which 
has  the  fame  known  quantity,  or  abfolute  term  7,905, 
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504,  as  the  faid  affected  equation  :  and  he  thence  con- 
cludes that  the  firft,  or  higheft,  figure  of  the  value  of  * 
in  the  faid  affe&ed  equation  will  he  a  figure  in  the  place 
of  tens,  and  will  be  a  2,  and  confequently  will  he  equal 
to  20 ;  becaufc  the  firft,  or  higheft,  figure  of  the  value 
of  x  in  the  pure  equation  *5  =  7>9P5>5°4#  or  the  firft, 
or  higheft,  figure  of  the  fifth  root  of  the  number 
7>9°5>5°4>  *8  a  figurc  *n  place  of  tens  and  is  a  29 
and  confequently  is  equal  to  20  ;  as  we  have  feen  in  the 
foregoing  inveftigation  of  it.  Vieta  then  fubftitutes  20 
inftead  of  x  in  the  trinomial  quantity  x*  5*3  +  5004? 
(which  he  calls  the  fifth  power  of  x  afFe&ed  by  the  fub- 
traaion  of  5  times  the  cube  of  #  from  it,  and  by  the 
addition  of  500  times  the  firft,  or  fimple,  power  of  xB 
or  500  times  the  unknown  quantity  *  itfelf,  to  it,)  in 
order  to  difcovcr  whether  the  refult  of  fuch  fubftitutioa 
will  be  equal  to,  greateT  than,  or  lefs  than,  the  abfolute 
term  7>9°5>5°4» 

■ 

Now,  if  x  be  fuppofed  to  be  =  20,  we  (hall  have 
*3  =  8oco,  and  *5  =  3,200,000,  and  5**  (=  5  X 
8000)  =  40,000,  and  500*  500  X  20)  =  10,000. 
Therefore  x*  —  5**  +  500*  will  be  (=  3,200,000  — 
40,000  +  10,000  ~  3,200,000  —  30,000)  =  3>i7°>o0o» 
which  is  lefs  than  7,905,504,  or  the  abfolute  term  of  the 
propofed  equation  x*  —  $xs  +  500*  =  7>9°5»5°4»  °T 
than  the  true  value  of  the  trinomial  quantity  x*  —  $x* 
•4-  500*  in  that  equation.  And  hence  he  concludes 
that  20  muft  be  lefs  than  the  true  value  of  x  in  that 
equation,  and  that  the  faid  true  value  will  be  fome  num. 
ber  greater  than  20,  but  lefs  than  30. 

Art.  13* 
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Art*  13.  This  conclufion  will  be  confirmed  by,  fe- 
Cotidly,  fuppofing  x  to  be  =  30,  and  fubftituting  30 
inftead  of  x  in  the  trinomial  quantity  x*  —  $x*  500*. 
For,  if  x  U  =»  30,  we  ijtiall  have  xi  =  27,000,  and 
**  —  24*300,009,  and  s*s  (=  5  X  17,000)  =  135,000, 
and  500  X  30)  =a  15,000,  and  confcquently 

—  5*1  +  500*  (  =  24,300,000.  —  135, oco  + 

15,000  =s  24,300,000  — •  120,000)  =  24,l8o,OOC  i 

which  is  much  greater  than  7*905,504,  Therefore, 
while  x  increafes  from  20  to  30,  the  trinomial  quantity 
*xx  -|-  5oox  will  increafe  from  3,170,000  to 
24,180,000  \  and  confequently  there  muft  hare  been  a 
join*  of  time,  during  the  increafe  of  x  from  20  to  30, 
at  which  the  faid  trinomial  quantity  will  have  been  ex. 
a.£tly  equal  to  any  quantity  greater  than  3,170,000  ai;d 
fcfc  than  24,180,000,  and  confequently  to  the  quantity 
7*9,°5i$04>  «r  the  absolute  term  of  the  equation  x%  -~ 
$**  +  5004:  =  7,905,504  i  or  there  will  be  fooe  quan- 
tity greater  than  20,  but  lefs  than  30,  that,  being  fub«* 
ftitmted  iuftead  of  x  in  the  trinomial  quantity  x*  —  5s1 
4*  50°**  will  make  the  faid  tiinomial  quantity  be  ex- 
actly equal  to  7,905,504,  or  the  abfolute  term  of  the 
jropofed  equation  xk  —  5.V1  +  500*  =  7*905,504  or, 
in  other  words,  tbe  root  of  the  {aid  equation  will 

greater  than  20,  but  lefs  than  30.  q.  e.  n. 


jfrt,  14.  Having  thus  found  chat  xy  or  the  root  of  the. 
equation  **  «—  5**  +  500*  =  7,905,504,  is  greater 
than  20,  but  left  than  30,  Vieta  proceeds  to  mveftgate 
the  additio©  that  muft  be  made,  to  10  in  order  to  make  it 

equal 
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cq$al  to  x%  or  the  root  of  the  faid  equation.  And  hi* 
method  of  making  this  inveftigarion  is  in  fubilance  eqti- 
Talent  to  the  following  train  of  reafoning,  though  ex* 
prcfled  ia  other  words. 

» 

Let  the  letter  a  be  put  for  ao,  or  the  part  of  the  root  * 
that  is  already  known ;  and  let  *  be  put  for  the  unknown 
remainder  of  the  faid  root* 

Then  will  x  be  =  a  +  *,  and  confequcntly  x*  will  be 
(ra  a  +  *V)  =  <?»  +  %a+z  +  lOfl1**  +  10/1V  +  50** 

+  *S  and  *3  will  be  (=*o+^l3)  «  a%  +  ja*a  + 
$az%  -f-  «3»  and  confequcntly  5*3  will  be  (  =  5  X 
\ai  +  ja2*  +  3<ub*  +  jc*)  =  5«3  +  15a**  +  15  az% 
4-  5*3,  and  500*  will  be  (=»  50O  X  a+z)  =  500* 
•f  500%.  Therefore  the  trinomial  quantity  x%  —  5*3 
+  500*  will  be  =  the  multinomial  quantity 

r      **  +  s*4*  +  m*«*»  +  io«v  +  5^  +  ** 

V,  +  500*  «f  500X. 

But  the  trinomial  quantity  x*  —  5*3  +  500*  is  = 
7*9°5»S04r 

Therefore  the  multinomial  quantity 

+  50011  +  500s 
will  alfo  be  =  7)905,504. 

But 
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But  a*  —  5<i3  +  500*  has  been  (hewn  to  be  5= 

3,170,0005  and  5<j4is(=  5  x  aT|*  =  5  x  160,000) 
=  800,000,  and  J5<2*  is  (—  15  X  400)  =  6000,  and 
confequently  5a4  —  15a*  +  500  is  (=  8co,ooo  —  6oco 
4-  500  =  794,000  +  500)  =  794,500;  and  loa1  is 
(=  10  X  8000)  =  80,000,  and  i$a  is  (=  15  X  20 ) 
=  300,  and  confequently  ioa3  —  150  is  (  =  80,000  — 
300)  =  79,700*  and  ioa*  is  (=  10  X  400)  =  4000, 
and  confequently  ioa*  —  5  is  (=  4000  —  5)  =  3995  > 
and  $0  is  (=  5  X  20)  =  log. 

Therefore  the  multinomial  quantity 

e>  +   $a*z  +  lOtfJ*»  +  ioa%x}  +  $a%*  +  *s 
5«»  —  i$a*z  —  i$az%  —  5«J 
Soo*  +  500a; 

is  =  the  fextinomial  quantity  3,170,000  +  794,500s; 
+  79,700*'  +  3995a3  +  iooz*  +  *\ 

Therefore  the  fextinomial  quantity  3,170,000  + 
794>50©«  +  79>70o«*  +  399523  +  iooz4  +  *5  will  be 
s=  71905,504.  And  confequently  (fubrracling  3,170,000 
from  both  fides,)  the  quinquinomial  quantity  794,500s 
+  79*7^*  +  3995*1  +  "»z4  -4-  z*  will  be  (  = 
7>9°5>5°4  —  S^0*000)  4>735>5<M- 

Therefore  the  fingle  term  794,5009  will  be  lefs  than 
4>735»5°4>  and  confequently   z  will  be  lefs  than 

4794i*ScT 9  01  ^  5,96  &C*    Wc  wiU  thercforc  fuP- 

pofe 

9 
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pofe  2  to  be  =  5,  and  will  fubftitute  5  inftcad  of  2  in 
the  quinquinomial  quantity  794,5002  H-  79,7002^  + 
39952;*  +  10024  •+■  25,  in  order  to  difcovef  whether  the 
value  of  the  faid  quinquinomial  quantity  resulting  from 
this  fubftitution  will  be  equal  to,  greater  than,  or  lefg 
than,  4>735>5°4>  or  the  abfolute  term  of  the  lafl  equa- 
tion 794,5002  +  79,7002*  «+•  3P95.?3  +  1  oo«*  +  »s  as 
4>735>5°4>  and  confequcntly  whether  5  will  be  equal  to, 
greater  than,  or  .lefi  than,  .the  true  yalue  of  2  i*  tha*. 

;.        t  .  ;/}    ^v  ^  :  ; 

Now,  if  c  Is  ^  5,  we  fhall  have  2*  =  25,  and  *3  =1 
125,  and  24  —  625,  and  2*  =f  3.135,,  and  consequently .  * 
794>S<*>2  (=  794,500  x  s)  a  3*9512,500,  and  79,7002* 
(=  79>7oo  X  25)  =^1^92,500,  jThcrefore  794,5^02 
+  79»7CO»2  will  be:  (=  3,972*500  +  1,992,500)  = 
5,965,000,  which,  is  greater  thah  4,735,404.  Therefore^ 
h  fortiori,  the  whole  quinquinomial  quantity  794,500% 
+  79,7002*  +  39952'  +  IC02*  h-  muR  be  greater 
than  4>735>5°4  5  and  confequcntly  5  muft  be  greater 
than  the  true  value  of  2  in  the  faid  equation  794,5002  H- 
79,7002*  +  3995*'  +  ioo»*  +  2*  =  4>735>504- 

E.  I. 

■ 

We  will  therefore  in  the  next  place  fuppofe  2  to  be 
=  4,  and  will  fubftitute  4  inftead  of  2  in  the  terms  of 
the  faid  quinquinomial  quantity  794,5002  +  79,7002* 
+  3995s3  +  ^o*4  -f  2s,  in  order  to  difcover  whether 
the  value  of  the  faid  quinquinomial  quantity  refulting 
from  fuch  fubftitution  will  be  equal  to,  greater  than,  or 

lefs 
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lcia  than,  the  number  4,735,504,  ot  the  abfolutc  term  or 
the  equation  794,500%  +  79,700**  +  3995**  100** 
-f  a*  =  4,735,504,  and  consequently  whether  4  is  equal 
to,  greater  than,  or  lefs  than,  the  true  value  of  *  in  that 
equation. 

Now  if  a  is  =  4,  we  (hall  have  **  =  16,  and  sJ  = 
64,  and  a4  =  256,  and  »*  =  1024.  Therefore  794, 
500a  will  be  (=  794,500  X  4)  =  3,178,000,  and 
79,70:**  will  be  (  =  79,700  X  16)  =  1,275,100, 
and  3995*1  will  be  3995  X  64  )  =  255,680,  and 
100*4  will  be  (=  loo  X  256)  —  25,600,  and  confe- 
quently  the  whole  qufciquinomial  .quantity  794,500*  + 
79,700**  +  3995*1  +  1  Do**  +  *s  will  be  (=  3,178,000 

+  W5,*oo  -K  255>^o  +  »5,66o  +  1024)  =  4»735» 
504.  Therefore  4  ii  exactly  equal  to  the  true  value  of  * 
in  the  equation  794,500*  +  79,700**  +  3995**  +  ioo** 
+  **  =  4,735,504;  and  cuniequently  a  +  sc,  or  20  +  z, 
is  exactly  equal  to  20  +  4,  or  24,  or  the  root  x  of  the 
propofed  equation  x'  —  5**  4*  500*  =  7,905,504  i* 
exactly  equal  to  24.  q.  k.  u 

Art,  15.  And,  accordingly,  if  we  fuppofe  x  to  be 

equal  to  24,  we  ftiall  have  xx  (=  24)')  =  576,  and 

*5  (=~24l3)  =  13,824,  and  *♦       24I4)  =  331,776, 

and  *$  (  =  "24^  )  =  7,962,624,  and  5x*  (  «  5  X 
13,824 f  =s  69,120,  and  500*  (=  500  X  24)  =  12,000, 
and  confequently  a-5  —  5*3  4.  500*  (  ==  7,962,624  — 1 
6*9,120^+  12,000  s  7,974,624  —  69,120)  =  7,905, 

504. 
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304.  Therefore  24  is  the  true  value  of  *  in  the  pro* 
pofed  equation  x*  —  5*5  +  50c*  =»  7,905,504. 

B.  is 


Refolution  of  the  fame  Equation  x*  —  5**  +  50©* 

=  7>  9<>5»5*4  h  Ropbfon9!  Method  of  Approxi- 
mation. 


Art.  16.  I  will  now  refolve  the  foregoing  equation 
—  5*3  +  s°°*  =  7>9°5>5°4  by  Mr.  Raphfon's 
method  of  approximation,  that  the  circum fiances  in 
which  it  agrees  with  Vieta's  method  of  revolving  it,  and 
thofe  in  which  the  methods  differ  from  each  other,  may 
be  the  more  apparent.  And,  in  order  to  obtain  the 
value  of  a,  or  a  firft  near  value  of  the  root  x%  to  be 
made  the  ground,  or  bafis,  of  a  further  approach  to  it's 
true  value  in  the  manner  prefcribed  by  Mr.  Raphfon,  it 
will  be  convenient  to  proceed  as  follows  t 

Let  us,  firft,  fuppofe  .r  to  be  =  10,  and  try  the  effeft 
of  that  fuppofition. 

Now,  if  x  is  s  10,  we  (hall  have  xi  =s  1000,  and 
**  ■  100,000,  and  5*3  =  5000,  and  500*  (=  500  x 
IO)  =  5000,  and  confequently  x*  —  5x3  +  500*  (=j 
100,000  —  5000^+  5000)  =  100,000  i  which  is  much 

lefs 
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lefs  than  7,905,50,,  or  the  abfolutc  term  of  the  propofed 
equation      —  5*3  +  500*  =  7,905,504. 

We  will  therefore,  in  the  fecond  place,  fuppofe  x  to 
be  =  20,  and  try  the  effeel  of  this  fuppofition. 

Now,  if  x  is  =  20,  we  (hall  have  **  =  8000,  and 
**  =  3,200,000  and  5*'  (=  5  X  8000}  =  40,000,  and 
500*  (=  500  X  20)  =  10,000,  and  confequenrly  x%  — 
$x*  4-  50OJC  =  3,200000  —  40,600  •+-  10,000  = 
3,210,000  —  40,000  =  3,170,000;  which  is  alfo  lefs 
than  7,905,504,  or  the  *bfc4ttte  term*  of  the  propofed 
equation. 

p         «  *  *    m  *  ■ 

We  will  therefore,  in  the  third  place,  fuppofe  x  to  be 

=  30,  and  try  the  eflfecl:  of  that  fuppofition. 

►  ■» 

Now,  if  x  is  =  30,  we  (hall  have  x*  =  27,000,  and 
x*  =  24,300,600,  and  s*3  (=  5  *  27,000)  =  135,000, 
and  500*  (=  500  X  30)  =  15,060,  and  confequemly 
x$  —  5#3t+  500^  (  =  24,300,000  —  135,000  + 
15,000  =  24,315,000 —  135,000)  =  24,180,000; 
which  is  greater  than  7,905,504,  or  the  abfolutc  term  of 

the  propofed  equation. 

» 

Therefore,  while  x  increafes  from  20  to  30,  the  tri-» 
nomial  quantity  x*  —  $x*  +  500*  will  increafe  from 
3,170*000  to  24,180.006,  and  confequently  will,  at  forhc 
one  inftant  of  time  during  the  faid  increafe  of  x  from 
20  to  30,  be  equal  to  any  quantity  that  is  greater  than 
3,170,000  and  lefs  than  24,180,000,  and  therefore  to  the 

quantity 
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quantity  7,905,504,  or  the  abfolute  term  of  the  propofed 
equation  x*  —  5**  +  500a'  =  7,905,504  or,  there 
will  be  fome  quantity  greater  than  20,  but  lefs  than  30, 
that,  being  fubftituted  inftead  of  x  in  the  trinomial 
quantity  x*  —  5*3  -f  500*,  will  make  the  faid  quantity 
be  equal  to  71905,5045  that  is,  the  root  of  the  propofed 
equation  x*  —  5x3  +  500*  =  7>9°5>504  will  be  greater 
than  20,  but  lefs  than  30. 

« 

Art.  17.  We  might  now  proceed  to  make  further  con- 
jectures and  trials  concerning  the  magnitude  of  x^  in 
order  to  approach  a  little  nearer  to  it's  true  value  than 
we  have  hitherto  done,  before  we  have  recouTfe  to  Mr. 
Raphfon's  method  of  approximation  to  obtain  a  more 
exa£t  value  of  it.  But,  as  in  Vieta's  method  of  refolving 
this  equation)  (which  has  been  defcribed  in  the  preceed- 
ing  articles,)  the  fecond  procefs  of  the  inveftigation 
begins  from  a  fuppofition  that  by  the  firft  procefs  of  it 
we  have  only  discovered  that  x  is  greater  than  20,  I  will 
take  20  for  the  value  of  a,  or  the  firft  near  value  of  x9 
from  which  I  will  begin  the  further  approach  to  it's  true 
*  value  by  Mr.  Raphfon's  method  j  by  which  means  the 
fimilitude  of  the  two  methods  to  each  other,  and  like- 
wife  the  points  in  which  they  differ  from  each  other^ 
will  be  feen  more  diftin&ly. 

I  will  therefore  now  fuppofe  z  to  be  equal  to  the  ex* 
cefs  of  the  true  value  of  x  above  20,  or  a,  it's  neat 
value,  and  fubftitute  20  -h  z,  or  a  +  z,  inftead  of  x9 
in  the  propofed  equation  x*  —  5**  -f  500*  =  7,905, 
504,  omitting  all  the  terms  that  involve  any  higher 

Hh  powers 
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powers  of  z  than  it's  fimplc  power,  or  2  itfelf,  agreeaWf 
to  Mr.  Raphfon's  directions. 

Now,  if  x  is  ~  a  +  2,  we  (hall  have  x*  =  a  +  *V 
.=  a3  +  3^i?2  +  &c,  and  x*  =  7+T|5  =  a>  +  50*2 

+  &c,  and  5**  (=  5  X  a*  +  3d'25  +  &c  )  -  5*'  + 
15**2  +  &c,  and  500*  (  =  500XJ  +  Z)  =  500* 
+  5002,  and  confequently  xs  —  5**  +  50OX  = 


J  -  5**  -  15**2  - 
I     +  Coo*  +  5002 


$coa  +  5002 

3,200,000  +  5  X  160,000  X  2  +  &c 
5  X  8000  —  15  x  400  x  2  -  Sec 
500  x  20  +  5002 

3,200,000  +  800,000  X  2  ■+-  Src 
40,000  —  6000  x  2  —  &c 
10,000  +        500  X  a 

f       3,210,000  +  800,500  X  2  +  &c  V 
^     —  40,000  —      60OO  X  2  —  ice  J 

sa  3,170,000  +  794>5°o  X  2  &c. 

But  *5  —  5*'  +  500*  is  sr  7,905,504* 

- 

Therefore  3,170,000  +  794,500  X  2  &c  will  alfobe 

«=  7,905,504;  and  confequently  794,500  X  2  &c  will 

be  (=  7,905,504      3,170,000)  5=  4»735>5°4*  that  is, 

7^4,500 
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794,500  X  z  together  with  the  omitted  terms  included 
Under  the  &c,  will  be  =  4>735*504-  Therefore  794, 
500  X  z  alone  will  be  fomewhat  lefs  than,  but  nearly 
equal  to,  4>735>504;  and  consequently  z  will  be  fome- 
what lefs  than,  but  nearly  equal  to,  4'7^>S°» ,  or  5.96 

Sec.  Therefore  a  +  z,  or  20  -f  z,  or  die  root  of  the 
propofed  equation  *s  —  5*J  +  500*  =  7,905,504, 
will  be  fomewhat  lefs  than,  but  nearly  equal  to,  20  + 
5.96  &c,  or  25.96  &c. 

We  will  therefore  fuppofe  z  to  be  equal  to  5,  and 
confequently  x,  or  20  +  z,  to  be  equal  to  25,  and  try 
the  effect  of  that  fuppofition. 

Now,  if  .v  is  =  25,  we  (ball  have  a*1  (  =  25) 3 )  = 
15,625,  and  a*  =  9,765,625,  and  5^  (=  5  X  15,625) 
==  7M*5>  and  500^  (  =  500  X  25)  =  12,500,  and 
confequently  as  —  5**  +  500*  (  =  9,765,625  — 
78,125  +  12,500  =  9,778,125  —  78,125)  =  9,700,00c; 
which  is  confiderably  greater  than  7,905,504,  or  the 
abfolute  term  of  the  equation  a:5  —  5*3  4-  50c*  = 
7,905,504.  Therefore  25  is  greater  than  the  true  value 
of  x  in  that  equation. 

We  will  therefore,  in  the  next  njace,  fuppofe  %  to  be 
=  4,  and  confequently  20  +  z,  or  x9  to  be  =  20  +  4, 
or  24,  and  try  the  effect  of  that  fuppofition. 

Now,  if  x  is  =  24,  we  (hall  have  x3  (  =  *24p)  =c 

13,824,  and  *'       24IO  =  7,962,624,  and  5*'  (•=  5 

Hha  x 
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X  13,824)  =  69,120,  and  5C0.V  (=  500  X  24)  =r 
12,000,  and  confequently  as  —  5.**  4-  500*  (  = 
7,962,624  —  69,120  +  12,000  =  7,974,624  — 
69,120)  =  7,905,504,  or  the  abfolute  term  of  the 
propofed  equation  a,*  —  sxS  +  50or  =  7j9°5»S04- 
1'hereforc  24  is  the  true  value  of  ,v  in  the  faid  equation. 

Q.  E*  1. 

* 

■  ■  1  Illll.il   ■  .1 

- 

A  SCHOLIUM. 


Art.  18.  We  may  obferve  that  in  this  application  of 
Air.  Raphfon's  method  of  approximation  to  the  finding 
a  fecond  near  value  of  x  after  having  already  found  that 
it  was  greater  than  20,  wc  came  to  the  divifion  of  the 
fame  dividend  4,735,504,  by  the  fame  divifor  "94>500, 
by  means  of  which  we  had  obtained  the  value  of  z,  or 
the  difference  between  20  and  the  true  value  of  x  in 
Vieta's  inveftigation ;  fo  that  the  reafonings  ufed  in  the 
two  methods  in  this  part  of  the  inveftigation  are  the  fame 
in  fubftance,  and  produce  the  fame  final  rcfult,  namely, 
a  near  value  of  z  equal  to  the  quotient,  5.96,  of  the 
divifion  of  the  number  4,735,504  by  the  number  794,50a 
But  in  Mr.  Raphfon's  method  of  proceeding  the  four 
latter  terms  of  the  quinquinomial  quantity  $<i*z  4-  ic<a3sa 
4-  joa  21  -f  5</2i*  +  2%  or  794,5002  4-  79,7002*  4- 
3995Z1  4-  1002*  4.  25,  are  omitted,  as  unimportant  to 

the 
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the  final  rcfult,  which  is  obtained  by  fuppofing  the  firft 
of  thofe  terms  alone,  to  wit,  the  term  50%  or  794,^003, 
to  be  equal  to  the  number  4>735>504,  and  dividing  the 
faid  number  (which  Vieta  calls  the  refulvendy  by  504,  or 
794,500,  or  the  co-efficient  of  z.  This  omUfion  is  a 
faving  of  unneceflary  labour  in  Mr.  Raphfon's  method  of 
proceeding,  and  feems,  to  be  the  only  advantage  it  has 
over  Vieta's  method  in  the  refolution  of  the  foregoing 
equation  :  But,  when  a,  or  the  known  part  of  the  value 
of  x  in  any  equation,  confifls  of  three,  or  four,  or  more, 
figures  that  are  all  true,  or  exa£t,Mr.  Raphfon's  method  has 
a  £reat  advantage  over  Vieta's,  which  is  owing  to  his  conti- 
nuing the  quotient  arifing  from  the  divifion  of  the  refolvend 
by  5^,  or  the  co-efficient  of  2,  (which  divifion  occurs  both 
in  Vieta's  method  and  in  Mr.  Raphfon's,)  to  more  figures 
than  Vieta  does,  namely,  to  as  many  figures,  wanting 
one,  as  there  are  figures  in  a,  or  the  part  of  the  value 
of  x  that  is  already  known  ;  all  which  figures  will  be 
exa&  :  whereas  Vieta  continues  this  divifion  to  only  one 
figure  in  the  quotient,  and  fo  obtains  but  one  new  figure 

■ 

of  the  true  value  of  .r,  or  the  root  of  the  propofed 
equation,  by  every  new  procefs  of  his  inveftigation  ;  . 
which  makes  his  method  of  refolving  thefe  equations 
execfiivcly  laborious  and  tedious,  when  their  roots  are  to 
be  obtained  to  ten  or  twelve  places  cf  figures.  If  Vieta 
had  happened  to  obfervc  that  thefe  divifions  might  be 
fafely  continued  to  feveral  figures  in  the  quotients,  or 
that  (everal  figures  in  the  quotients,  (namely,  as  many, 
wanting  one,  as  there  are  figures  in  a,  or  the  part  of 
the  value  of  x  that  is  already  known,)  would  be  cxacl, 
and  had  confequently  directed  his  readers  to  continue  the 

II  h  3  divifions  • 


Digitized  by  Google 


470         A  SPECIMEN  OF  VIETA's  METHOD,  ETC. 

divifions  to  that  number  of  figures  in  the  quotients,  his 
method  would,  as  I  conceive,  have  been  the  very 
fame  with  Mr.  Raphfon's,  and  the  art  of  refolvinj* 
equations  of  all  kinds  by  approximation  would  not  only 
have  been  invented  by  him,  (as  it  has  been,)  but  would 
have  been  brought  by  him  at  once  to  the  higheft  degree 
of  perfedlion  of  which  it,  probably,  is  capable*  He 
therefore  ought  to  be  confidercd  as  the  original  founder 
of  the  whole  dodhine  of  refolving  equations  by  approxi- 
mation, or  (as  Lucretius  fays  of  his  favourite  philofophcr 
Epicurus,)  as  the  Pater  et  rerum  Inventor  on  this  fubjecl^ 
though  Sir  Ifaac  Newton,  Mr.  Raphfon,  Monfieur  de 
Lagny,  and  Dr.  Halley,  and  perhaps  fome  fubfequent 
Mathematicians,  have  made  valuable  improvements  on 
his  method,  by  which  the  practice  of  it  has  been  very 
much  facilitated. 


The  End  of  the  Specimen  of  Vietas  Method  of  refolving 

Mgebraick  Equations, 
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Remarks  on  the  Number  of  Negative  and 
Impoffible  Roots  in  Algebraic  A  Equations* 


By  WILLIAM  FREND,  M.  A. 

FELLOW  OF  JESUS  COLLEGE,  CAMBRIDGE. 

»    


Article  i.  glR  Ifaac  Newton,  Mr.  George  Campbell, 
the  celebrated  Mr,  Mac  Laurin  of  Edin- 
burgh, the  late  Profeflbr  Waring  of  Cambridge,  and 
other  eminent  writers  on  Algebra  have  laid  down  rules 
for  finding  the  number  of  impoflible  roots  in  any  pro- 
pofed  Algebraick  equation  ?  but  thefe  rules  are  far  from 
being  clear  and  fatisfaclory,  and  fome  of  them  are  abfo- 
lutely  unintelligible  ;  which  indeed  is  not  to  be  wonder- 
ed-at,  fince  they  are  all  founded  on  a  falfe  fuppofition, 
which  vitiates  all  the  conclusions  derived  from  it.  This 
fuppofition,  (which  they  lay  down  as  an  indifputable, 
and  almoft  felf-evidenr,  maxim,)  is,  "  That  every  Alge- 
"  briiick  equation  has  as  m  wy  roots  as  it  has  dimenjions? 
though  in  truth  there  are  very  few  equations  in  which 
this  maxim  really  takes  place ;  to  wit,  only  one  finglc 

form 
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Torm  in  each  degree,  or  order,  of  equations-  Thus,  for 
"example,  of  all  the  three  forms  of  affected  quadratic!: 
equations,  to  wit,  +  px  =  q9  xx  —  px  =  q,  and 
px  —  xx  =  qt  it  is  only  the  third  fqrm,  px  —  xx  3  q, 
that  can  ever  have  two  roots,  and  that  only  when  the 

PP 

abfolute  term  q  is  Jefs  than  or  than  the  fquare  of 

,  or  of  half  the  co-efficient,  p>  of  the  unknown 

quantity  x :  and  of  all  the  thirteen  different  forms  of 
affe&cd  cubick  equations,  to  wit,  xl  -+■  P*%  =  r,  :r3  — 
px2  =  r,  px1  —  x*  =  r,  x3  -f  ^x-  =  r,  a3  —  ^.v  =  r, 
qx  —  x*  =  r,  xs  +  px*  -f-  0*  =  r,  *3  +  />.r*  —  qx  =  r9 
x*  —  pje*  +  qx  =  r,  *3  —  —  =  r,  — ■»  *3  +  /xa 
+  =  r,  —  *3  -f-  —  qx  z=  ry  and  —  *3  —  ^.r5 
4.  qx  =  r,  it  iii  only  the  ninth  form,  x*  —  px*  +  qx 
=  r,  that  can  ever  have  three  roots,  and  that  only  when 

the  abfolute  term  r  is  lcfs  than       ,  or  the  cube  of  ~-  t 

or  of  the  third  part  of,  p,  the  co-efficient  of  x  • :  and  of 
the  forty -five  different  forms  of  affected  biquadratic^ 
equations  it  is  only  the  form  — .v4  4-  pxi  —  qx1  +  rx 
=  j,  or  r.r  —  7**  4-  />x3  —  x*  =  /  that  can  ever  have 
four  roots,  and  tljat  only  when  the  abfolute  term  s  is  lefs 

tham        ,  or  the  fourth  power  of  £- ,  or  of  the  fourth 

part  of,  ^,  the  co-efficient  of  xJ.    Therefore,  when  thefc 
authors  have  laid  down  the  foregoing  general  propofuion, 
„  (by  which  they  extend  what  is  true  in  oniy  one  form  of 
every  new  degree,  or  order,  of  affecAcd  equations,  arid 

not 
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not  always  even  in  that  one  form,  to  all  the  other  forms 
©f  equations  of  the  fame  order,)  they  find  themfelves 
under  a  ncceflity  of  giving  fpecious  names  to  a  parcell 
of  quantities  which  they  endeavour  to  make  pafs  for 
roots  of  thefe  equations,  though  in  truth  they  are  not  fo, 
in  order  to  cover  the  falfehood  of  their  general  propofi- 
tion,  and  give  it,  in  words  at  lead,  an  appearance  of 
truth  ;  and  with  this  view  they  call  fome  of  thefe  quan- 
tities negative  roots  of  the  equation  to  which  they  relate, 
and  others  of  them  it's  impojftble  roots.  And  to  deter- 
mine the  number  of  the  Itrange  quantities  fo  denomi- 
nated, /and  difcover  how  many  of  the  fuppofed  roots  of 
a  propofed  Algebraick  equation  are  negative,  and  how 
many  are  -impojftble,  has  been  made  by  thefe  myfterious 
writers  an  object  of  great  importance  and  moft  fubtlc 
and  profound  invefttgation. 

Art.  2.  That  the  aforefaid  general  propofition  con- 
cerning the  number  of  roots  of  an  equation  is  falfe, 
will  appear  by  examining  only  one  form  of  an  affected 
cubick  equation  that  has  all  it's  terms  compleat;  and 
that  form  (hall  be  the  fimpleft  form  that  can  be  chofen, 
namely,  that  in  which  all  the  terms  involving  the  un- 
known quantity  x  are  added  to  each  other,  and  their  fum 
is  declared  to  be  equal  to  a  certain  known  quantity,  to 
wit,  the  equation  xs  +  pxz  -f-  qx  =  r. 

Now  this  equation  evidently  can  have  only  one  root. 
For,  if  any  particular  humber,  being  fubllituted  inftead 
of  x  in  the  trinomial  quantity  *3  -f-  pxr  +  qx,  would 
make  that  quantity,  (which  is  the  fum  of  the  three  terms 
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*\px\  and  qx  )  become  equal  to  the  known  quantity  r9 
or,  in  other  words,  is  the  root  of  this  equation,  it  is 
evident  that  any  quantity  greater,  or  lefs,  than  that  num- 
ber, being  lubltituted  in  the  faid  trinomial  quantity, 
would  make  it  greater,  or  Icfs,  than  it  was  before,  and 
confequently  greater,  or  lefs,  than  the  abfolutc  term  r, 
or,  in  other  words,  would  not  be  a  root  of  the  equation. 
Here  therefore  the  myiterious  Algebraifts,  who  maintain 
that  every  cubick  equation. has  three  roots,  find  them- 
felves  at  a  lofs  to  fupport  their  aflertion  by  aligning  any 
poftiblc  quantities  fcr  the  fecond  and  third  root>  of  the 
equation ;  and  therefore  they  get  out  of  the  diiiiculty  by 
declaring  that  this  equation  x%  4-  /**  +  qx  ■-=  r  has 
one  real  and  pofitive,  or  affirmative,  root,  and  tivo  jw- 
pojjiblc  roots.  This  is  ftranrje  language  to  be  ufed  in 
treating  of  Algebra,  or  Univcrfal  Arithimthk,  which  is» 
iii  itfelf,  the  plained  and  cleared  of  all  fcieuv.es  ! 

• 

Art,  3.  Tn  the  foregoing  equation  x*  +  px'"  f  qx  r=  r 
we  have  feen  how  the  mytterious  Algebraifts,  in  r  -der 
to  fupport  their  fundamental,  falfe,  pofition,  are       _  M 
to  have  recourfe  to  the  introduction  of  thipzjjib  1  ■■ 
We  will  now  take  another  form  of  cubick  e<  u.ip  :a 
which  they  get  rid  of  their  d.kicuhies  by  the  inrrod 
of  only  negative  rets,  which  f  \  vs  ro  be  a  lictton  1  :.  - 
what  lefs  b(  Id  and  abfurd,  or,  .  •  lealr,  lefs  (hoc ..ip  .  ^ 
the  ear,  than  that  of  iir.pcfiibie  'cots.    Uut  it  is  I 
a  fiction,  or  falfe  aflenion  :  tor  it  is  imnxiu.ms  1  e, 
roots  of  another  equation,  and  c  rinring  them  ro 
roots  of  the  equation  under  confide:  alien.    Let  us  hip- 
pcfe  the  proofed  equation  to  be  fxz  +  qx  —  a3  =  r  \ 

which* 
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which,  if  the  abfolute  term  r  is  lefs  than  a  certain  quan- 
tity, may.  have  two  roots,  but  never  can  have  three. 
Here  then  thefe  writers,  to  maintain  their  general  po- 
rtion, "  that  every  equation  has  as  many  roots  as  it  has 
dimenfions,"  (according  to  which  this  cubicle  equation 
ought  to  have  three  roots,)  find  thcmfclves  under  a  ne- 
ceflity  of  providing  it  with  one  root  more ;  which  they 
do  in  the  following  manner.  They  change  the  figns  + 
and  —  of  the  terms  qx  and  .v3,  (which  involve  the  odd 
powers  of  *,)  into  the  Contrary  figns  —  and  -f,  and 
thereby  convert  the  original  equation  px%  +  qx  —  x* 
=  r  into  the  equation  pxz  — .  qx  +  .r*  =  r,  or  x* 
px*  —  qx  =  r,  which  is  always  poflible,  and  has  only 
one  root;  and  this  one  root  of  this  latter  equation  .v3  + 
pxz  —  qx  =  r  they  call  a  negative  rcot  of  the  former 
equation  px%  +  qx  —  .r3  =  r.  And  thus,  with  this 
negative  root  of  the  faid  original  equation  px%  4-  qx  — 
x*  -=  r  and  it's  two  former  roots,  (which  really  belong  to 
it,  if  r  is  lefs  than  a  certain  finite  quantity,)  they  compleat 
the  number  of  three  roots  which,  ai cording  to  their  grand, 
fundamental,  propofition,  it  ought  to  have.  /\nd,  if  r 
ihould  be  greater  than  the  certain  finite  quantity  juft  now 
alluded-to,  and  conlequcntly  the  original  equation  px*  4- 
qx  —  x*  =  r  lhould  become  im poflible,  or,  rather,  falfe  *, 
they  then,  to  maintain  their  grand,  fundamental,  propo- 

*  For  an  equation  is  nothing  more  than  a  propofition  affirm- 
ing the  equality  of  one,  or  more,  unknown  quantities,  or  terms 
involving  the  powers  of  an  unknown  quantity,  to  a  known 
quantity,  and,  therefore,  v/hen  the  former  quantities  cannot  be 
equal  to  the  latter,  ought  rather  to  be  called  fjlfc  than  im- 

fition, 


Digitized  by  GfiOgle 


47$    REMARKS  ON  THE  NUMBER  OP  NEGATIVE  AXfl 


fition,  (according  to  which  this  equation  ought  to  hare 
three  roots,)  declare  that  this  equation  has  two  impoffiblc 
roots  and  one  negative  root. 

Art.  4.  By  the  negative  roots  of  an  equation  we  arc 
,  therefore  to  underftand  the  real  roots,  or,  in  the  lan- 
guage of  modern  writers  of  Algebra,  the  pofitive,  or 
affirmative,  roots,  of  another  equation  which  is  derived 
from  the  propofed  equation  by  changing  the  figns  + 
and  —  that  arc  prefixed  to  thofe  terms  of  it  which  in- 
volve in  them  the  odd  powers  of  the  unknown  quantity 
x  into  the  contrary  figns  ;  which  negative  roots  of  the 
propofed  equation  will  often  be  fufficient  in  number  to 
increafc  the  number  *bf  it's 'real,  or  pofitive,  or  affirm- 
ative, roots  to  the  number  required  by  the  above  men- 
tioned grand,  fundamental,  propofition  laid  down  by  the 
rnyfterious  Algebraifts,  to  wit,  the  number  of  dimenfions 
of  x  in  the  higheft  term  of  the  equation,  or  the' number 
of  units  contained  in  the  index  of  the  higheft  power 
of  j.  And  by '  t he  impojji 'tie  roots  of  an  equation  we  are 
to  undcrftand  certain  fiiSHtious  quantities  which  are  not 
the  roots  of  any  equation  whatfoever,  and  of  which  no 
clear  and  diftinft  idea  can  be  formed,  but  which  are  in 
number  equal  to  the  excefs  of  the  number  of  units  con- 
tained in  the  index  of  the  hig!^eft  power  of  x  in  the 
equation  above  the  fum  of  both  the  real  (or  pofitive,  or 
affirmative)  roots  and  the  negative  roots  of  the  propofed 
equation,  and  are  therefore  fufficient  to  make  the  whole 
number  of  roots  of  the  equation,  real,  or  pofitive,  ne- 
gative, and  impoffible,  be  equal  to  the  number  of  the 
dimenf.ons  of  the  equation,  or  to  the  number  of  units 
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in  the  index  of  the  higheft  power  of  x  in  the  equation, 
agreeably  to  the  grand,  fundamental,  maxim  above- 
mentioned  that  is  fo  much  infifled-on  by  modem  Al- 
gebraifts. 

■ 

Art,  5.  And  hence  it  is  evident  that,  to  find  the 
number  of  impoflfible  roots  belonging  to  any  equation, 
we  need  only,  firft,  afcertain  the  number  of  it's  real,  or 
pofitive,  roots,  and,  then  that  of  it's  negative  roots,  or 
of  the  real,  or  pofitive,  roots  of  another  equation  that 
is  derived  from  the  firft  equation  by  changing  the  figns 
+  and  —  that  are  prefixed  to  all  thofe  of  it's  terms 
which  involve  any  odd  powers  of  x,  and  then  add  thefe 
two  numbers  together,  and  fubtracl  their  fum  from  the 
number  of  the  dimenfions  of  the  equation,  or  the  num- 
ber of  units  in  the  index  of  the  higheft  power  of  x  in 
any  of  it's  terms  :  for  the  remainder  arifing  from  this 
fubtra&ion  will  be  the  number  of  the  impofiible  roots 
of  the  equation. 

See  on  this  fubjeft  the  foregoing  part  of  this  prcfent 
Collection  of  Tracls,  pages  285,  286,  and  287. 

■ 

THE  END. 


FfclNTED  BT  J.  DAVIS,  CEANCBR Y-LANI, 
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